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PREFACE 


The following work is designed as a text-book for univer- 
sities and technical schools, and as a manual for the field 
astronomer The author has not sought after originality, 
but has attempted to present in a systematic form the most 
approved methods in actual use at the present time 
Each subject is developed as fully as the necessities of the 
case are likely to requite, but as the work is designed to 
be a practical one, those methods and developments which 
have meiely a theoretical or historic interest have been ex- 
cluded 

Very complete numerical examples are given illustrative 
of all the piominent subjects treated These have been 
selected with care from records cf work actually performed, 
and will show what may be expected in circumstances ordi- 
narily favorable 

Such auxiliary tables as are applicable onh to special prob- 
lems will be found in the body of the work, those which 
have a widei application are punted at the end of the volume 
The universal employment of the method of Least Squares 
m woik of this kind has led to the publication ot an introduc- 
tion to the subject for the benefit of those readers who are 
not already familial with it This intioduction develops 
the method with special reference to the requirements of 
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this particular class of work, and it has not been the design 
to make it exhaustive 

For the matenals employed original papers and memoirs 
have been consulted whenever practicable The illustrative 
examples have been drawn largely from the reports of the 
Coast and othei govei nment sui ve> s For most of the exam- 
ples of sextant work, as well as for many valuable sugges- 
tions, the author is indebted to his friend and foimer col- 
league Pi of Lewis Boss Much assistance has also been 
derived from the excellent woiks of Chauvenet, Brunnow, 


and Sawitsch .. 

Fully appreciating the difficulty of eliminating all mis- 
takes fi om a work of this character, the author can only hope 
that this one may not piove to be disligured by an undue 
number of such blemishes 

C L Doolittle 


Bethlehem, Pa , May 20, 1885 
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INTRODUCTION TO THE METHOD OF 
LEAST SQUARES 


1 When a quantity is determined by observation, the re- 
sult can never be regarded otherwise than as an appioxima- 
tion to the true value If a number of measurements of the 
same quantity are made with extreme care, no two of the 
values obtained will probably agree exactly , at the same 
time none of them will differ very widely from the true one 

There is a limit to the precision of the most refined instru- 
ment, even when used by the most skilful observer, and 
therefore the determination of a quantity depending on in- 
strumental measurement, however carefully made, must be 
imperfect It becomes then a problem of great practical 
importance to determine how the mass of data resulting from 
observation shall be combined so as to give the best possible 
value of the quantity sought The theory of probabilities 
furnishes the basis for such an investigation * 

2 Observations are liable to errors of three kinds 

First Constant errors, or those which affect all observa- 


# The reader is supposed to be familiar with the theory of probability as de- 
veloped in the ordinary text books on algebra See, for instance, Davies 
Bourdon, edition of 1874, p 322, or Olney’s University Algebra, p 294 
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tions of a given series alike These may result from a 
vatiety of causes, such as errors in the instruments used, 
peisonal error of the obsei ver, errors m the constants of re- 
fraction, parallax, etc , used in the reduction of observations 
A propei investigation will generally show the magnitude of 
such eirors, and consequently the necessary corrections — at 
least the more important ones We shall suppose the data 
to which oui discussion applies freed fiom such errors, as 
their investigation does not come within the scope of this 
subject 

Second Mistakes , such as lecoiding the wiong degree in 
measuring an angle, or the wiong hour m the clock reading 
When such errors are large they aie not likely to give much 
trouble, as their true nature appears at once When they ai e 
small they may prove embarrassing The present discussion 
does not apply to them, and we shall suppose that no undis- 
covered mistakes have been made 

Third Errors which are purely accidental It is to these 
that our present investigation applies 

At first sight it might seem that such purely accidental 
errors were entnely outside the sphere of mathematical in- 
vestigation, but we shall see that they follow a very definite 
faw, and that theory is venfied in an exceedingly satisfactory 
manner by observation 


3. We shall assume as the basis of our investigation the 
following axioms 

I If wc have a scries of direct measurements of a quantity , 
all made with equal care , the most probable value of the 
quantity will be obtained by taking the arithmetical 
mean of the individual measurements 
II Plus and minus errors will occur with equal frequency 
III Small errors will occur with greater frequency than 
large ones 
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Various attempts have been made to prove the first of 
these as a proposition All such proofs are more or less 
unsatisfactory, and for elementary purposes it is moie ex- 
pedient to assume its truth at once The “most piobable 
•value” there mentioned must be understood as the value 
which most nearly represents the given data, and fiom the 
evidence furnished by this senes of observations alone it is 
the best attainable approximation to the tiue value 

The principles are supposed in all cases to be applied to a 
large number of observations, the larger the number the 
more closely will the results correspond to the laws assumed 


The Law of Distribution of Error 

4 Let x be a quantity whose value is to be detei mined 
bj obseivation either dnectly or indirectly 
Let M v M v M v M m be the individual values obtained 
Then regaiding M \ as a determination of the unknown 
quantity x , its erior will be (M, — x) Similarly, (Af a — x), 
(M 3 — x), (M m — x) will be the enois of the other ob- 
seived values 
Let us write 

{M y — x) = A lt (M, — x) = A„ (M m — x)= A m (i) 

Let y, = the probability of the occurrence of the error A 1 , 
= the probability of the occurrence of the error A t , 


y m = the probability of the occurrence of the error A m , 

Then our second and third axioms assume a law as existing 
such that the probability of a given error occurring will be 
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intervals between the chffei ent values of A will De equal to 
the smallest reading of the instrument with which the obser- 
vations weie made The gi eater the degiee of precision m 
the data, however, the more closely will our locus approach 
continuity; so by legaidmg it as a continuous curve we have 
a condition towaids which we are constantly approximating 
as methods of observation become more and moie lefined 


Determination of the Function cp 
6 For the probability of an error A we have the equation 

y = 

and for an error A -j- 6 A, 

y = <p(a -)- $A) 

The probability that an error falls between A and A -)- 6 A 
will be the sum of all the piobabihties between y and y', or 
if 6A is small, it will be nearly 8Acp(A ) When 6A becomes 
dA, we have rigorously^ = cp(A)dA for the probability that 
an error falls between A and A -j- dA ^ For the probability 
of an eiror falling between any finite limits, as for instance 


* By way of lllustiation let us suppose the smallest unit of measure made 
use of in our observations to be o" i, and that an y given number of these units, 
as for instance 3, are represented by SA Then the errors between A and 
A 4- SA, including the latter, will be (A -f 1), (A + 2), and (A -j- 3) , and their 
respective probabilities, y x = <p( A + 1), y» = <p(A -|- 2), and y 3 = <p(A -|- 3) 
If now the limits between which, the errors of our series lie extend to ± io ,r t 
we see that the probability;^ will differ but little from^ 3 , and the sum of all the 
probabilities yx-\- j/ 2 -\-y* will differ but little from 3 y, or 


6 Ay = cp(A) 8 A 
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± a, we shall have the sum of the probabilities for all values 
of A between ± a, or 


p=£ a ^yj ( 3 ) 

When we extend the limits of integration so as to include 
all possible values of A, the probability becomes a certainty, 
which is expressed mathematically by unity As, however, 
it is impossible to fix a finite limit to the value of A which 
shall beuniveisal in its application, the limits in this case 
must be extended to ± oo , giving us the eguation 

1 = <p(A)dA (4) 

From the foregoing we have 

y x = for the probability of the error A t ; 

y, = for the probability of the error A„ 


y to = for the piobability of the error A m 

If now P = the probability that all these errors occur si- 
multaneously, we have, liom the theory of probabilities, 

p =9{Ai l )^{A t )(p{A,) cp(A m ), . ( 5 ) 

and the most probable value of the unknown quantity x will 
be lhat which makes the quantil} P a maximum 
Taking the logarithms ot both membeis of this equation, 
we have 


log P= log <p(A^ + log <p(J 3 ) + . + log <p(A m ) 
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Differentiating- this with respect to jt, and placing the dif- 
ferential coefficient equal to zero, which is the condition of a 
maximum, we ha\ e 

<log P) _ d[) og (pjA,)] dA l a? [log <?(^.)] dA, 
dx ~~ dA l dx dA t dx 

d[log <p(A m )-] dA m _ 

+ • + dA m ' dx 

From (i) we have 

dA 1 _ dA^ _ _ _ 

dx ~ dx ~ ~~ dx ~~ I * 


Substituting these values in the above equation, also for A 
etc , their values ( M , — x), etc , it becomes 


d log (pj Mi — x) 
d(M i — x) 


d log cp[M , , — x) 


d[M i — x) 


+ 


+ 


d log <p(M m — x) _ 
d(M m — x) 


o (6) 


This equation gives the means of determining x as soon 
as the form of the function cp is known, and this can best be 
determined by considering a particulai case As this func- 
tion is strictly general, if we have once determined its form 
in a special case the result will be applicable to all cases 
We have assumed as an axiom that m the case of dnect 
measurement of the quantity sought the most probable value 
will be the arithmetical mean of the individual measurements 
This pnnciple will furnish the basis for investigating the 
foim of the function cp 

In case of dnect measurement we have for the unknown 
quantity 

M x + if t + + M m 


m 


( 7 ) 
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(M x -x) + {M m -x) + 
Equation (6) may be written 


+ — x) — o 


( 8 ) 




+ + (^m — ■*■) | 


^iQg 


(M m — x ) d{M m — X). 


f) 

- *)J 


( 9 ) 


Comparing equations (8) and (9), we see that since the 
quantities (iff, — x), {M« — x), etc , are independent of each 
other, these equations can only be satisfied when the coeffi- 
cients of ( M 1 — x), (M t — x), etc , in (9) ai e respectively equal 
to the same constant quantity We have therefore 


d log cp{M x — x) _ aflog <p(M* — x) 

( M \ — x) diJVL^ — x) ~ — x) d[M x — x) 

— _ — x) 

• — — (M m — X) d(M m — X) 


— k 


(10) 


Writing for (M — x) in general A, we have 
d log cp(A ) = kAdA, 

and, by integration, log <p{A) = \kA* -(- log c, 
c being the constant of integiation, 

or ' <p(A) = cA kc ^ . . (11) 

From axiom III it appears that as A increases this quan- 
tity must diminish, and this lequires the exponent of e to be 


IO 


LEAS I SQUARES 


§ 7 


negative As A 8 cannot be negative, it follows that k must 
be so Writing therefore \k—— /?, our equation becomes 

tp(A) = ce - ;,SA2 (12) 

7 Let us now consider the constant of integration c This 
may be determined by substituting the value of cp{A) in (4), 
giving us 

■ 

a special form of the integral known as the gamma function 
For the purpose of integrating the expression, place nA = /. 
dt 

Then dA = and we have 



As t in this expression is involved only in the quadratic 
foim, we evidently have 

X e ~ fi dt = 2 f o c-“dt = 2 A 

(m which we write the integral equal to A for convenience) 

/»co 

In the definite integral^ e-^dt the value will be the same 
if we wnte another symbol instead of t Therefore 

XJCO />» 

/ e~ t'di = / e ~ V *dv 

t/o 1/0 

/»oo 

Multiplying both members of this equation by j we 

have 
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^ 8 KsVl V JUJ. J. J- v VJ.' *•* -*. + *.+ *** \+ +t+ - 

In the second member of this equation write v 
dv — tdu Then 

/»O0 /»» 

A* ■= du r«'+'M 

«/o t/o 


= til, 


But 


J 1 g-t^ + u^tdt = — 


2(1 "I- Uj 


which between the given limits becomes -f- _j_ u *^ 

Therefore 

i /*“ du i , , N i 

4 a = - / — - — t = -(tan - 1 oo — tan - 1 o) = —it. 

A 2‘ / °I + W 2 V '4 


Therefore 


^ = 


c _ n 

and we have I = j 4/711 c> r 


and equation (12) becomes 


h 


y=cp{A) = -^e-™ 


( 13 ) 


In this equation the constant h will rcqune further con- 
sideration , hut if we assign any ai bitrary value, as unity, to 
h we can readily construct the locus of the equation It will 
at once appear that the general form will be that shown on 
page S 


Condition of Maximum Probability 

8 Substituting in equation 5) the values of cp(A ,), 
etc , from (13), it becomes 

jp— ^ +A »* S) (14) 


12 


LEAST SQUARES 


§9 


From this equation we see that P will increase in value as 
the exponent of e diminishes, or P will be a maximum when 
A 2 + 4> 2 + + is a minimum, thus giving us the im- 

portant principle — 

The most probable value of the unknown quantity is that which 
makes the sum of the squares of the residual errors a minimum 
From this principle comes the name Method of Least Squares. 


The Measure of Precision 

9 Let us now consider the constant h 
Substituting in equation (3) the value of <p(A), we have for 
the probability of an enor between the values ± a 

r+ a h 

P =J- • • 05 > 

If we take another series of observations, we have the 
probability of an error between ± a' 


r+*' h f 

p> ^ 


If these respective probabilities are equal we shall have 


/ -f -« p-\- a. r 

. e~™hdA=J_ a . e-^h'dA, 

which equation will be satisfied by making ha = h'a r , or 

h h! = a! a . (16) 

We see from this equation that in two different series of 
observations h will have different values, these values being 
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to each other inversely as the errors to be ascribed with equal 
probability to each series If, for instance, the errors of the 
first series are twice as gieat as those of the second, h will 
equal \h r The constant h is therefore the measuie of pre- 
cision of the series of observations, and if its value could be 
determined fiom the observations themselves, we should by 
this means be able to know to what degiee of confidence the 
data were entitled This determination is possible,— at least 
approximately, — but for practical pui poses it is more con- 
venient to compare the relative accuracy of different series of 
observations by means of their respective probable errors, 
which will now be considered 


The Probable Error 

10 The probable error of any observation of a given series 
is a quantity such that if the eirois committed be arianged 
accoiding to their magnitude without lefeience to the 
algebraic sign, this quantity will occupy the middle place in 
the series It may therefore be defined as a quantity of such 
value that the probability of an trior gi eater than this one is the 
same as the probability of one less 

When we considei both plus and minus enors, we have 
fiom equation (1 5) the following expression for the probability 
of an error between ± a , remembering that the probability 
between o and + a is the same as between o and — a 

P =-^J e ~'^ dA ( 17 ) 

Let r = the probable ei ror 

The whole number of errors being represented by unity, 
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our definition of the probable error gives us the following 
equation 


r 

2 


%£ ‘-*** 1 *, or 


2 h 

ty' 7t 


-=^= r e - h ^hdA (18) 

2 4/ 7t ''° V J 


The solution of this equation will give us hr , so that if h is 
known r becomes known, and conversely 

ii It is evident 'that the equation for hr can only be 
solved approximately, as the expression e-^^hdA is not 
directly integrable The only method of solution is to com- 
pute a series of numerical values of the integral for different 
values of the limit, hr , and then by intei polation determine 
that value which satisfies equation (18) with the necessary 
degiee of precision 

Owing to the great importance of this integral, not only 
in this connection, but also m the theory of refraction, van- 
ous methods ha\e been developed for computing its numeri- 
cal value The most elementary of these consists m expand- 
ing e~ h ^ = t - {JiA being written equal to t) into a sei les ol 
ascending powers of t , by means of Maclaurtn’s formula, and 
mtegiating the separate terms of the series This series 
converges rapidly for small values of t, and is theiefore well 
adapted to numencal computation, but for large values of t 
it becomes diverging For this case, as well as foi the case 
where t is small, a series may be obtained by successive ap- 
plications of the formula for integiation by parts, 



by which means the expansion may be effected either in 
terms of ascending or descending powers of t When an 
extensive series of values of the integral is required, as m 
computing a table of values for different values of the argu- 
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ment, t, the most simple process is to apply what is known 
as the method of Mtchanical Quadratures 

As very complete tables of numerical values of this integral 
have been many times computed, we shall simply lefei to the 
tabulai quantities without entering moi e fully into the methods 
of computation Table I ot this volume gives the values of 

—p=r I dt for values of t from o to oo. We readily find 

V# J o 

from this table that the value of hr which satisfies equation 
(18) lies between 47 and 48 An interpolation readily gives 


hr = o 47694, 

7. _ 47694 


47694 

h 


( 19 ) 


The Mean Error . 

12 The probable eiror is not the only function of the 
errors which may be used foi compaung the lelative ac- 
curacy of different senes of obseivations Another quantity 
which may be used for this puipose, or as a convenient aux 
lliary for computing the probable error, is the Mean Error 
The Mean Error is a quantity whose square is the mean of 
the squares of the individual errors 

Let e= the mean erior Then to determine the relation 
between e and h, and consequently between e and r, we pro- 
ceed as follows Let 

A\ A n , A n \ etc = the different errors which occur, 
<p{A f ), <p(A n \ cp(A nr ), etc = their respective probabilities. 



i6 


LE4S1 SQUARES 


§ 12 


Then m being the whole numbei of eirors there will be a 
number expressed by the quantity 2 mcp(A') (both and — 
errors included) of the value A', 2mq>^A") of the value A", 
etc , and in all 


A + A a + A 3 + A m = 2 m<p{A')A' + 2 mcp(A")A" 

+ 2mcp{A'")A'" -f- etc 

From the definition of the mean ei ror t ne shall have 

a _ 27 ?ie p{AyA /3 -j- 2m<p{A")A"‘ -\- 2mcp(A'")A" n -|- etc 
— m 

= 2 2 <p{A)A* 

Expressing this by an integral, by the same method of rea- 
soning as was used in deriving equation (3) we have 

e 8 = 2 r-^A^dA 

t/o v?t 


This equation expresses a relation between f and h To 

dt 

effect the integration, let as befoie hA = t Then dA = 
and we have 


£ 3 



- *tdt 


Integrating this by parts bv placing u = t and dv — e-^tdt^ 
and substituting in J* udv — uv — J* vdu , we find 


2 r it j r _ 

ti 1 L = e 



t — 


I 

2I 8 


which readily gives 


. . (20) 
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Substituting the value of h from (19), we have 

e = 1 482 6r, ) 
r ~ 6745^ ) 
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( 21 ) 


From these r is readily computed when we know e, and vice 
versa 


The Mean of the Errors . 

13 Another quantity which is much used as an auxiliary 
for computing r is The Mean of the Errois This must not 
be confused with the mean erroi It is thus defined 

The Mean of the Errors ts tht arithmetical mean of the differ- 
ent errors all taken with the positive sign 

Let ?; = the mean of the eriors Then to determine the 
1 elation between 1/ and r we proceed in a manner similar to 
that followed m the pievious section As before, let 

A', A", A n \ etc = the individual errors 

cp{A'\ <p{A")i <p{A n, \ etc = their respective probabilities. 

Then, the whole number of observations being m, 

mi/ = 2 in <p{A')A f + 2 in cp(A")A" + 2^ cp{A lf ')A"\ etc , 

from definition, and therefore 

^ _ 2m<p(A r )A'-\-2 mqj(A")A"-\-2mcp(A / ")A // ', etc __ 


Passing to the integral as before, m being supposed very 
large, 


' 77=2 r Me- h '*AdA 


I 

hfit 


( 22 ) 
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Substituting the value of h from (19'), 

;/ = 1 1829^, 1 
r = 084.53// ’ 


3 14 


( 23 ) 


Equations (20) and (22) gue us the following relations be- 
tween e and r/, which we shall hereafter find convenient 
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Either of the quantities r, e, or // may be used for comparing 
the lelative accuracy of different senes of observations, or of 
the quantities derived from them by computation. We shall, 
however, always use r for this purpose, making use of rj and 
e, when occasion serv es, as convenient auxiliaries for comput- 
ing the probable enorr 


Precis ion of the Arithmetical Mean. 

14 Although the aiithmeticnl mean is the best value to he 
obtained from a series of equally good direct measurements, 
it will only be an approximation to the tiue value. It lsthere- 
foie impoitant to determine to what degiee of confidence it 
is entitled Let 

n t , ;z 3 , n m = m individual measurements of the quantity x, 

A„A„A a , A m = the enois of each n respectively 

T hen x = («, — A t ) = (n, — A t ) = = ( n m — A m ) 
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Or taking the mean, 

x = n * "t" n ™^ ~ I" "1“ 

In this equation the first term of the second member is the 
arithmetical mean, and the second tei m is its enor As there 
is only one value of the arithmetical mean, this error will 
correspond, foi this quantity, to our definition of the mean 
error Therelore let 

s n = the mean enor of the arithmetical mean , 
r 0 = the piobable error of the arithmetical mean 


Then 


**.' = ( 4 + 4 + 4 + +++ 

— (^i a + )+ 


Since from theoiy plus and minus errors will occur with equal 
frequency when the number of observations is laige, the 
last teim of this expiession will vanish, or at least will become 
very small in comparison with the teim picceding Disre- 
garding it and writing, in accoi dance with the notation of 
Gauss, 

4 i + 4 i + 4 , + = 

we have m*e* = [JJ] 

But from definition, in J = [zM] 


Theiefore 



• • (25) 


Let h , = the measure of precision of the arithmetical mean. 
Then, fiom formulas (19), (21), and (25), 


£„ e = r 0 r = h h„ = 1 V m . 


(26) 
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That is, the precision of a result obtained by direct measurement 
ts directly as the square root of the number of me asu? ements 


Determination of the Probable Error. 

15 From the foregoing- principles we can now compute 
from the observations themselves the probable error of a 
quantity determined directly by observation 

As before, let n a , n Q , n m ~ the individual measuie- 

ments of a quantity x 

Let x 0 = the arithmetical mean of the 11 s, 

tj x n x x Q7 ii„ a> Q v m — ii m x Q 

These quantities [v iy etc) aie known as residuals, and 

must not be confounded with the true errois (d l7 a! 2J etc), 
fiom which the\ will always differ , unless ;r 0 is absolutely the 
true value of x 

Let the enoi of x u be $ Then x = x {) -f- ti, and conse- 
quently 

A = v, — 6 , A, = v a — 6 , A m — v m — S, 

and we shall have 

[z/z/] = [y*v\ — 2[y]d -(- mS * , 

m which \vv\ * = v* -f v/ -f- . vf 

and [y]* = »,+».+ + ®.» 

Since x 0 is the arithmetical mean of the quantities n XJ n v 
etc , it follows that \*v\ = o f and consequently 

\jdd~] = [yv\ -(- m8 


* Frequent use will be made hereafter of this symbol of summation, and it 
will require no further explanation 
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6 being the error of the arithmetical mean, is unknown A 
close approximation will, however, be obtained if we assume 
it equal to the mean error e 0 w Then referring to (25), we have 

mS* — me* = m — = e , 
m 


and since [AA] = we have 

ms* = \vv\ -(- £ 2 


Therefore e 

and from (21), r 

From (25) and (26), e 0 

r 0 



(27) 


Combining equations (27) and (24), we readily find 


* = 1 2533 
*. = 1 2533 


[+ <■]__ 
Ym(m — 1 ) 
[ 4 - 

m Y m — 1 


r 

r. 


= o 8453 
= o 8453 


[+*] 

/ m{m — 1 j 

[+*]__ 

f/ ?;z — I 


(28) 


In these expressions [-f- ii\ represents the sum of the residuals 
all taken with the positive sign 

These simple foimulee (27) and (28) are of great piactical 
value When the numbei of obseivations is not laige the 
values given by (27) will be a little more accurate than those 

* From what precedes we see tint this assumption would be rigorously true if 
the number of observations were infinite 
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by (28), but when the number is laige (28) will be sufficiently 
accurate for practical purposes, and the facility with which 
they ai e applied is something in their favor 


Probable Error of the Sum or Difference of Tzvo or More 
Observed Quantities 

16 Let us next suppose the unknown quantity .ar, instead 
of being directly observed, to be the sum or difference of two 
or more quantities whose values are obtained by direct 
measurement , viz 

Let x = y % ± y v m which y, and y t are independent of each 
other and whose values are duectly observed 
Let the individual errors of observation be — 

For*, Af Af, Af, 

For y„ AfAf, Af 

The errors of the individual deteiminations of will then be 

(A,' ± Af), (A," ± Aff), (Af ± Aff ) ; 

and if e is the mean error of a determination of x, we shall 
have 


tut* = (A x > ± A, J + (Af ± a; y + . + (Af ± Aff 

Expanding and making use of the symbol for summation, 

me = [Aff J ± zlAffJ -j- [A,AJ 

Let e 1 and e, = the mean errors of a measurement of y l and 
respectively Then since, for reasons before explained. 
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the middle term (J_A l A„']) may be regarded as vanishing in 
comparison with and we shall have 


= me* ms*, 

or « = . . (29) 

In a manner precisely similar we may extend the method 
to the sum or difference of any number of observed quanti- 
ties, so that in general if we have x = y x ± y 2 ±_ -j- y m1 

the mean errois being respectively s, e v s OJ e m , we shall 
have 

« = Ve‘ + v + H- + = V\sq (30) 

Suppose next that we have x = a x y, ± a 2 y n ± ± a m y m7 

in which or v a n , a m are constants If, as before, s v e„ 
s m are the mean eirois of y v y ni y m , then the mean errors 
of a,y„ a 2 y„ a m y m will be respectively a 2 s 21 a m s m , 
and the mean enor of ;tr 

* = = 4 /j>V] (31) 


Principle of Weights 

17 In the foregoing w e have assumed all the observations 
considered to be equally tiustwoi thy, 01, as it is expressed 
technically, of equal weight As will readily be seen, we 
shall frequently have occasion to combine obseivations of 
different weights It is theiefoie impoitant to ascertain 
how to treat them, so that each shall have its proper influ- 
ence in dctei mining the lesult 

Confining our discussion for the present to the case of a 
dnectly obseived quantity, the most elementary form of the 
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problem will be that where the quantities combined aie them- 
selves the arithmetical means of several observations of the 
weight unity Thus, suppose the quantity * to be deter- 
mined from in' such obseivations , the most probable value 
of x' will then be 


«/ -f- «/ ~t~ n 'l + + nj 

in' 


From a second, thn d, etc , series of in ", in'", etc , observa- 
tions we have lespectively 

,, _ It"- f- «."+ «/'+ + n m"" 

X - n ’ 


Combining all these individual values, we have for the 
most pi obable value of v 

+»w'/")-K w i"' +Wa"'+ +««'» "' )+ > 

7//' w" -j- ni" + 

in!x' -f m"x" + m'"x'" + , „ 

or * = ~ S'+T*" + m' rr + [ °' J 

The value of ;r will not be affected if we multiply both nu- 
merator and dcnominatoi of this function by any constant a, 
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m which we may regard am', am ", etc , as the respective 
weights of x', x ", etc a may be integial or fractional 
Fiom this we see that the weights are simply relative quan- 
tities and are in no case to be regaided as absolute 

Fiom the foregoing we have the following practical rule 
Win n observations art to be combined to which different weights 
a? e to be asc ? ibed , the most pi obable value of the unknown quantity 
wdl be obtained by multiplying each observation by its weight , 
and dividing the sum of the p?o ducts by the sum of the 
weights 

It is cleai that the difference of weights may result from 
a vanety of causes other than the simple one considered 
above, as, for instance, one series of observations may be 
made with a more accuiate nistiument than another, or by a 
more skilled observei Thus, for example, it may be the 
case that ten measuiements made by one observer will have 
as much value as twenty made by another If the weight of 
an observation of the hist series be unity, one of the second 
would only be entitled to a weight of one half, or more gen- 
eiall) , 

Letting/ = the weight of an obsei vation of the second series, 
Then 2 p = the weight of an observation of the fiist series 

If then we have a series x lt x nJ x v etc , of observations of 
the weights p„p v p„ etc , and consequently 

x __ P\ x 1 + Pffi ± 

A +A+A + 

as the most probable value of x, it is evident that, whatever 
may have been the cause of this difference of weight, we may 
consider each value x l9 x n , etc , as derived fiom p»p m9 etc , in- 
dividual obsei \ations of the weight unity Let 
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f = the mean eiroi of an obseivation of the weight unit) , 
e„ c 2 , etc , the mean eirois of a„ a> etc 


Then fiom (25), = 

or 



f 



= KA • VA, etc 


( 33 ) 


The whole number of obsei vations being equal to A + / 
4- A + = [/>] observations of the weight unity 01 of the 
mean enor £, we have foi the mean erroi of x, from (25), 




( 34 ) 


The Probable Error when Observations have Different Weights 

18 The mean taken according 1 to weights, as m equation 
(32) or (32)*, is sometimes called the General Mean In ordei 
to derive the foi mula for the probable enor in this case, let, 
as before, $ be the ei roi of the general mean x of viz , x — ;r 0 = & 
Then, the notation being as befoic, we have 

A x — v x — tf, A_ — v m — d, A^ — v i — S, etc 

The error A x belongs to x x and therefore appears p x times, 
The erroi A, belongs to and therefore appears p x times, 


Theiefore \pAA~\ = \pvv\ — 2 \pv\S + [pff 

For the same reason as in pievious cases [pv\ may be dis- 
regarded as being inappreciable m comparison with the other 
teims, when we have 


\pAA\ = [ pvv\ + [pff 
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Substituting for d the mean error of x from (34), we have 
[pAA] = \pvv\ -f- £” 

Now, as x % is equivalent to observations of weight unity, 
there will be the equivalent of /, errors equal to , and £, 
being the mean error of we shall have 

P\ s \ = 

Whence from (33), e - p l A l A 1 

Similaily, £ — p^A a A, = p,A a A a , etc 

And m being the whole number of quantities, or observa- 
tions, x l} x v etc , we have 

me = p l A 1 A 1 -\-pA 2 A, + p 4 A a A„ etc 
= IP^A] 


Our equation therefore becomes mP = \pvv\ + P, from which 


and fiom (34), 
and from (21), 



■ ( 35 ) 


m in these foimulae is the number of individual obseivations, 
or quantities, x v etc , and must not be mistaken for the 
sum of the weights 

It will be evident upon a caieful comparison of these ex- 
pressions with the formulas (27) that we should have reached 
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the same result by multiplying each quantity x v x„ etc , by 
the square root of its weight, and then proceeding exactly as 
we have pieviously done with observations of equal weight 
We have theiefoie established the following rule which we 
may apply in combining observations of different weights 
First reduce all observations to a common unit of weight by 
multiplying each by the square root of its weight , then combine 
them precisely as if they had originally been of equal iveight 
For examples of the application of the foimulae see pages 
515 and 516 


General Remarks 

19 We have hitheito consideied only those cases where 
the unknown quantity is derived in the simplest manner fiom 
observation, viz, by dncct measurement or by the sum or 
difference of directly measured quantities 

Befoie proceeding to the more complex cases a few general 
lemaiks may not be out of place 

Equation (13), which repiesents the law of distribution of 
erroi, and on winch the subsequent discussion is based, rests 
upon two hypotheses neither of which is ever fully realized 
m practice, viz , that the numbei of observations is infinite, 
and that they aie entnely fiee from constant enors, le, 
errors which affect all alike The formulae deduced when 
applied to the cases which actually anse can give us only 
approximate results, although they will be the best attainable 
approximations fiom the given data This is particularly to 
be borne in mind when the number of obsei vations is small 
The piobable enois in such cases are apt to be entnely illu- 
sory, and in geneial are onlv leliable when the number of 
nbsei vations is large enough to exhibit approximately the 
law of distubution of enoi dcuved fiom the hypothesis of 
an infinite senes of observations 
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1 lie second hypothesis mentioned above, viz , that con- 
stant erroi s do not exist 111 on 1 data, can ne vei be fully realized, 
and this fact is often the source of gieat annoyance and un- 
ceitninty in combining observations taken under different 
conditions Such errors aiise from a vauety of causes, some 
easy to investigate and others not at all so It is of very 
liequcnt occuirence that a result derived from a single series 
of obsei vations will give a small probable error, and yet differ 
widely from that derived fiom a second senes to all appear- 
ances equally good It sometimes happens that computers 
who arc puzzled bv such occuirences attnbute the difficult } 7 
to faults m the method, the truth being that they aie due to 
the presence of a class of enois with which the method does 
not profess to deal 

The remedy foi this difficult} is to vai} as much as pos- 
sible the conditions under which the observations are made, 
and m a manner calculated to eliminate as far as possible 
those constant erroi s which cannot be investigated 


Comparison of Theory with Obst?vatioji 

20. The test of theory is its agreement with observed facts 
Wc may in this manner test'the tiuth of the law which we 
have derived for the distribution of eriors 

We have the probability that an error falls between the 
limits ± a expressed by the equation 

^ 5 ) 

In accordance with the theory of probabilities, p here is a 
fraction which expresses the ratio of the number of errors 
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between ± a to the whole number. If then the number of 
observations is in, the number of errors between ± a will be 


m 


Jl 


To test the law expressed b) this formula we have only to 
compute the probable erroi of the senesof obseivations undei 
consideiation by (27) 01 (28), and then h by (19) The value 
of the mtegi al will then be obtained fiom Table I , and we 
shall be 111 possession of everything necessary for comparing 
the number of eriors between any two limits as indicated by 
this formula with the number shown by the series of observa- 
tions Many such compaiisons have been made, and always 
with satisfactory results, when the number of observations 
compared has been laige A peifect agreement is of couise 
not to be looked for, as our foimula has been derived on the 
theory of an infinite numbei of observations , and fuither, we 
are not in possession of the true errois for compciiison with 
the foimula, hut the residuals instead, which will always differ 
from the errors unless we are 111 possession of the absolutely 
true value of the unknown quantity 

As an illustration of the above the following tabular state- 
ment gives the lesult of a companson with tlieoiy of the 
eirors of the observed right ascensions of Sinus and Altai 1. 
The example is given by Bessel in the Fundament a A strono- 
muB 

In a seiies of 470 observations by Biadle\ the probable 
error of a single obsetvation was found to be ? — 0" 2637, 
whence h — 1 80865 Theiefore foi the numberof eriors less 
than " 1 the argument of Table I will be t = hA = 180865. 
With this argument we find for the integral 20188, which 
multiplied by 470, the entire numberof eirors, gives 95 as 
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the number of eirors less thin " 1 In a manner similar to 
this the following lesults were found 


Betwetn 

No of Errors 
by 1 hcory 

No of Errors 
by Experience 

0 0 and 0 ' I 

95 

94 

0 1 Hind o" 2 

89 

bS 

0 ' 2 and 0" 3 

78 

7 S 

0 ' 3 an d 0 ' 4 

64 

53 

o" 4 and 0 ' 5 

50 

51 

0" 5 and 0" 6 

36 

36 

o" 6 and o ' 7 

24 

26 

o " 7 and 0" 8 

15 

14 

0" 8 and 0" 9 

9 

10 

0" 9 and 1" 0 

5 

7 

over i" 0 

5 

8 


This agreement is very satisfactoiy, but here, as m other 
similai examples, the larger errors occur a little more 
fiequently than theory would indicate 

This is piobably due to the fact that (unconsciously, per- 
haps) every observer will occasionally let an observation pass 
which is not up to the average standard of accuracy Small 
mistakes will sometimes occur, also, which are not of sufficient 
magnitude to atti act attention. A consideiation of the matter 
has led to attempts on the part of Peirce of Harvaid College 
and Stone of England to establish critena for the lejection 
of such doubtful obseivations On the other hand it has been 
proposed to overcome the difficulty by deteimming a system 
of weights which should give those observations which show 
large discrepancies less influence than those showing small 
ones 

- This branch of the subject, however, is beyond the scope 
of the piesent woik. It is an exceedingly delicate matter 
to deal with, and from its nature is piobably incapable of a 
mathematical tieatment which shall be entireli satisfactory. 
Every computer occasionally feels compelled to reject 
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observations This should always be done with extreme cau- 
tion As for the ciitena for this purpose hitherto pioposed, 
probably the most that can be said m their favor is that their 
use instil es a umfoimity in the matter, thus leaving nothing 
to the individual caprice of the computer 


Indued Observations 

21 We have now investigated the simplest case of the 
determination of the unknown quantity by observation, viz , 
that when the quantity to be determined is measured directly 
In the more geneial foim of the problem the unknown 
quantities aie connected with the observed quantities by an 
equation of the form 

M being given by obseivation, and x, y, z, etc , being the un- 
known quantities This general form includes the case which 
we have previously investigated, where there was only one 
unknown quantity Each observation furnishes an equation 
of this form , therefoie a number of obsei vations equal to that 
of the unknown quantities will completely determine their 
value 

This would leave nothing to be desired if the observations 
were pei feet , but owing to the en ors to which they are liable, 
the values of x, y, z, etc, will be more reliable the greater 
the number of observations on which they depend If now 
we have four unknow n quantities, x,y> sr, and w, four observa- 
tions will give us four equations fro n which the values of the 
unknown quantities may be determined If we have more 
than fout equations, we may determine values of the unknown 
quantities by combining any four of them As the equations 
depend on observations moie or less erroneous, we should 
thus obtain a variety of values for x , y , -sr, and w, all of them 
probably m eiror to some extent 
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The problem then is this Of all possible systems of values 
of the unknown quantities, to find that which most accurately 
repiesents all of the observations 

We shall confine ourselves to the consideration of linear 
equations, and as the problems in which we shall be moie 
pai ticularly interested do not give rise to equations of more 
than foui unknown quantities, we shall limit oui discussion to 
that number It will be obvious, however, that it can be 
extended to any numbei. 

Suppose we have the following system of equations 

aye -\~Ky + cys + dyv = n lt 
aye -\-'b,y + cys + dyv = n„ 
aye + b 3 y -j- + dyv = n 3 , 


in which x, y, z, and w are unknown quantities, a, b, c, d, 
etc , aie coefficients given by theoiy, and n 3 , n 3 , etc, are 
quantities given by obseivation 

If now the data were penect we should obtain the same 
values of x, y, z, and zu by combining any four of these 
equations Owing, however, to the eriors of observation to 
which n , etc , are subject, it is not probable that a substitu- 
tion of the true values of x, y, z, and w (it we knew them) 
would exactly satisfy any one of the equations 

Let v v v, v v etc , be the lesiduals obtained by substituting 
in equations (36) for x, y, z, and w their approximate values 
such that the following equations will be rigorously satisfied : 

a x x + b x y + cys + d ^ v = — v " 

aye -j- b y cy -j- diw — n x 11-1 

aye -|- b % y -|- cy -j- dyv = n t v % 
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Now the most piobable values of our unknown quantities 
will be those which make the sum ol the sqtinies of these 
residuals a minimum, vi 7 , 

vf + v* + V , + etc = j{ I, 7% -r, w) (38 

must be a minimum 

In these equations x,y, 0, and w aie supposed independent 
Ihciefoie the differential coclficieuts with 1 eieu nee to eucl 
vanable must sepaiately be equal to /cm to satisfy tlu 
conditions of a minimum That is, 


d[vv] __ d[yv J _ d\vv | _ 

da ~ °’ dy °’ da 


d\ < t | 

dii’ 


o 


Wilting out these e\picssions m lull, we have the lollmving 


S'. 

dv x 

dx 

+ 


dv, 

dx 

+ 

7 k 

dz\ 

d\ 

+ 

- O, 


dv x 



dv. 

+ 


dv x 

+ 


V, 

dy 

H- 

V* 

dy 

7 k 

dy 

~ O, 


dz\ 

+ 


dv 



dv s 



S'. 

dz 


d. 

-1 

7 k 

da 

H 

- O, 


dv x 

+ 


dz\ 

+ 


dz\ 



V t 

dw 

V 

dzv 

7 k 

dzv 

f 

- 0 


x,y> z, and w being independent, we have fiom (37), 


II 

- 

dv t ___ 
dx 

- 

dv ' 

- <r„ etc 

II II 

1 ! 

dv _ 

dy 

dv 

dz “ 

1 1 

dv, 

dy 

dv, 

dz 

t>„ <tc 

' t „ C‘tc 

dv x _ 
dw 

-<> 

dzv 

- d„ 

dy, 

dw 

d„ etc 
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by means of which \ alues equations (39) become 
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bp, + + b,v, + = o , 

cp 1 + t.w, + c t v t + =0, 

^i®i 4“ dp, + d,v, -\- = O - 


( 40 ) 


Substituting for v„ etc , their values from (37), we have 
for the first of these 


a,a,x a,b,y -f- a,c,z + a,d,w — a,n, - 
+ aytyc -j- aj\y -j- a„c,z + a,d,xv — an, 

+ a PP + a Ay + a PP + a -A™ — «,«, - 


= o 


+ 


The second of (40) becomes 


a,b,x + b,b,y + b,c,z + b,d,w — b,n, - 

+ afiyc -j- bjb,y + b,c,y + b,d,w — bji, 

+ a -fi,x 4- &Ay + b,c,z + b,d,w — b,n, 

+ 


= O, 


and similarly for the remaining equations Using Gauss’ 
symbols of summation, we have therefore 

[aa] x + [fd>\y + \_ac\z + [ad]w = [an],' 

[ab] x + [bb]y + [bc]z + [bd]w = [bn] , I , , 

[ dc]x 4 - [bc]y 4 “ \fd]z 4 " C cd]w = [cn] , [ 

[ad]x 4- [bd]y -j- [cd]z 4- [dd]zv = [d/i] 

These are called Normal Equations, and the values of the 
unknown quantities obtained by solving them will be the 
system of values which makes the sum of the squares of the 
residuals v„ v„, etc , a minimum, and therefore the most prob- 
able system of values Equations (36) are called Equatio?is oj 
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Condition, or Observation Equations An inspection of (41) 
gives us the following lule for solving a series of equations 
of condition 

Multiply each equation by the coefficient of x in that equation , 
then add together the resulting equations for a neiv equation , 
then multiply each equation by the coefficient of y mthat equation t 
and , as before , form the sum of the resulting equations Continue 
the process with the coefficients of each of the unknown quantities . 
The number of resulting Nor mal Equations will be equal to that 
of the unknown quantities , and the values of the unknozvn quanti- 
ties deduced therefi om will be the most probable 7 alues 

It must be borne m mind that this process supposes the 
number of equations of condition to be gieatei than that of 
the unknown quantities If it is less, this piocess will give 
us a number of equations equal to that of the quantities to be 
determined, but they will be indeterminate none the less than 
the onginal equations weie, as can be easily shown 


Observations of Unequal Weight 

22 In deriving the noi mal equations fiom the equations 
of condition, we have regarded the latter as of equal weight. 
I11 the more geneial case the weights will be unequal 
In the equation aye + b x y + c x z + d x w — n v if we suppose, 
as in (33), that p x represents the weight of an observation, 
viz , of n x9 that s x is the mean eiror of n x , and s the mean enor 
of an observation of weight unity, we have 

fl= 

Multiplying the above equation by Vp x , we have 

*, + i , */p x y + c, + d x Vp,w = «, Vp x , (42) 
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an equation in which the mean error of the absolute term 
n 1 Vffi is e, and the weight unity In the same manner we 
multiply each equation by the square root of its weight, thus 
reducing them all to the same unit of weight, when we pro- 
ceed precisely as before in foi ming the normal equations 


Computation of the Coefficients 

23 The method of foiming the noimal equations is now 
fully explained, the woik of computation, however, is some- 
what laborious, especially when the number of equations of 
condition is large It will therefore be important to ai range 
the woik so that the numerous multiplications and additions 
may be pei formed with the least liability to error, and so 
that convenient checks may be applied tor insuring accuracy 
in the results The multiplications may be performed by 
logarithms, in which case a four-place table will give the 
necessary degiee of precision, or Crelle’s multiplication-table 
may be employed with advantage x We shall also show 
how to perform the multiplications by the use of a table of 
squares 

Convenient pi oof-formulae may be derived as follows Let 
the sum of all the coefficients entering into each equation be 
formed in succession, and 1 epresent them by s with the proper 
subscript Thus 

a i + &i + c > “I - d ~ n i — » "I 

a « + K + c i ~\- di “ = S, [ r..\ 


* Dr A L Crelle’s “ Rechentafeln welche alles multipliciren und dmdiren mit 
Zahlen unter Tausend” (Berlin, 1869) 
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Multiplying these sums by their respective a , b, c, etc , m 
succession, and adding the products, we shall have the follow- 
ing equations for checking the accuracy of the coefficients of 
the normal equations 

[ad] 4 - [ab] -(- [ac] -f- [ad] — [an] = [<m] , - 

W + m + [pc] +. [bd] - [bn] = [is] , I , V 

[ac] + [be] + [cc] + [cd] - [cn] = [«] , f 

[ad] + [bd] 4- [cd] 4- [dd] - [dn] = [ds] 


This requires the computation of the additional terms [«y], 
[bs], and the agreement must come within the limit of 
error of the computation These additional terms will be 
further useful for checking the accuracy of the solution of 
the normal equations, as will afterwards appear 

24 If it should happen that the coefficients of one unknown 
quantity in the equations of condition were much larger than 
those of another, considerable discrepancies might exist m 
the agreement of the proof-formulas with the sums of the co- 
efficients It will generally be necessary practically to limit 
the computation to a certain number of decimals, when the 
products of the large quantities may introduce errors into 
the last places, where the products of the small quantities 
introduce none 

This difficulty is overcome by substituting for the unknown 
quantities other quantities which will make the coefficients 
of the same order of magnitude throughout This is con- 
veniently accomplished by selecting the largest coefficient 
with which an unknown quantity is affected and dividing 
each of the coefficients of this quantity by it Thus, let 
a, A V, 6 be the largest coefficients of the quantities x,y, 2, w, 
respectively, which occur m the equations of condition, and 
let v be the largest of the series of known quantities n„ n it 
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n„ Then we may place the equations of condition in the 
following form 


£(«*) + + ‘fys) + iw = * . 

+ b ffiy) + c pr‘) + j’(to) = 5 , 


where the unknown quantities are (ax), (fly), and the 
values obtained m solving the equations will be m terms of 
v The equations will be made homogeneous by this pro- 
cess before beginning the work of foiming the normal equa- 
tions The sums s„ s t , will be most convenient for the 
purpose to which they are applied, if they are formed from 
these homogeneous equations 

For the kind of problems which we shall have occasion to 
solve in the following pages there will seldom be a system- 
atic difference in the magnitudes of the coefficients of the 
different unknown quantities of impoitance enough to render 
this operation necessaiy In cases, howevei, where there is 
a marked difference in this respect it will be advisable to 
nicui the slight additional labor involved, and m some cases 
it becomes a matter of considei able impol tance 

25 The formation of the normal equations with the accom- 
panying proof-formulae will therefore require the computa- 
tion of the following quantities 

[aa] [ab] [ac] f ad ] (an) [<k] , 

U> ’b] [be] [bd] [bn) [6s ] , 

[cc] [cd] \cn ] [«] , 

[dd] [dn] (ds ) , 

[»«] [ns] 
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The latter will be employed for chocking the final compu- 
tation, as will be shown hereafter As will be seen, thei e aie 
twenty of these quantities lequired in a series of four equa- 

( 11 1 2 s ) (it 1 “2 ^ 

tions In general the number will be* - — — — ~ — — - — 4 

where n is the number of unknown quantities 

Let a sheet of paper be ruled with a number of vertical 
columns :epresented by the above formula In the first 
horizontal line will be the symbols of the products written m 
the columns below, viz , [aa\ [ad], and m the last line the 
sums of the products If the lesults aie coirectthe pioof- 
equations (44) must be satisfied The algebraic signs of the 
various products will demand special attention, as they form 
a veiy fruitful source of enor 

If the application of the proof-foimulae is postponed until 
the conclusion of this part of the computation, the position 
of an enoi is often shown at once, since each sum, with the 
exception of the sum of the squares, is found in two diffeient 
pioof equations If two of the pi oof-formulae fail to be 
satisfied, while the others piove true, the eiror is in the tcim 
common to both , while if only one equation fails to be satis- 
fied, the error is in the quadratic term 

Before proceeding further it is recommended that the 
reader refer to the example found on page 329 The num- 
ber of observation equations is twelve, each of which lias 
been multiplied by the squaie root of its weight The num- 
ber of unknown quantities is three, the coefficients of which 
have no systematic difference m magnitude of sufficient 
importance to lequne the application of the pioccss for 
rendering them homogeneous The foiniation of the 
normal equations is found on page 330 The number of 


* It is the sum of a series of terms in arithmetical progression minus I, num- 
ber of terms = (« -|- 2 ), first term = i, last term = (n -]- 2 ) 
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unknown quantities being three, we require by the formula 
just given fourteen columns It will be observed that the 
pi oof-formulae are peifectly verified, as they should be in 
this case, no decimal teims having been neglected 

Computation of the Coefficients by a Table of Squares 

26 By whatever method the multiplications aie performed 
a table of squares will be found very convenient for the 
quadratic teims Terms of the form [ah'] may also be com- 
puted with such a table, as will appeal from the following 

We have af, = }{(<*, + bf - a ,* - bf, 

a A = + b f ~ < ~ <V}> 

a A = ii(«» + K) - A ~ bf u 

W = 11 K* + *)’] - [«*] - m } (45) 

The quadratic teims \aa], [bb], will be computed 111 any 
case, so there will only be requned in addition the terms of 
the form \{a -f- by] In case of four unknown quantities we 
shall lequire the following quadiatic terms 

[«*] rc« + ^) 3 ] \(* + ^)*j [<« + ^) 2 i [(a - nyi n 

m u* + 01 [<* + <*)*][(* -»)-], 

[ce] [(r d )‘\\{c — n) ] , . (46) 

[dd] \_(d n) ] , 

[js] \nii\ 

The last two will be employed in checking this and the sub- 
sequent computation Thus for the case of four unknown 
quantities we have sixteen teims of the above form, or, in 

general, — ~l~ 1 iL 2 ) x 
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The equations having been multiplied by the square roots 
of their respective weights, and the coefficients made homo- 
geneous if necessary, the computation will be carried out as 
shown 111 the following scheme : 



aa 

lb 

cc 


nn 


{a -f- b) Q 

<«+*) a 


(a — «) 2 

(3 + c) 2 



X 

2 

3 


b x b x 

b\b\ 

C nCg 

c s c 3 


*1*1 

« 3«8 

f 1*1 

(« 2 4 - ^a) a 
(^s 4 “ ^a) a 

(«i 

(a 0 -f- Cn\* 


(«i - »iV“ 
(#2 — «2) 2 
(23 - * 3 ) 2 

(d a - 4 - c 2 ) 

(^ + ^ 3 ) a 



M 

m 

M 


[««] 

"m 

i(*+m 

[(*+*) 3 ] 


[(» - *) a ] 

[(* + *) 3 ] 



M > w 

v\ab\ 

M 

M + [«•] 


[«<»] + [««] 
2[««J 
[an\ 

cn sr 




In order to derive a convenient proof-formula we square 
both members of equations (43) and add 


[«] -(- 3 j [aa\ + \pb~\ -J- [cc] + [dd~\ -)- [nti ] } — 

k« + m + + *n + k« f ^) a ] + [(« - n n 

+ w + cn + w + + [(* - «y] 

+ [(« + dfl + [(* - nf\ 

+ C(rf - *)’] 



For an example of the application of the above method 
the reader will turn to page 334, where the normal equations 
are computed fiom the equations of condition befoie re- 
ferred to This method possesses some advantages over 
that byduect multiplication, the most important of these is 
m the fact that the liability to error m algebraic signs is for 
the most pait avoided Care being taken in forming the sums 
(a -f- b), ( a -(- c), etc , no further attention need be given to 
the algebraic signs until the coefficients of the normal equa- 
tions are completed 
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Solution of the Normal Equations 

27 In the solution of the normal equations the woik should 
be arranged so that it may be conveniently reviewed for 
detecting ei rors in case such exist, and so that proof-formulae 
may be applied at the various stages of progress 

The order in which the unknown quantities are determined 
is generally indiffeietit except in the case where the nature 
of the problem is such that one or more of them cannot be 
determined with accuracy fiom the equations We may 
know in advance that we have a case of this kind, or it may 
be discovered in solving the equations 

It will be shown hereafter that the weight of any unknown 
quantity will be determined by arranging the solution in such 
a way that this quantity is detei mined first The weight will 
then be represented by its coefficient in the last equation from 
which the others have been eliminated If now this coefficient 
is very small it shows that this quantity cannot be well 
determined without additional data, and the solution must 
then be arranged so that the uncertainty m this quantity will 
have the least effect 011 the others In case a preliminary 
computation shows that the weight of any unknown quantity 
is very small, the elimination will be repeated m such a way 
that this quantity is first determined The values of the 
otheis will then be expressed m terms of this one If then 
at any time additional data become available for determining 
this quantity, or if it is known from any other source, the 
other quantities become known also 

As such cases will seldom occur m the problems with 
which we shall have to deal, it will not be necessary to enter 
more fully into the matter at present 

28 In the elimination it will be convenient to employ the 
method of substitution, using a form of notation pioposed by 
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Gauss In developing' the formulas, we shall suppose as before 
the numbei of unknown quantities to be foui It will be a 
simple matter to extend or abridge them in case of a greater 
or less number 

The equations to be solved are 

[aa] x \_ a &\y + [ac]s + [ad]w = [an] 

[ab] x -j- [bb]y -f [bc]z + \bd]w = [bn] , 

[ac\x [ bc]y -|- [cc]z + [cd]w — [cn] , 

[ad]x [bd]y-\- [cd]z + [dd]w^= [dn] - 

From the first of these we have 

_ [«»1 [ab] [ac] _ [ad] 

[ aa\ [_ aa\ \act\ [aa] 

which value being substituted in the remaining three equa- 
tions, we shall have x eliminated The first of the resulting 
equations will be 

[m - + [ [&i - ]* 

+ [ [ ^ ] - 

and similarly for the lemaming two 
Let us now write 


• ( 41 ) 


( 48 ) 
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M - 


— [cn ij , 


(49) 


Sitnilaily for the third, 

W\ - = [<** 1] , [<fo] - ^[«»] = [A 1] 


Our three equations then become 

[bb i]y + [be i]z -f- [bd i]w = [bn 1 ] , \ 

[be i]j/ + l cc x>4- led A w = l cn x] > Y (5°) 

[bd i]y 4" Ifd 1 ]* + [dd 1 ]w = [dn 1 ] ) 


In these the same symmetiy of notation is pieserved as in 
the normal equations, and it can easily be 'shown that the 
terms [bb 1], [ec 1], and [dd 1], which have the quadratic form, 
will always be positive 

From the first of (50) we have 


_ [bni} _ [bej] _ [bd. 1 ] 
y ~ [bb 1 ] . [bb f] [bb 1 ] 


(51) 


This is to be substituted in the second and thud, and the fol- 
lowing auxiliary coefficients computed 


lcc 1 ]- [be I] = [«T2] , [on 1 ] -[^L bn 1 ] =[ch 2 ] , 
[cdi]-^[bdi]=[ed 2 ], 

[ddi\- Vj^jbdi-]=[dd 2 \ , [dn i]-[g|]c bn i]=[d»2], 


K49). 
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which process 


gives us the following equations 


[cc 2 ]s + [cd 2 ]w = [c» 2] , ) 
[cd 2 ~\z -j- [dd 2~]w = [dn 2] ) 

From the first of these, 


_ [cn 2] _ [cd 2 \ w 
[cc 2] [cc 2] 


(52) 


(S 3 ) 


Substituting this in the second, and writing 

[dd2] - ^[^2] = [dd 3], [dn 2] - ^^[cn2]=[dn 3], (49), 

we have 3] w = \d n 3] > (54) 

from which ^ ^ (55) 


z, y, and x can now readily be found by substituting succes- 
sively in (53), (51), and (48) 

The first equation in each of (41), (50), (52), and (54) are 
called elimination equations, and are here brought together 
for convenience of reference 

[aa]x + [ab]y + [ac]z + [ad]w = [an] , 

[bb l]y + [be i]z + [bd 1 ]w = [bn 1] , I , « 

[cc 2 ]z + [cd 2 ]w — [cn 2] , v 

[dd $]w = [dn 3] - 

This is all that will be strictly necessary m case the weights 
and probable errors of the unknown quantities are not re- 
quired 
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Proof -Formula 

29 Convenient proof-formulae for checking the accuracy 
of the successive auxiliary coefficients may be derived from 
the summation terms [as], [fo], of equations (44) 

Referring to these formulae, let us write 

Substituting for [fa] and [«s] their values, this expression 
may be written in the form 

*] = [[«] - [gw] + [m - 

+ H - [5H] - [ M - ta M ] 

Therefore, writing for the quantities in the brackets their 
values, we have 

[bs 1] = [bb 1] + [be 1] + [bd 1] - [bn 1], 

a formula by which the accuracy of the coefficients in the 
second member can be tested, and which requires the addi- 
tional auxiliary quantity [bs 1] 

Proceeding in a similar manner, we shall require for check- 
ing the computation at the end of the first stage of the eli- 
mination the following auxiliary quantities 

[bs 1] = [bs] - \ 0 jas] , [cs 1] = [cs] - , 

[ds 1] = [ds] - j . 
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when we shall have the following pi oof equations 

[bs 1] = [bb 1] + [be 1] + [bd 1] - [bn I] , ) 

1] = [be 1] + [cc 1] + [cd 1] - [cn 1] , i (57) 

[ds 1] = [bd 1] + [cd 1] + [dd 1] - [dn 1] ) 

In the same mannei we have, for checking the next step m 

the operation, 


[c, 2] = [es 1] - I] , [ds 2] = [ds 1] - l ~^[bs 1] 

l> 2 ] = ice 2] + [cd 2] - [cn 2] , ) , 

[ds 2] = [cd 2] -(- [dd 2] — [dn 2] , ) ^ ' 

and finally, [<* 3] = [A 2] - 2] , 

[ds 3] = [dd 3] - [dn 3] (59) 

The agreement of these two values of [ds 3] must be within 
the limits of error of the computation, and it furnishes a very- 
accurate control o\er the accuiacy of the computation up to 
this point 

30 After the values of jr, y, z, w have been determined, a 
most thoiough proof of the accuracy of the entire computa- 
tion is obtained by means of the residuals, v„ v„ obtained 
by substituting these values of x,y, z, w in the equations of 
condition, (37), p 33, viz 


a \ x + y + cys + d x w — «, = — v x , ' 

aye -(- b^y c x z -j- dyv — = — v, , 

aye -[- b^y c % z -(- dyw — n 3 = — v % * 


( 37 ) 



PROOF FORM UL‘E 


49 


§ 30 


Multiplying these equations by — v v — v„ — v„ in order 
adding, and writing, in accordance with the notation era- 

ployed, 

a x v x + + • = t av ]' 


we have 

[nv] - [av]x - \b-J\y - \cv\z - \dv\w = [H- 


but by equations 140), 

[av] = o, [bv] = o, [cv] = o, [dv] = o 

Theiefore M M ^ 

Now multiply equations (37) by n v n v n % 111 or( ier, and 
add, viz 

j>„] - [an]x - [bn]y - [cn]z - [d,i\w =W = C w 3 < 6t ) 

By means of tins equation [w] may also be computed as 
soon as *, y, z, w become known But we have 


„ _ [«»] _ W v _ i>d, _ 

* “ [mJ [««]■' [*«] m 


( 48 ) 


Let this value be substituted in (61), and write 


[tin] - = [»» 0 * 

also write [bn 1], [en 1], etc , for their values, when we have 
[nn 1] - [bn i]y - | ‘at i> - \dn i]w = O] 

Let the same process be carried on for eliminating y, z, and 
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w m succession from this and the resulting equations We 
shall have in all the following auxiliary quantities to com- 
pute 

[** 0 = [**] ~ . [»« 2] = [nn 1] - 1] , 

[**3] = [nn 2] - ^ 0 j.cni\, [ns 4] = 3] 


Either of the following equations will then give the value of 
[z^] 


\nn\ — [au]x — [bn~\ y — [cn\z — [dn]w = [w] , > 

[**» 1] — [iw i]y — - i]^r — \_dn \]w = [vv] , 

[»» 2] — [cn 2\z — [afo 2 ]z*/ = [w] , 

[»» 3 ] — [dn $]w = [w] , 

[004] = [z/z/] „ 


(62) 


Only the last of these will generally be used 

31 The \alue of [004] = [vv] can be derived from the 
summation quantities [ns~\, [ns 1], etc , with very little addi- 
tional labor We have 


[ns] = [an] + [bn] + [cn] -f [dn] - [nn] 

Let us write [ns i] = [ns] - 

[aa] 

and substitute in this expression for [71s] and [as] their values, 
when it may be placed in the following form 


+ [ W -RM]-[H-gw) 
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or what is the same thing, 

[ns 1] = [bn 1] + [«* 1] + \- dn ” t nn x ] 

Proceeding in a similar manner to form in succession the 
following auxiliary quantities, we have the series of equations 
by which the accuracy of the quantities [bn 1], [on 1 j, . . . 
[««4] may be verified . 

= M C’* ,2l=[ “ ,] -pJr] [faIlf l (49 y 

[k 1] = [»»]- pfj[« C“4]=[« 3] j 

[ns 1] = [bn 1] + [cn 1] + i dn I 3 ~ ^ nn ^ ’ 

[ns 2] = [cn 2] + [dn 2] - [nn 2] , 1 ^ 

[ns 3] = [dn 3] — [nn 3] , 

[«S4] = - [ nn A\ 

Only the last of these equations will generally be required. 
Form of Computation 

32 In computing the various auxiliary quantities which 
occur in the solution of a series of normal equations, the work 
should be arranged so that it may be carried through from 
beginning to end in a systematic manner in order to keep a 
general oversight of the results at the various stages of prog- 
ress, and to apply conveniently the proof-formulae This will 
be the more important the greater the number of unknown 
quantities The following scheme will be found to answer 
these requirements 

It will generally be found expedient to make the computa- 
tion by the use of logarithms, but in some cases the computer 
may prefer to perform the multiplications and divisions by 
the aid of Crelle’s table In the following scheme we have 
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supposed logarithms used A sheet of paper is first ruled 
with vertical columns, the number of which is gi eater by two 
than that of the unknown quantities In the first horizontal 
line will be written in order the coefficients which are com- 
bined with a, viz , [aa], [ab], . [«»]* [<w], an( d immediately 

below these their logarithms Attention is directed to this 
line by means of the letter E in the maigin, as it is the first 
of the elimination equations (56), and will be used for detei- 
mining x after y, z, and w become known 

In the third line are the coefficients [bb], [be], [&], so 

placed that the letters combined with b tall in the same verti- 
cal column with the same letters combined with a, viz , [be] 
under [ac], [bd] under [ad], etc 

In the fourth line of the first column is now written 

l 0 g ti ie value of which, as well as those of all the quan- 

[ad]’ 

titles m this column, must be carefully venfied, as an error 
m this factor may not be detected by the proof-formula 

The log is now written on the lower edge of a card 
[ad] 

and added in succession to the logarithms of [n£], [ac], 
[as], and as each addition is performed the natural number is 
taken from the logarithmic table and written m the place in- 
dicated in the scheme With a little practice the computer 
will be able to make this addition mentally, and take from 
the table the corresponding number without writing down 
this logarithm Thus we shall have 


written under [bb], 

\aa\ 

written under [be], 

[aaf 
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[a a] 

log [aa] 


“■S' 




[ah] 

log [ab] 




log 

6 [aa] 


i og \tult 
g [m i] 


log 


[cn a] A 
[cc 2] 

r [dn 3] ,, 

' [^3] 


[bb 1] 
log [bb 1] 


1 [b c *1 * 

lo * [WTT* 

log 

ad]* 

aa] 

loe IMiU 

1 2 [Mi] 

log 

[cd 2] ^ 

[CC 2j 


r [ T ] 

!s]m 


[rara 1] 


[bn 1] 
[M i] 1 


M 

log [ac] 


[if’ 

M tac] 


[be 1] 
log [be 1] 


[ad] 
log [ad] 


eX’ 


r M 


[fe xj 

log bd 1] 


[««J 


[**] 


r« i ] 


[^11 

Lfei] 


[fei] 


[re 2] 
log [re 2] 


M 

M 


M] 




Mi] 

feLlr M ,] 
[M 1] L J 


[cvf 2] 
log [cd 2] 


[an] 

log [an] 


[Jl” ] . 

W' 1 ’ 0 


[£« 1] 
log [bn 1] 


M 

fci M 


[cn 1] 


[as] 

log [<w] 


[?*] 

Mr Ifl 


[fe l] 

log [bs 1] 


M L J 


[fell 

[fe 1 ] 


[fe 1] 


[cn 2] 
log [rra 2] 


r [ r ] 

l««r 


[<«] 


[fell 

[fe xj 


[ddi] 


[bd 1] 


W 2] 

led 4 

L CC 2] 


Led 2] 


r 

[ad]- , 


[re x] 


ffe t] 


LfeiJ 


[bs 1] 


[' J2] 

log [csz] 


[dn 1] 

[bd x] r , . 


cd 9] 
ye 2] 


[dn 2] 


Lew 2] 


[^3] 
log [dd 3] 


[bn 1] 


[cn 2] 
[cc 2] 


[rara 2] 


[era 2] 


[rara 3] 


3] 

[dd 3] 


■[*» 3 ] 


[»* 4 l 


[rae x] 

ffe x] 


[bb 1] 


[bs 1] 


fg« 2] 
[ee 2] 


[we 2] 


[ee 2] 


, [*s 3] 


[^« 3 J 

[dd 3 J 


[^3] 


[«M] 


[<f» 3] 
log [e?« 3] 


log 2U 




Mr] 


M 


[<* 1] 


[fell 

L^xj 


[fe »] 


[<* 2] 


[fe«] 

[«»] 


II 


[re 2] 


[^3] 


IIP 

E 


IV 


V 


VI' 

E 


VII 


VIII 


IX 


Proof Equations 



-[bnz] I 
,-[«»x], 

'—[dm] 


— tfra3) 

-j- ‘era x]-|- [dn xl— [rarax] 
4- \dnd\— [rara 2], 


t-ffexl 

+ 

’bdi] 

I" CC I. 

+ 

cd 1, 

f cd* 


cn 2 

\- cd 1 

If 

wr 

H ddd 

1- id”* J 


ns^\ = — [«« 4 ] 


- L nn 3J , 


Practically only those proof equations which are distinguished by an accent will ordinarily 
be employed The lines marked by an E m the margin give the logarithms of the coefficients 
of the elimination equations The logarithms marked * must be carefully verified, since an 
W or in one of these may escape detection by the proof-equation 
For the application to a numerical example see page 331 
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and by subtraction, 

\bb i], [be i], [Id i], [bn i], [bs i]. 

These are the coefficients of the second elimination equation, 
and will be used for determining y after z and w have become 
known The I in the margin refers to the proof-formula 
bv which the values of these quantities will be verified 

It will not be necessary to proceed farther with this ex- 
planation, as a reference to the scheme in connection with 
the formulae for the auxiliary quantities will show clearly the 
process The elimination being completed, the quantities 
\nn 4] and - [ns 4] are computed as shown in the scheme, the 
agreement of which with each other and with [w], obtained 
by substituting the values of x,y, z, w m the equations of 
condition, furnishes a most thorough proof of the accuracy 
of the entire computation 


Weights of the Most Probable Values of the Unknown Quantities. 

33 In case of a single unknown quantity determined by 
direct observation, the computation of the weight of the 
arithmetical mean was found to be very simple In the case 
under consideration, where the equations to be solved con- 
tain several unknown quantities, the difficulty is greatly 

augmented - 

In our equations of condition we have supposed the quanti- 
ties obsei ved to be etc We have already shown that 

if the resulting equations of condition are not of equal weight, 
they may be made so by multiplying each by the square 
root of ite respective weight We shall therefore in invest,- 
gating the weights of the unknown quantities assume the 
weight of each observation to be unity 
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Let puPwPaPvn be the weights of x,y, z, and w respectively , 
£ jl, £ u> s w> their mean errors 
Let s be the mean error of an observation 

As all of our equations are linear, it is evident that if the 
elimination of the three unknown quantities x, y, and z be 
completely carried out, the resulting equation will gi\e w as 
a linear function of n v n„, ;/ 3 , etc Similaily, if x, y, and w be 
eliminated, we shall have z expressed as a linear function of 
the same quantities, and so of each of the others. 

We may therefore write 


x = a 1 n 1 + a^n, -f a,w 3 + etc , - 

y = + etc > _ /g.\ 

* = YJI, + y t n t + y s n, + etc , j * K J 
zv = 6 1 n l + 8yi„ + S s ii s + etc , - 

a, / 3 , etc , being’ numerical coefficients and functions of a, b, 
etc 

We have now from (31), remembering the above notation, 


£ x = e Ya* -f- a,’ + a,* + etc = £ V\aa\ 


£ w = e Vd, 3 + 6\> + d 3 a + etc =e VW\ 
From (33), ^ = V = = W 


(65) 

( 66 ) 


The weights therefore become known when we have the 
values of (ixnQ . (ddj For this purpose we must make use 
of the normal equations (41)) which for convenience of refer- 
ence are here rewritten 
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\ad\x + \cdi\y 4 [M- + — 44 > ' 

\aU]x + [pS]y 4 4 = 44 > . 

[ac\x -f- \pc\y 4 44 " 4 \cd~\w = [cii\ , 

[ad]x + [^]jK+ 4444 [<**]«' = 44 

Let us now assume the following sj stem of equations 


I 7m] 0 + \aU]Q' -f MS" 4 MG'" = 00 
[aU\Q 4" 442' 4* 442" 4- 4*42' ' — ° > 
M2 4 MS' 4- C 4- 4<42"' = ° > 
\ad~\Q 4 -[>42' 4- W 2" 4 442"' = 1 J 


(67) 


These equations will be possible, as there aie four unknown 
quantities, Q, Q', 2". and Q"', and four equations for determin- 
ing their values 5 furtliei, as the equations aie of the first de- 
gree theie will only be one system of values for Q, Q\ etc 
Now let the normal equations be multiplied b) Q, Q’, Q", 
and Q "\ in their respective oiders, and theiesulting equations 
added Then in consequence of ( 67 ) in the resulting equations 
the coefficients of x,y, and s will be zeio, and that of w unity. 
Therefoie we shall have 


w = [ait]Q 4" 442' 4 442" 4 44 Q!" (68) 

We shall now show that Q = [<M], and is theieforc the 
reciprocal of the weight of w 

Let us expand the quantities contained in the biackcts, 
equation ( 68 ), and compare the lesults with the last of 
equations ( 64 ). We thus find the following values of S t , 
6 tC* 

d, = a x Q 4- b^Q! + 4 42"' >' 

d a = 4 42' 4 c,Q!' 4 42'" , ; 

d s = a„Q 4 biQ! 4 c *Q' r 4 42'" r 


(69) 
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Multiplying each of these by its a and then adding, then 
multiplying each by its b, c, and d successively and adding, 


we have by (67) the following equations 

^A + a A + # A + 

11 

1 — 1 

09 

1 — 1 

11 

0 

^A + ^A + AA + 

0 

II 

Z 1 

II 

c A + + 

0 

II 

& 

II 

^A + ^A + 4 A + 

— \ 

1— 1 

II 

1 — I 

0 

II 


Now let each of (69) be multiplied by its d and the results 
added Then by (70) we have 

*A + * A + *A + - m = Q" f Q E D (71) 

The solution of equations (67) therefore detei mines the 
weight of w In a piecisely similar manner the weight of 
each of the unknown quantities may be determined Thus, 
to detei mine the weight of x> we write for the second mem- 
bet of the fust of (67) unity instead of zero, and wnte zero 
foi the absolute tei in of each remaining equation The re- 
sulting value of Q will be the leciprocal of the weight of x 

This process is simple enough m theory, but its application 
is laborious, as we must solve equations (67) separately for 
the weight of each unknown quantity This does not involve 
so great an amount of labor as may at first appear, as much 
of the computation will alieady have been pei formed in the 
solution of the noimal equations It is easy, however, to 
derive a process which will geneially be much more con- 
venient It is as follows 

34 In the solution of equations (41) by successive substitu- 
tions we found for the final equations m w — see (56) 

[dd 3 ~\w — [dn 3] 

We shall now show that the coefficient [dd 3] = and 
is therefore the weight of w 
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For this purpose let us write equations (41) as follows 


[_aa\x + [ably + [«> + ~ l>”] = A ’ 

\ab~\x + \bU\y + \bc\z + \pd\w - \bii\ =B, 

[ac]x + \bc\y + \cc\z + [id~\w - \cii\ = C, 

\ad~\x + [ bd]y + [«*> + W\ w ~ W = D 


Let us now suppose the equations solved by means of the 
auxiliaries Q, Q! , Q”, and Q'", determined from (6 7), when we 
shall have 


« = M2 + M2' + w- + wr ? , + Da , 


(72) 


This will now T be the same value of w as before obtained, if 

we make A— B— C = D = o 

Let us now suppose the equations solved, as before, by 
substitution Since m this process no new terms in D are 
introduced, the coefficient of D will not be changed in the 
final equation tor w, and we shall have 

[dd$\w — \dn 3] + D + terms in and C ' 

from which w = + f~TTT- \ H - terrns in A > B> and 

[dd 3] [dd 3J 

Now it is evident that the coefficients of A, B, C, and D must 
be the same m this equation as in the value before obtained, 
equation (72) Therefore 


Q!" = 


1 

W T] 


QED. 


We theiefore see that we can obtain the values of the un- 
known quantities fiom equations (41), and at the same time 
their respective weights, by arranging the elimination so that 
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each in succession shall come out last The coefficient of the 
unknown quantity in the final equation \\ ill be its weight 
35 In solving a sy stem of four equations like the above 
it is best to proceed as follows Let w be determined, as 
above, by substitution in the order x, y, z We then have 
w with its weight from 

[dd 3]w = [_dn 3] 

Equations (56) then give successively z, y, and x 

Let now the elimination be performed m the opposite order, 
viz , w, z, y, when we have x with its weight from the equa- 
tion 

[ act, l\x = 1 [an 3], 

[aa 3] being the weight of * 

This value of x must agree with the former value within 
the limits of error of the computation, thus furnishing a con- 
venient check to the accuracy of the computation 

For the weight of y and z we need not repeat the elimina- 
tion, but proceed as follows 

Let us suppose the elimination performed m the order 
y, w, z We shall then have the same auxiliary coefficients 
as in the first case, as far as those indicated by the numerals 
1 and 2, and equations (52) will be the same as before , but 
as the elimination will now be performed m the order w, z, 
instead of z, w, we write them 

[dd 2~]w + \cd 2 ]z = [dn 2] , 

\cdd\w + [cc d]z = [cn 2] . 

From the first of these, 

_ [dn 2] _ [cd 2} 

W ~ [dd 2] [dd 2 \ 
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Substituting this m the second gives us for the coefficient 

of -sr 


[« 3 ] = [«2]-^[^2]= A 

But we have \dd 3] = [dd 2] — j 0 ^[cd 2] 
From these two equations we find 


[«■ 3] = 2] 


P&* 3] 

[dd 3] 


A 


And m a similar manner. 


[«3] = P^]fe]=A 

We therefore have the following piecepts and foimulae 
for computing the weights in the case of four noimal equa- 
tions 


Fust, perfoim the elimination in the ordei x,y, z, w, 1 


then p w — [dd 3] , 


A = [cc 2] 


[dd_ 3] 
[dd 2 \ 


Second, perform the elimination in the order w, z, y,x. 


( 73 ) 


then A = [aa 3] , 

. nr ~r\& a 3J 

A = 
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The formulae for the auxiliary coefficients foi the second 
elimination may be denved fiom those for the first cy simply 
intei changing the letters a and d and b and c lhe process 
is so simple that it will be unnecessaiy to write them out in 
full 


Other Expressions for the Weights 

36 When the equations have been solved, as already ex- 
plained, and the various checks applied, so that the computer 
is convinced that the results obtained aie leliable, it may be 
undesnable to lepcat the elimination rneiely for detei mining 
the weights of the first and second unknown quantities We 
may derive convenient expiessions for computing the weights 
in this case, as follows 

Suppose four solutions of the equations to be earned 
through so that each unknown quantity in turn is fust deter- 
mined, the older of the otliei s 1 camming the same we should 
then have each unknown quantit\ with its weight completely 
determined, as we have already seen The solution of the 
equations for which we have given the complete [01 mulct! is 
111 the order d, c, b, a , wheic we have written the coefficients 
instead of the unknown quantities If now we substitute the 
values of zv , s,and y m the thud, second, and fust of equations 
(56) in ordei , we have finally the expression for*, which will 
be a fraction with the denominator 

[aa\ \bb 1] [cc 2 ] \dd 3] 


In the four solutions which we have supposed made, the un- 
known quantities last determined will be m succession a, a, 
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y> and the denominators of the expressions for their values will 
be as follows 


Mi [P b J ]<z M 2 3 d \. dd 3]d ; 

Mo i]o [^2] c [> 3] c , 

[aa] b [cc i] b [dd 2 ] b [W 3] b , 

[W] a l> l]a [ dd 2]« 3]a ; 

where the subscripts show which unknown quantity is first 
determined in each solution As the elimination is performed 
by successive substitutions, no new factois being* introduced, 
it follows that these expressions are equal to each other re- 
spectively 

It is evident that when the older of the elimination is 
changed so that a different quantity is first detei mined, the 
order of the others remaining the same as before, the values 
of the auxiliary coefficients [bb i], [cc 2], etc, which do not 
contain the coefficient of this quantity will remain as before 

Suppose, as above, the unknow n quantities to be determined 
in the order d , c, b , a Now let a second solution be made in 
the ordei c , d \ b y a, then all of the auxiliary coefficients as 
far as those designated by the numerals 1 and 2 will remain 
as before In a third solution following the ordei b , d, c , a> 
the coefficients designated by the numeral 1 will have the 
same values as in the first case , while m a fouith detei ruina- 
tion m the order 0, d , r, b , they will all differ from the first 
senes of values 

Thus indicating by the subscripts only those coefficients 
which have values different from those given by the first 
elimination, we have the following equations 


[ad] [bb 1] [cc 2] \dd 3] =: [ad] [bb 1] [dd 2] [cc 3], 

[ad] [bb 1] [cc 2] [dd^\ ~ [ad] [cc 1] [dd 2 ] h [bb 3], 

[ad] [bb 1] [cc 2] [dd 3] = [bb] [cc i] a [dd 2 ]„ [a a 3]. 
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We already have the weight of w The weights of s, y, and 
* are given by these last equations, viz 


pv, = \dd 3] , 

A = [«3 ]=^C^ 3 ]. 

See 2] [dd 3] 

A = t bb 3] - £ M 1 ] 

r . r ,[Mi][i*2] C^3] 

A = [«* 3l = M pTT] a [<*/2] a 


(74) 


In applying these formulae the following additional auxiliary 
coefficients must be computed 


\dd 2] & = \ddi] - ^fi cd I] 5 

[« 1]. = M - 


. (75) 


In case of three unknown quantities the formulae become 
pz = \? c 2 ]> 

A=^ i 3^T ] ’ 1. ... (76) 

. r-AWi]\pc 2 \ 

A - M-pq [ CC i]I 


where \ce i] 0 has the value given above 
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37 An elegant expression for the weights is obtained by 
making use of the determinant notation Thus, referring to 
the normal equations (41), 



Q the reciprocal of the weight of w y given by equations (67), 
is the same as the value of w obtained fiom the above equa- 
tion by making [an] = [bn] = [cri] = o and [dn] — 1 

Therefore writing^ for the complete deteiminant which 
forms the denonlinator of the above e\piession, D ,f/ foi the 
partial deteiminant formed by dropping the last honzontal 
line and last vertical column, D" for the partial detcitni- 
nant formed by dropping the thud honzontal line and thud 
vertical column, and similaily D' and D for the othei two, 
we have 


A = 
A = 



, _ A 1 
A - 577. 



(77) 


A number of other forms may be derived for the weights, 
all of which involve about the same numerical operations as 
the above In ceitain special cases different forms may be 
moie convenient, but for our immediate pui poses it will not 
be necessary to develop the subject further 
It may readily be seen from what precedes that the rela- 
tive weights of the unknown quantities may be derived, even 
when the number of observations does not exceed the num- 
ber of unknown quantities No piobable errors, however, 
can be determined m this case 



§38 MEAN ERRORS OF UNKNOWN QUANTITIES 


65 


Mean Errors of the Unknown Quantities 

38 For detei mining the mean and probable eirorof an 
unknown quantity nothing further is required except the ex- 
pression for the mean ei 1 or of an observation It is supposed 
that the equations of condition ha\e been 1 educed to the 
common unit of weight by multiplying each equation when 
necessary by the square root of its weight 

The values of y, z, and w , as deduced above, are the most 
probable values as deduced fiom the given data When 
substituted in the equations of condition the lesiduals 
v l9 v„ v„ etc , will not be the true eriors unless the derived 
values x,y, z, and w aie absolutely the true values, a condi- 
tion not likely to be 1 eahzed 

Let (x + dx), (y + Sy), (z + dz), {w + 6 w) be the true values , 
A v z/ a , A w A m , the true eirois 

We shall then have two s) stems of equations, as follows 


a x x -f- 6 } y + c i z + dyv — n x = — v x , " 

aye -f- b,y + cy -j- dyv — n z = — v 0 , ■ 

aye -j- i % y + c % z + dyu — n z = — v 3 


( 78 ) 


a 1 (x^dx)^b l (y-{-$y)-\-c i (z-\-dz)-\-d l (w-\-&w) — n,— — A iy 
atix+dx^+bly+dyj+cXz+^+d^w+Sw)—?*^ — A„ 

^8(^+^)+^(^+^ / )+ r 3(^+^)+^3(^+ < ^ ze/ ) — 71 ~~ ^3 


( 79 ) 


Let us multiply each of equations (78) by its v and add the 
resulting equations Then by (40) the coefficients of x,y y z y 
and w will vanish, giving us the relation before derived, 

\yii\ = \yv\ 


(80) 
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Pioceeding in the same manner with (79), we find 

\vn\ = [vA] (8ij 

Therefore [vA] = [yv] (82) 

In order to obtain an expression for the sum of the squares 
of the true errors, viz, [A A], in teims of the sum of the 
squares of the residuals \yv\ let us first multiply each of 
equations (78) by its A and add the resulting equations , 
secondly, let us multiply each of (79) by its A and add m 
like manner The results are as follows 

[ aA~\x -f* [ cA~\z -f- [dA]w — [ nA\ = — [vA] = — [vv ] , 

M r* + **) + CW] Cr+<« + M (* + **) 

+ [Af| (w + da/) - [/zz/] = — [z7z/] 

Subtracting the fiist of these from the second, we obtain 

[ZM] = [w] - [tfzQdar - — [zz/]ds - [flTJ]cfa/ (83) 

If we could now assume d„r, dy, d#, and dze/ to vanish, we 
should obtain, since me* = [z/z/] by definition, 

m 

This will give us a close approximation to the tiue value of 
s when m is large 

For a moie accurate determination of e we must endeavor 
to find appioximate values of [aA]d x, etc The true 

values are beyond our reach, but principles already estab- 
lished give us a means of approximation 
Multiplying each of equations (79) by its a , and adding, 
we have 
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Comparing this with (41), ue see that the fiist line is equal 
to zeio 

Multiplying each equation of (79) by its b and adding, 
then in a similar manner by its c and d and adding, we have 
finally 

[aa]Sx + [ab]Sy \ac]Sz + [ad]Sw = — [ad] ,' 

\ab]Sx + [bb]Sy + [bc]dz + L bd \ 6w = ~ » I /o 

[ac] Sx -j- [bc]Sy -j- [cc]Sz + \cd\Sw = — [cd], [ v 

[ad] Sx 4 - [bd]Sy+ [ cd] 6 z + [dd]*w = - [dd] 

Comparing these with (41), we see that they are of precisely 
the same form, the unknown quantities being in this case 
Sx, Sy, Sz, and Sw, instead of x, y, z, and w, and the absolute 
terms having — d in the place of n The solution will there- 
fore have the foi m — see (64) — 

sx= - KA + a a A + * 3 d t + ),'| 

Sy = — (A A -j- AA + AA + ) > . fge'v 

Sz = — (r,A + yA\ + yA* + )> [ 

Sw= — (AA -j- AA + AA + ) J 

If we now write these values in (83), we shall have for 

— [ ad]Sx , etc , the following values 

— [ ad]Sx = (aAi + a Ai + a Ai + ) 

(«,A + a A» + a A%+ )» 

— [bdjSy = (bAx + AA + AA + ) 

(AA + AA + AA+ ),, f86 v 

— [cd]Sz = (cAi + C A 1 + ^A + ) 

(r.A + r.A + ra A + ). 

— = (AA + AA + AA + ) 

(AA + AA + AA + . ) 

In regard to these products it is to be remaiked that they 
must necessarily be positive, as our conditions require [vv] 



68 


LEI SI SQUARES 


§3S 


to be a minimum Any system of values of x , y, z and w, thei e* 
fore, differing from those derived from the noimal equations 
(41) must increase the sum of the squares of the residuals 
Theiefore [A A] > \yv\, and the terms following [vv] m (83) 
must be positive ’ 

Let us now peiform the indicated multiplication in f86) 
Confining ourselves to the last equation, since the form is 
the same for all, we can indicate the 1 esult as follows 

— [dA]dw — d l S 1 A l A 1 -\-d„A a A a A 1 -j- d a $ s A a A a - f- ISi^A^A^ 

The last term indicates the sum of all the terms formed by 
multiplying together different values of A , as A a A v A t A a , 
4 m -iA m Now, since positive and negative errois occur 
with equal fiequency when the number of equations of con- 
dition is very laige, we may assume this term equal to zeio 
Writing for (//.zf,), (A a A a ), etc , the mean value of those 
quantities, viz , and placing for [dS] its value from the last 
of (70), viz , [d< 5 ] = 1, we have 

- [dA]Sw = s a . 

In a manner precisely similar we find 

— [aA]Sx = — \bA~\ 6 y — — [cA^Sz = — [dA]#W = £ a . 

Therefoie equation (83) becomes 


From which 


ms 1 = \yv\ -f- 4? 



( 87 ) 


In this case there are four unknown quantities In general 
if the number of unknown quantities is ju t we shall have 


s = 



• ( 88 ) 
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With the values of p x , p y ,p^ and p w computed by (73), we 
have finally 







and the probable errors of jt, y , z, and w will be obtained by 
multiplying these respectively by 6745 

We have now developed the subject as far as is necessary 
for our purposes A complete example of the solution of a 
series of equations with three unknown quantities, together 
with the determination of their respective weights and 
probable errors, will be found m connection with article 
(191) of this volume 
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39 In the Nautical Almanac are given various quantities, 
such as the right ascension and decimation of the sun, moon, 
and planets, places of fixed stars, etc , which are functions of 
the time This is assumed as the independent variable, or 
argument as it is termed by astronomers The ephemens 
gives a series of values of the function corresponding to 
equidistant values of the argument In case of the moon, 
which moves rapidly, the position is given at intervals of one 
hour , the place of the sun is given at intervals of twenty -four 
hours , while the apparent places of the fixed stars vary so 
slowly that ten-day intervals are sufficiently small When 
any of these quantities aie requned for a given time, this 
time will generally fall between two of the dates of the ephe- 
meris seldom coinciding with one of them , the required 
value must then be found by interpolation 

Interpolation m general is the process by which , having given 
a series of numerical values of any function of a quantity {or argu- 
ment), the value of the function for any other value of the argu- 
ment may be deduced without knowing the analytical form of the 
function 

We shall consider the subject more in detail than will be 
necessaiy for the simple purpose of using the ephemens, 
on account of its importance in other directions 

In what follows we shall suppose the values of the function 
given for equidistant values of the argument, which will 
always be the case practically Also the intervals must be 
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small enough, so that the function will be continuous between 
consecutive values of the aigument 
Let w = the interval of the argument 


(T— 3 sc/), (T-2w), (T-w), ( T ), (r+w), (J+2tt;) f 
(7" + 3 w), = the values of the argument 

The notation for the arguments, functions, and successive 
differences will be shown by the following scheme : 


Argu- 

ment 


I st 

Difference 


2d 

Difference 


Difference 


4th 

Difference 


Dlffe 


:th 

:erence 


Function 

r-3v>j[r-3v>) 

-»)' y r i w /"<? -«> r _ , . 

T-w T 3®) f"(r-w ) * w) 

T f(T) /(r*— 4«/) /"'(T'—iw) p(T—\w) 

T+w f(T+w) /U+iw) /"(T+w) /-(7’+z £ ,) /T(r+J “' ) 

r+SK' /(7H- 3 w/ (r +- i7 " ) 


(90) 


The notation shows at once where each quantity belongs 
in the scheme The hi st differences ai e formed by subtract- 
ing each function fiom the quantity immediately following 
it, the aigument being the arithmetical mean of the arguments 
of the two functions Similarly the second differences are 
formed by subtracting each quantity in the column of hist 
differences from the one immediately below it, and so on for 
the successive 01 ders of differences It will be observed that 
the even ordeis of differences, /", / IU , etc, fall in the same 
horizontal lines with the functions themselves, and have the 
same arguments, while the odd orders, /', etc , fall be- 
tween those lines The even differences all have integral argu- 
ments, and the odd differences fi actional arguments 
The arithmetical mean of two consecutive differences is 
indicated by writing it as a function of the intermediate 
argument For example 


f\T) = k[f\T - iw) +f>{T + £«/)] , 
f m (T+ iw) = £[/*’( 71 +/*»( IT- f «,)] 



f{T+ w) =AT) +/'< T + » . 

Ar+ 2w) = *0 +/(?’ + 3«0 

_= At) -+- 2/\r+ » +/'\ 7 ' + w) . 


/( r+ 30/) = /(.T-f 2 w) +f\T + }w) 


Pioceedmg m this manner, we leadily discover the law of 
the series, viz , the coefficients are those of the binomial 
formula, and each successive function, f", etc , is on the 
horizontal line drawn under the one which immediately pre- 
cedes it Thus we have the general foimula 


f{T- t- mu) =/{T) + ’’f\ T + l w ) + - t(, \ 2 —f"( T + w ) 

_l. u(n — llS n -~-zLf"( T - (- }w) 

123 

. 1 i jjU — i)(n— 2) (n — 3 )y wy_|_ 2w) 
1234 

+ 


( 91 ) 


Jf we assign integral values to n we obtain the tabular 
values, viz ,AT+w),f{ T+ 2 w), etc , but the foimula is not 
used for this purpose, but foi intei pointing between the 
tabular values, in which case n is fi actional and must be ex- 
pressed 111 terms of the intei val of argument 10 as the unit 

more convenient form may be given to this expres- 
sion (91), as follows We have 


f"(T+w) =/"(?)+ f"(T+ », 
f”'(T+ \w) = f"{.T+ J «0 +f\ T ) +f l \ T +& v ) > 

/'•> (T+ 2 w) = f‘"(T)+ 2 f\T+\w) +f' A (T) +f m \T + lw) 
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Substituting these values in (91) and reducing, we readily 
obtain 

AT+ nw) =f(T) + nf(T+ \w) + n A^Af"{T) 

_|_ Oj + 0 » (n ~ 0 ).f"{ x ^ W ) 

+ ( , + i )W(»-p ( — ^ „ (r)+ fe2) 

The law of the series is obvious , v 12 , a factor is added to the 
numerator of each succeeding coefficient alternately after 
and before the othei factors, the last factor of the denomi- 
nator being the same as the order of differences The succes- 
sive differences are taken alternately below and above the 
horizontal line diawn immediately below the function from 
which we set out 

Formula (92) will be used for intei pointing forward For 
interpolating backward a bettei form may be derived by 
writing for f\T + \w), f"'{ T + £«/), then values in terms 
of f\T - \w\f"\T — viz 

f (T+fr) = /' \T-*w) +f'\T ), 
f"'(T+ %w) = f f/ \T — \w) +f“(T) 


Changing n at the same time into — n, since the formula is 
to be used for interpolating backwards, we readily find 


AT- nw) =/(T) - nf\T-\w) + ; 


-1) 


1 2 


A\T) 


- (n+l)n(n-i) T _x w) 
123 

_j_ (« + 1) n ( n - 1) (n - 


1234 


( 93 ) 
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42 In applying (92) and (93) it will be more convenient 
to write them as lollows 

AT + nw) -AT) + * \/'{T+iw) + n -TZJ: | f"(T) 

+1 T~ I {/ / "( r +^)+~ ^ {/‘W 

. + !L p |Ar+ W } } [ } } (s»x 

/T- «w) =/(r) - % | f'(T-iw) - |/ // (r) 

| / /// ir _ iw) _lzJ |/ TO (7') 
-'-±- 2 {/V-« ([[}} (93X 

In (92), and (93), each difference is used to correct the one of 
the next lower order immediately preceding it, and the quanti- 
ties to be multiplied will generally be small In interpolating 
a value of the function corresponding to a value of the aigu- 
ment between T and {T + \w), we use (g2\ and set out from 
f(T) If the argument is between {T \w) and (T-\-w), 
we use (93), and set out from f(T -\-w) 

When the interpolation is earned to any given order of 
differences, as the fifth, it is a little more accurate to take the 
arithmetical mean of the last differences, which fall immedi. 
atelv above and below the horizontal line drawn m the vicinity 
of the lequired function Thus the last term of (92)! and 
( 93 )i would be f v (T) 

43 For the quantities tabulated in the American Ephe- 
mens it will only be necessary to carry the interpolation to 
second differences , but for computing ephemendes or tables 
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of any continuous function, much labor is saved by comput- 
ing the quantity directly for a comparatively few dates and 
supplying the intermediate values by interpolation If the 
function is of such a character that some order of differences, 
as the third, fourth, or any other, vanishes, this gives exact 
values for the interpolated quantities, and in fact the process 
may then be used for computing values of the function for 
any value whatever of the argument It is on this principle 
that “tabulating engines” are constructed 

44 As an example of the application of (go), (92),, and (93),, 
we take from the American Ephemens the following values 
of the moon’s right ascension for intervals of 12 houis 


1883, 

July /=« /' 

3d, o h 5 45 15 68 

29 3905 

I2 h 6 14 5473 

29 1 1 97 

4th, o h 6 44 6 70 

28 3798 

12 1 ' 7 12 4468 

27 59 09 

5th, o h 7 40 43 77 

27 1725 

I 2 h 8 8 1 02 

26 3440 

6th, o h 8 34 35 42 

25 5232 

I2 h 9 O 27 74 

25 12 46 

7th, o h 9 25 40 20 

24 35 94 

I2 h 9 50 l6 14 


f" f" 






27 

08 







— 

o\ 

VO 

1—1 



33 

99 




lOI 



— 

490 



38 

89 



+ 3 

'95 



— 

295 



4i 

84 



+ ' 

‘ 94 



— 

I 01 



42 

85 



+ 1 

'78 



+ 

77 



42 

08 



+ 3 

'45 



+ 

2 22 



39 

86 



+ 3 

[ 12 



+ 

3 34 



36 

52 






- 06 

— 01 

— 16 

- 33 


- -33 
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Example i As an example of the application of (92),, let 
us interpolate the moon’s right ascension for 1883, July 5th, 

Since the interval of the argument w is here i2 h , we have 
in this case nw = 4 h , or n = | Setting out from July 

5th, o' 1 , we have y 


f\T - \w) 
f"(T+iw) 


= — 01 
= - 1 6 


n 4- 2 , 

- 


5 


y'tv 

Corrected, f w 

4 r + 

/"' 

Corrected, f" 


n -f- 1 
3 


f" 

Cori ected, f" 
n — 1 


= — 1 802 
{/'"+ •=- 801 

= — 41 840 


f" + 


f 

Corrected, f' 

n \f + 


= — 42 641 

= + 14 214 
=27 m i7’ 250 


=27 m 3i’464 

= 9“ 10 s 488 
/ = a = 7 11 4Q''‘43 S 77 
1883, July 5th, 4 h , a = 7 h 49 IU S4 s ^6 _ 


/W = - 085 


= — 040 

= + 1940 

= + 1 900 

= - 792 

= — 1 010 


This value agiees exactly with that found in the American 
Ephemeris for 1883 (see page 115) 
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Example 2 Let us now apply (93), to determine the moon’s 
right ascension, July 5th, 2& Here we set out fiona July 6 
As before, n = = — 33 


n + 2 f v 

5 J 

= + 1 54 

f lv 

= + 1 450 

Con ected, f lv 

= -f- 1 604 

n — 2 ( , 

/ tW — 

4 r 

= + 668 

f" 

O 

+ 

II 

Corrected, f" 

= + I 438 


= ~ 639 

f" 

= — 42 080 

Corrected, f" 

= — 42719 

1 

1 

HH 

Sr 

r 

= — 14240 

r 

=26 m 34’4oo 

Corrected, f 

=26 nl 2o’ 160 

- n\f- 

= 8“'46 8 720 


f=a = 8 h 34 m 35 s 42 
1883, July 5th, 20 11 a = 8 h 25"48 8 70 


The algebraic signs of the vanous corrections are detei- 
mined without difficulty, as follows If a honzontal line be 
drawn m the table of functions and differences (p 75) in the 
vicinity of the given aigument (in the fiist of the above 
examples immediately below s' 1 o 11 ), the successive diffeiences 
required will fall alternately below and above this line 
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Beginning with f 1 we deteimine the correction to f LV , which 
is to be applied so as to bring the value nearer to that imme- 
diately below the line In this case f lv = -|~ 1 94» that which 
immediately follows is + i 78 , theiefoie the correction must 
be subtracted fiom 1 94, giving the corrected f iv = 1 90 

The value of f ,n is — 1 01 , the value immediately above 
the line is —295 The first must be conected so as to 
bring it nearer the latter, giving in this case the conected 
f tn = — 1 802, and so on for each difference in succession 
That is, 

When the quantity is j ^0^ j ^ ie horizontal line, apply 
the correction so as to bung it in the direction of the one m 
the same vertical column immediately j j- it 

Special Cases 

45 Whenever (92^ or (93), can be applied, nothing more 
will be necessary , they require, however, a knowledge of 
the value of the function for several dates both befoie and 
after those between which the interpolation is made It is 
sometimes necessary to interpolate between values of the 
function near the beginning or end of the table as, for in- 
stance, we might require from the tabular values of the 
moon’s right ascension, given on page 75, to determine the 
value between the dates July 3d, o\ and 3d, 12 11 , or between 
7th, o’ 1 , and 7th, I2 h In either of these cases the series of 
ditfeiences terminates with f\ so the above formulae will 
only give the value to first differences inclusive 

We shall consider the two cases separately 

46 First For arguments near the beginning of the table 

As befoie, calling the arguments between which it is re- 
quired to intei polate the function, T and T + w, we may 
apply formula (91), setting out from f{T) 
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If the argument for which the value of the function is re- 
quired is nearer T-\- w than T, it will be a little simpler to 
set out from T-\- w and interpolate backwards In this case 
the foimula requires the following modification 
Changing n into — n, we have 

f{T- nw) = f(T)-nf'(T+ J®)+ + ») 

_ ^ + .)(,, + 2 ) / ,„ (r + w 
+ * L + 1 ) (» + ,)(«+i , f . {T+2w) 

3 )(»+ J / , (r+w . 

From the manner of forming the successive functions, we 
have 


/' (T+iw)=f'(T-iw)+f"(T) 

f"(T+ W )= /"(r)+/"'(r+» 

/'" ( T + » = /'"( 7 * + a») 

/” ( 7 1 + am) = />*( T + w) + /”( r+lai) 

/"(?+ |w) = /’( r+fw)+ 

Substituting these values in the above and reducing, we 
have 


Jtr- m») = s(D- «f'(T - *») + ( ” 1 2 i:> ”/ "(r) 


- ^■;);(; +i) / -v+w 


fr-D,(. + ,)(, + i )(, + i ) / . (r + w ^ 


1 2 3 4 5 
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n — 2 
3 

n — 4 


F01 greater convenience in the application, (91) and (041 
may now be written as follows ^ 94 

f[T+ mv)—f{T) + n { f\T^) + ~^ { f"{T+ «,) 

• |Ar +} »’, }}}}} (95 

XT-nw) =AT) + n j -/-IT-iu:)+’~\/"(T) 

+-r { -/"'< J '+l««)+ 2 i2 )/»(r+a.) 

+=£*{-/•<»■+» }[}}} (95)i 

Tuk^i 3 p ^ ecil,ired the moon’s right ascension, 1883, 

J > 3,4 Refemng to the series of values (Art 44) we 
have for this case nw = 4* , n =z \ K 


f v =— 06 


n — 4 


~f v h 044 

f w = + 2 010 
Corrected, f« = -f 2054 


n — 3 


]/“ 


= - 1 369 

- 691 

Collected,/'" = _ s 279 



§46 


INTERPOLATION, SPECIAL CASES 


8 l 


n — 2 i 

a 

3 1 

r 

[/"' 

= + 4 599 


/" 

= — 2708 

Coriected, f" 

= — 22 481 

n — i( 

\f" 


2 1 

= + 7 494 


f 

=29 m 39 s 050 

Corrected,/' 

=29“ 4 6’ S44 

11 

\f 

= 9"'55 s 5 1 5 


f — a = 5 h 45 m i5'68o 
1883, July 3d, 4 1 ', a = 5 h 55 ra ir 195 

Example 4 Required the moon’s right ascension, 1883, 
July 3d, 8 h In this case we use foiniula (95),, since the 
argument 1$ neaier I2 h than o 1 ' n = £ 

‘ t 

-r =+ 06 

^{-/•=+ 04 


f w =- f- 2 01 


Coirected, f iv 

= + 

1 *0 
0 

1 M 

1 

n -f- 

2 ( 

= + 


4 

- j/‘ u 

1 172 


-/"' 

= + 

6910 

Con 

ected ,/'" 

= + 

8 082 

n + 
3 

J i fn 
[ f 

= + 

3 59 2 


f" 

= — : 

27 080 


Corrected,/" = — 23488 
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n — l \f" =+ 7 829 

-/' = — 29 m 39’ 050 
Coirected,/' = — 2^31'' 221 
n\ — f = — 9'"5o b 407 
/ = a = 6 h i4 n, 54 s 730 
1883, July 3d, 8\ a = 6 1 * s m 4 s 323 

47. Second Arguments near the end of t/u table 
Proceeding- in a manner precisely similar to that of the 
previous article, we ieadil_> obtain the foimulae 


AT + nw) =AT)+ nf\T + \w) + 

+ fr L -0»(,+ J ) / ,„ (7 ._ w 


(n - 1) n (u + 1) (u + 2) (n + 3) _ 

‘ 1 2 3 4 5 * ^ 


3«0 (97) 


•A^ - w) = - «/'(r - \w) + _ w) 

n(u — 1) (w — 2) 

-- — Til 

«(k - 1 ) (» - 2) (a - ^ . . _ 

+ TT34 /V ~ 201) 

*(* - I )(n — 2) ( n - V) (n — 

1 2 3T5 “/"(y- M (97), 

{ second } *-^ ese applies for interpolating m the 
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direction in which the argument { leases | The above 
may be written as follows 

AT mo) =A T ) + n | f\T + iw) + 1 f'\T) 

+ — \f"\T- iw) + | A\T - w) 

+ - 1 - 3 - \f\T- lw) || || | (98) 

AT— nw) =AT) + n j —f'{T— iw) -f- | f"(T — w) 

+ 1 -f"'( T -i w ) + n - : ^ ) f lv (T- 2W) 

+ ’ L J A {-r(T-tw) |{|}j (98,) 

Example 5 Requned the moon’s right ascension, 1883, 
July ;th, 4 h 

n = h_ fv l r~ 33, , f /tu = + 112 ’ / , " = +3 34; 

/ — 3 6 53 , / =243594, /= 9 h 25 m 4o s 20 

Substituting in (98) as above, we find 

a = 9 h 33 m S6 a os 

Example 6 Required the moon’s light ascension, 1883 
July 7th, 8 h 

By substituting the numerical values in formula (98), we 
find for this case 

« = 9 h 42” 7 s 97 

It will be observed that in the application of formulge (95), 
( 95 \, (98), and (98), the algebraic signs of the various correc- 
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tions may be determined in a manner entirely similar to that 
explained m connection with formulas (92 ) x and (93X (See 
Ait 44) 


Interpolation into the Middle 

48 When the function is to be intei pointed for a value of 
the argument half waj between two consecutive dates of the 
table, this is called interpolation into the middle 

For this case either 192^ or (93), ma> be used, but a moie 
convenient formula is obtained as follows Write J in place 
of n in (92) 


AT+ iw) =AT) + if XT A i_w) + 


I 2 

1 i 


i -J 


V lv (T) 


+ i TjT / '"' r+ « + 

+ u r r 

Then m ( 93 ) let n = i, and set out from (T + w) 

AT+ iw) =AT+ w) - if\T+ iw) + w) 

- i rr Y f ‘" (T+iw) + »> 


i -1 - 
i 2 3 4 5 


J P(T+iw) + 


Taking the mean of these equations, ol>sci\in” in the result- 
ing equation that the coefficients of the odd differences, 
f,f", etc , vanish, and writing 

i!/ (T) w)\ — [f(T -f- 4ze/)], 

i\f’(T) + f'XT+w)\ =/"(7 + iw), 
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/(J+ iw) = [/(7 4 - iw)] - lf"(T + \w) + T ^/‘Xr+ \w) 

T^Tzf'XT -f + (99) 

or 

/(.7+i^) = [f(T + £w)] - ij/^r+io/) - 1 3 tr j/“(T+^) 

— ^rl/™(T+ 4^) ! j ! (99). 

Example 7 Let it be required to detenmne the moon’s 
right ascension, 1883, July S^h, 6 h We must interpolate into 
the middle between July 5th, o 1 ', and July 5th, I2 h 

/ su = + 1 860 

- -A/ 11 ’ = - 349 

f" = - 42 345 
Corrected, f" = — 42 694 

-W" =+ 5 337 

LAT + i™)] =7 h 54'“22 8 395 
Therefore 1883, July 5 th, 6 h , 73 


Proof of Computation 

49 The method of differences furnishes a very convenient 
check on the accuiacy of a computation, when, for a series 
of values of an aigument succeeding each othei at regular 
intervals, a senes of values of any function have been com- 
puted Suppose an enoneous value of one of these quanti- 
ties, f[T} -j- x, has been obtained, x being the error The 
functions, with the respective differences, would then be as 
follows 


AT-3 w) 

A7 ~ 2 W)/ At^) f'(T~2w) 
AT ~ W) fLA ■ f"(T-w) +j 

/( T) + gf +X /" (7 )-2x 

AT+m) iSS ~*f"(T+ w) +J 

AT+Z V'^+W f " (T+2w) 


f"'{T-%w)+x 
f'"(T—\w) - 3 x 
/"'(T+ 
/'"(T+$w) - x 


SAT-w) -4* 
/AT) + 6x 
fAT+w) - 4X 
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% So 

Thus the error x in the function has increased to 6x in the 
fourth difference, the greatest deviation being in the horizon- 
tal line where the erroneous value of the function is found 
Suppose, for example, an eriorof 5 s had been made in 
computing one of the values of the moon’s right ascension 
given in Art 44 The scheme of differences would then 
be as follows 


July 


b f= « 

f 

f" 

f" 

r 

3 d, 

o h 

5 45 15*68 








29 3905 





I2 h 

6 14 54 73 


— 27 08 






29 1 1 97 


- I 91 


4th, 

o h 

6 44 6 70 


— 28 99 


- 1799 




28 42 98 


- 1990 



I2 h 

7 12 4968 


— 43 89 


+ 31 95 




27 5409 


+ 12 os 


5 th, 

o h 

7 40 43 77 


— 36 84 


— 18 06 




27 17 25 


— 601 



I2 h 

8 8 1 02 


-4285 






26 3440 




6th, 

O h 

3 34 35 42 






We see at once without going further than second differ- 
ences that the value for July 4th, I2 h , is erroneous 


Differential Coefficients 

50 When we have a series of numencal values of a func- 
tion, corresponding to equidistant values of the argument, 
we may compute the numencal values of the differential co- 
efficients from the tabular differences as follows Either 
form of the interpolation formula is arianged according to 
ascending powers of n The function f{T nw) expanded 
by Taylor’s formula, and the differential coefficients, com- 
pared with the coefficients of the different powers of n in the 
above expansions, give at once values of these quantities 
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The most rapid convergence, and consequently the best 
formulae, will be obtained by introducing into formula (92) 
the arithmetical means of the odd diffei ences situated above 
and below the horizontal line drawn through the function 
from which we set out, using the notation for the arithmeti- 
cal mean given on page 7 1 

From the manner of forming the differences we readily see 


f ( T+iw)=f ' (T) + if\T), 
f"'(T+ iw) = f"\ T) + i/-(r) 


These values being substituted in (92), we readily derive 
A T + nw) = f[T) + nf(T) + y— j/"( T) 

+ V w + 

(a + 2) (n + 1) n (n - 1) (» - 2) 

12345 /l J 

Arranging this -according to ascending poweis of n, it be- 
comes 

A r ’+**») =/(, J)+ [/'( T) -{/"'{ r)+ T v/”( T) - T h>f m ( T) > 

+C/'\T) - + */-( T) ] ^ 

+[/ / ' / f T)- i r(T) + ^r\T) ] r f 3 

+[f iv (T) - {f”(T) 

1 2 3 4 

• +[/“(T)-i/-(7') ] - 



123456 


+[/"*( T) ] 
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Expanding the function by Taylor’s formula, 

, df , dj n*w* d*f ri'w z 
AT+nw)=f{i) + j f nw + 1 f i — + -Z — 

df d f n'w' 

+ dT 12 3 4 + iT i 2 3 4 5 + 


Comparing the coefficients of like powers of n in these two 
senes, we have the following values for the differential co- 
efficients 


irm - &f'\T) + hr (?) ] , - ( 101 ) 

h - i/v ' T ) ] 


51 Formulae (101) will not apply to values of the function 
near the beginning or end of the table We obtain formulae 
for these special cases by comparing formulae (91) and (97 ) x 
respectively — arranged according to ascending powers of 11 — 
with Taylor’s formula We thus obtain — 

For arguments near the beginning of tabic 

dJ rf= \ [/'( - ±f"{T+w) + */"'( T+ l-w) 

' -i f lv (T+2w) + if”(T-\-%w). ], 

dff T) I 

•7r=^ [/"( T+w)-r'( r+» + h/~( r+ 2W ) 
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For arguments near end of table 

df( T) 1 *1 

~TT~ = w)+if"'(T- » 

+ if lL X'T+ aw) + -}f%T- jw) ], 

d a f( T) 1 

fr 1 = C f\T-w)+f"\T-iw)+ttf^T-2w)-], 


(ioi). 


Example 8 Let it be required to compute the numerical 
values of the differential coefficients ot the moon’s right 

ascension with respect to the tune, — ^7 for 1883, 

July 5 th, & 

In substituting the numencal values in (101), w,f,f" 
must all be expiessed in the same unit It will be convenient 
to expiess them in seconds 

From the numerical values given on page 75 we have 

= + ° 3 8 3836, 

= ~ 000 9 68 s . 

^ rfftf J T'\ ' I OB 

} ~ 12 X 60 x~66 ~ ~ 000 0458 1 

_£ fiv ( r T\ * 9 4 I 

10* ' ^ “ 12 x 60" X 60 “ 000 °449 > 

1 ^ m - o8 5 

w f V) = TTxTo'xfo •= “ 000 0020 

Therefore S' = + ° 3 8 39 I * 

d'a 

w -^ p = — 000972 

This value of may be regarded as the fractional part of 



9 o 


INTERPOLA TION 


§ 5 2 


a second which the moon’s right ascension inci eases in one 
second of time at the instant July 5th, o h In the houily 
ephemens of the moon given in the Nautical Almanac there 
is given in connection with the moons light ascension the 
“difference for one minute,” which is simply the value of 
the differential coefficient multiplied by 60 , 1 e , we may sup- 
pose the (x in to be expiessed m seconds, and the T in 

minutes Thus we have for the example above the “ differ- 
ence for one minute” = 2 s 30346 So m connection with the 
solar ephemens there is given the sun’s hourly motion in 

da 

right ascension, which is the value of ^y,multiplied by 60 X 60. 

The hourly motion in declination is expressed in seconds of 
arc 

52 By means of these differential coefficients as given in 
the ephemens, the second differences aie taken into account 
m the interpolation in a \ery simple manner, for we have to 
second differences inclusive 


wd -^dT~ =/ , ( 7 '+ *») + i/ ,, ( 7 ’) 


The difference of these expressions is 




and 


f(T + nw) = f{T) + n(@pw + j (102) 


Thus we have only to correct the value of the first differen- 
tial coefficient b} adding to it algebiaically the product of 
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the difference of two consecutive values by one half the in- 
terval n We then use the corrected differential coefficient, 
as we should do if the first differences weie constant 

Example 9 Required the sun's right ascension and decli- 
nation, 1883, July 4th, 4 h , Bethlehem mean time 

As the longitude of Bethlehem from Washington is 
— 6 m 40 8 2, the corresponding Washington time is 3 h 53 m iQ s 8 
= July 4th, 3 h 8888 = July 4 162 
From the solar ephemens for the meridian of Washington 
we then find 

ft Hourly Motion $ Hourly Motion 

6 h 53 m 33 s 79 io B 307 22 0 52' 5 1" 1 — 13" 19 
6 h 57 m 4i B 02 10 s 294 22 0 47' 22" 7 — 14" 18 

« d*oc n 

w - = 013 x i 162 = 00105 

Conected hourly motion = 10 s 306 
10 306 X 3 h 889 = 40 s 08 
Required a = 6 h 54 nj i3 h 87 
d n S n 

w? Yp 2 — 99 X i 162 = 080 

Conected hourly motion — 13 s 27 
13 2 7 X 3 h 8S9 =$ 1 " 61 
Required $ = 22 0 51' 59" 5 

53. If values of the diffeiential coefficients aie required 
for values of the argument between the dates of the table, 
we may deuve the necessary foimulae by diffeicn tinting the 
function developed by Tayloi's formula (100), viz 

df[ T + nw) _ df(T) d'/(T) d'f(T)n'w' 

dT ~ dr" i " dr nw + dT i 2 ’ 

dy(T+nw) _ d_y(T) J'fiT) 

dT ~ dT I" dT 


Date 

July 40 
July 5 o 


Y ( 103 ) 
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rp \ *2 /*/ 

Substituting m these the values of - -jp— (ioi), 
we have the values required * 


The Ephemens 

54 In case the American Ephemens and Nautical Almanac 
is used, most of the quantities thei e tabulated may be taken 
from the tables by the method of Art 52, an example of the 
application of which has been given The lunar distances 
which are given in that pait of the ephemens computed for 
the meridian of Greenwich foim an important exception 
These distances are given foi three-hour intervals, together 
with the “ proportional logarithm of the difference" This pro- 
poitional logauthm is simply the logarithm of 3 11 — the inter- 
val of the table — divided by the difference between the two 
consecutive distances It is convenient to suppose the 3 11 re- 
duced to seconds of time, and the tabular distance expressed 
in seconds of arc The proportional logarithm may then be 
defined as the number of seconds of time reqim cd for the distance 
to change one second of arc Thus 

1883, July 6th, o h , distance between centres 

of sun and moon = 24 0 2' 55" 
1883, July 6th, 3 h , distance between centres 

of sun and moon = 25 0 32' 44" 
Difference = i° 29' 49" 

Proportional logarithm of difference = Iop - -*■ — 

8 i° 29' 49" 

, 10800 8 

= log “5389"“ = 0 30, » 

* A very full discussion of this subject, with elaborate tables for computing 
the numerical coefficients, may be found in Vol II of Oppolzer’s “ Lehibuch 
zur Bahnbestimmung ” 
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Foi simple interpolation, disregarding second and higher 
orders of differences, we proceed as follows* 

Let T and T -|- 3 h = the t\\ o consecutive dates between which 
the distance is to be interpolated , 

T t = the time for which the distance is required, 
D and D \ = the distances at times T and 2'+ 3** , 

D' = distance at time T t, 

A = D t -D, 

A' = D' — D 

Then all being expiessed in seconds, 

A' A = t 10800, 

log A' - log t — PL A . ( I0 4) 

If we subtract both members of this equation from log 
I0800, we have 


or 


, 10800 

log — — = lOj 


10800 
PLA ' = PLt + PLA 


• ( I0 4)i 


With formula (104) only the common logarithmic tables 
are required, with (104), we use the tables of proportional 
or logistic logarithms gi\ en in woiks on navigation The lat- 
ter tables give at once for anv angle t the logarithm of 

3 11 3 0 

^if or p- Sometimes the tables are computed for the argu- 

, i h 

ment -- 
z 

The following simple example will illustrate both formulae 
(104) and (104), 

Example io Required the distance between the centres 
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of the sun and moon, 1883, July 6th, i h 15“, Greenwich mean 
time 

From the ephemeris, 1883, July 6th, o\ D — 24° 2' SS" 

PL Difference = 3019 

/ = i h 15“ = 4500" log t =3 6532 

log A 1 =3 35x3 Therefore A ' = 37' 25" 

D 1 =. 24 0 40' 20" 


For using equation (104), we employ the tables of propor- 
tional logarithms given in Bowditch’s Navigator, Table 


XXII 


PL Difference = 3019 
PL i h i5 ra = 3802 
PL A' = 6821, A' = o° 37' 25" 

As will be seen, with the proportional logarithms the 
quantity A' is given at once in degrees, minutes, and seconds, 
without the necessity of reducing t in the first place from 
the sexagesimal to the decimal notation, and m the second 
place reducing A' from the decimal to the sexagesimal At 
the end of the American Ephemeris for 1871 is given a table 
°f “ Logarithms of small Arcs m Space or Timif by using 
which this reduction is also avoided 
The foregoing process disregards second and higher 
orders of differences In order to take these into account, 
we have in the general interpolation foi mula (92) 

nw = t, w— 3", n = L 

AT+t) =D', at) = p, 

= A, f"(T) = A" 

In which A will be the difference between two consecutive 
values of A 



THE EPIIEMER1S 


95 


§ 54 


Then 


n — i 3 h 


— i 


3 h - t 


f / oh ^ \ 

and formula (92), becomes D — D + g — A"J 

Let {a — — g- - J"j = [//] = corrected tabular difference , 
Q = PLA, [| Q ] = 

Then we may assume 

— — g— -<3") = [<2] with sufficient accuracy, (105) 


in which Q" is the difference between two consecutive val- 
ues of Q ( Q and A are inverse functions one of the other, 
but the algebraic sign of the correction need give no 
trouble ) 

It will be a little more accurate if we take for Q" the 
arithmetical mean of the differences between Q and both the 
preceding and following values found in the table 

Example 11 Required the distance between the centre of 
the moon and Fomalhaut, 1883, July 20th, 19 1 ' 20 m 5 s , Gh 
M T 

From the ephemeris, 

July 20th, 15" Q = 4536 g , _ _j_ JU 

July 20th, i8 h D 32 0 41' 20" Q = 4747 

Julv 20th, 2i h D 31 0 41' o" Q = 4995 Q" — 2 48 

Then t = i h 20“ 5“ = l 1 * 3347 [Q] = 4683 A' = o° 27' 14" 5 

Mean Q 1 = 230 log t -= 3 68 17 D’ = 32 0 14' 5" 5 

3 — t 

— Q” = — 64 log A’ = 3 2134 


If we had neglected the second differences m this example 
we should have found A f = o° 26' 51", which can only be 
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considered a rough approximation If the interpolation be 
extended to third differences, we find A' = 2j' 13" 8 This 
differs fiom the first value by a quantity which will be of 
veiy little importance in practical cases 


To Find the Greenwich Time Corresponding to a Given Lunar 

Distance 

55 First We may interpolate the time directly from the 
ephemens, neglecting the second differences, then with the 
time so found as a fiist approximation we deduce the coi- 
rected proportional logarithm [Q], and lepeat the computa- 
tion 

t being the required quantity, either (104) or (104), give 
the fiist approximation, viz , 

log / = log A’ + PL A, . (lo6) 

or p Lt= PLA' -PLA ( I0 6)' 

Then with this value of t we determine the corrected pro- 
portional logarithm [Q] by (105), and repeat the computation 

Example 12 1883, July 20th determine the Gh M T 

when the distance between the moon’s centre and Fomal- 
haut was 32 0 14' 5" 5 


We find from the ephemens that on July 20th, I8 11 D = 32° 41' 20" PL 4747 

Given value of D' = 32 0 14' 5" 5 4 gg S 

log A’ = 3 2134 Therefore A' = 27' 14" e 

PLA = 4747 . 745 

log t = 3 6881 Approximate t = i h 2i m i6 B 

B y ( I0 5 )> — 6 Q u — — 63 Therefore [<2] = 4684 = PLA 

Repeating computation, PLA =- 4684 
log A 1 = 3 2134 
t = I* 20“ 00“ log t =3 6818 

Required Gh M T , July 20th, ig 11 20 m 6* 
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Table I at the end of the American Ephemeris gives the 
correction required on account of the second differences in 
the moon’s motion m finding the Greenwich time coi re- 
sponding to a given lunar distance It is designed to obvi- 
ate the necessity for the second computation in the case 
just considered The formula for this correction is derived 
as follows 

Let T -(- t = the time taken from the table when second 
differences are neglected , 

T + t! = the time taken when second differences are 
considered , 

Q and [<2] = the tabular and corrected proportional log- 
arithms 

Then (io6)log t = log A' + Q, 
log t'= log A' -|- [Q] , 

log t'— log t — [Q] — Q — — f rom (jqj), 

Then as log t' — log t will never be very large, we may 
treat it as a differential, viz , 



Where t is supposed given in minutes and t' — t is 
expressed in seconds The correction will be applied to 
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t with th e | | sign when the proportional logarithm 

j diminishing ) 

1S { increasing j 

If the table is not at hand, t f — t may very readily be 
computed from (107) 

In the last example, t = i h 21 m 16 s = 8i m 267, 

Q " = 230 

Therefore t' — t = — i m 10 s 8, 

t = i k 20 m 5 B 2 

56. In the British Nautical Almanac the differential co- 
efficients ai e not given in connection with the right ascen- 
sion and decimation of the sun, moon, and other bodies as 
in the American Ephemens If, therefoie, it is considered 
necessary to carry the interpolation to second differences, it 
must be done by the interpolation formula. 
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CHAPTER I 

THE CELESTIAL SPHERE —TRANSFORMATION OF 
CO ORDINATES 

57 When we view the heavens on a clear night, the stars 
and othei celestial bodies appear to us to be projected on the 
surface of a sphere of indefinite radius, with the centre at the 
eye of the observer 

A few houis’ observation would show us that all these 
bodies are apparently revolving about us from east to west, 
in such a manner as to make a complete revolution m about 
twenty-four houis This appearance we know from other 
considerations is due to the diurnal revolution of the earth 

In addition to this first motion we should soon recognize 
a second, in consequence of which the sun appears to move 
among the stars from west to east, in such a manner as to 
complete a revolution in about one year We know this to 
be due to the annual revolution of the earth about the sun. 
There are various other motions recognized, some of which 
require very long periods for completing their cycle. Of 
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these precession and nutation are examples Some of these 
motions we shall have occasion to consider heieafter 

For our purposes it will frequently be convenient to speak 
of the apparent motions of the heavenly bodies as if they 
were the true motions Thus we sa) that a star passes the 
meridian at a given time, when we know m fact that the 
meridian passes the star, or that the sun rises above the 
horizon, when m fact the horizon passes below the sun The 
reader will never be misled by such expressions, and we are 
by this means often able to avoid cumbersome cncumlocu- 
tions m language 

As we view the celestial sphere all the heavenly bodies 
appear to be at equal distances, and with few exceptions to 
maintain the same positions relative to each other We can 
measure their directions, but at present are not concerned 
with their distances 

The department of astronomy with which we are now 
occupied deals for the most pait with exact measurements — 
either of the co-ordinates of the stais, or of the observer’s 
position on the earth’s suiface If we know the latitude and 
longitude of our observatory, we can by obsei vation deter- 
mine the spherical co-ordinates of any star If, on the other 
hand, the positions of the heavenly bodies are known, obser- 
vation furnishes the data foi determining our position in 
latitude and longitude It is with problems of the latter 
class that this book is chiefly concerned 

Spherical Co-ordinates 

58 The position of a star on the celestial sphere is deter- 
mined by means of two spherical co-ordinates, measured with 
reference to a fixed great cn cle 

Three different systems are in common use, according as 
the circle of reference is the horizon, the equator, or the 
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For our purposes ive shall define these circles as 

The Horizon is a great circle of the celestial sphere formed 
by a plane passing through the eye of the observer and per- 
pendicular to the plumb-line 

The Celestial Equator is a great circle of the celestial 
sphere formed by a plane passing through the eye of the ob- 
server and perpendicular to the earth's axis 
The ECLIPTIC is a gnat circle of the celestial sphere formed by 
a plane passing through the eye of the observer and parallel 
to the plane of the earth's orbit 

Either of these circles considered as the basis of a system 
o co-ordinates is called & primitive circle The great circles 

formed by planes perpendicular to the primitive circle are 
call e d secondaries 

The Zenith is the point where the plumb-line produced pierces 
the celestial sphere above the horizon 
The Nadir is the point where the plumb-line produced below 
the horizon pierces the alestial sphere 
The Zenith and Nadir are the poles of the horizon 
Vertical circles are secondaries to the horizon 

our-circles, or circles of declination, are secondaries to 
the equator 

The Meridian « the hour-circle which passes through the 
zenith and nadir 

The Meridian Line « the hne in which the plane of the 
meridian intersects the plane of the horizon The north and 
south points of the horizon are the points m which this line 
pierces the celestial sphere 

Tbe Pmme Vertical „ ,h, grout plane „ ptr 

ond fossa through 
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The East and West Line is the line %n which the plane of the 
prime vertical intersects the plane of the horizon The east 
and west points of the horizon are the points m which this 
line pierces the celestial sphere 

The north and south points are the poles of the prime 
vertical 

The east and west points are the poles of the meridian 
The Horizon 

59. The spherical co-ordinates referred to the horizon as 
the primitive or fundamental plane are the altitude and azi- 
muth 

The ALTITUDE of a heavenly body is its distance above the 
horizon , measured on a vertical circle passing through that 
body 

The AZIMUTH of a heavenly body is the distance from the north 
or south point of the horizon , measured on the horizon to the 
foot of the vertical circle passing through the body 

For astronomical purposes it is customary to measure the 
azimuth from the south point through the entire circumfer- 
ence in the order S , W , N , E For geodetic purposes it is 
generally reckoned from the north point Navigators and 
surveyors frequently use other methods, which it is not 
necessary to enlarge on m this place 

Instead of the altitude, the zenith distance of a star is fre- 
quently used , this is simply the distance from the zenith to 
the stai, measured on a great circle The zenith distance and 
altitude are complements of each other 
We shall use the following notation 

h = altitude , 
a — azimuth , 

z — zenith distance z = 90° — h* 



THE EQUATOR 


§60 


103 


In consequence of the diurnal motion the altitude and azi- 
muth of any star are constantly changing 1 their values 


The Equator 

60 The points in which the meridian intersects the equa- 
tor are the north and south points of the equator The points 
in which the earth’s axis pierces the celestial spheie aie the 
poles of the equator, and are called lespectively the north 
and south pole This line is also the axis of the heavens 
When the equator is the fundamental plane, the position 
of a star may be fixed either by its declination and hour- 
angle or by its declination and right ascension 

The Declination of a star is its distance north or south of 
the equator measured on an hour-circle passing through the 
star When the star is north of the equator the declination 
is -j-, when south, — 

The Hour-Angle of a star is the angle at either pole between 
the meridian and the hour-circle passing through the star , 
or it is the distance measured on the plane of the equator 
from the south point of the equator to the foot of the hour- 
circle passing through the star 

The hour-angle is reckoned fiom the south, m the direction 
S , W , N , E , from o° to 360°, or from o h to 24 1 ' In some 
cases it is convenient to reckon the hour -angle towards the 
east, in which case it must be considered minus The hour- 
angle is constantly changing, in consequence of the appar- 
ent revolution of the celestial sphere As this revolution 
does not affect the position of the equator, the declination is 
independent of the diurnal motion 

The planes of the equator and ecliptic intersect each other 
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at an angle of about 23 0 2 7' The line in which these planes 
intersect is the line of the equinox, and the points where it 
pierces the celestial sphere aie the equinoctial points They 
are known respectively as the vernal equinox and the autum- 
nal equinox The points on the equator go fiom the equi- 
noctial points aie the solstices , known as the summer solstice 
and the winter solstice The equinoctial colure is the hour- 
circle passing thi ough the equinoxes The solstitial colure 
is the hour-circle passing through the solstices 

The equinoxes are the poles of the solstitial colure, and the 
solstices are the poles of the equinoctial colure 

The Right Ascension of a star is the arc of the equator in- 
tercepted between the vernal equinox and the foot of the hour- 
circle passing through the star It is reckoned from the ver- 
nal equinox, in the order of the signs Aries , Taurus , etc , 
from 0° to 360°, or from & to 24J 1 

The right ascension and decimation are both independent of 
the diurnal motion Instead of the decimation , the north-polar 
distance is frequently employed It is the distance from the 
north pole to tne star measured on a great cncle, and is the 
complement of the declination We shall let 

d = Decimation of a star, 
a = Right ascension , 
t — Hour-angle , 

p = North-polar distance = 90° — d. 


The Ecliptic 

61 When the ecliptic is the fundamental plane, the co- 
ordinates are called latitude and longitude 
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The Latitude of a star is its distance north or south of the 
ecliptic measured on a secondary to the ecliptic When north 
of the ecliptic the latitude is -f-, when south , — 

The Longitude of a star is the distance measured on the eclip- 
tic from the vernal equinox to the foot of the secondary pass- 
ing through the star It is reckonc d m the order of the signs 
from o° to 360° & 


Longitude will be designated by X , 
Latitude will be designated by /3 


These co-ordinates must not be confounded with terrestrial 
latitude and longitude, with which they have no connection 
I he system is much used in orbit computation 
Fig 1 will serve to illustrate the preceding definitions 

It represents the sphere projected on the plane^ of the hon- 
z on 


Zis the zenith, CVT the fecliptic, WVE the 
position of any star 


equator, O the 


OL = Declination, S , 
LQ=LPQ— Hour-angle, t, 
VEQ WL — Right ascension, 
VTCD = Longitude, X, 
OD = Latitude, fi , 

OH — Altitude, h , 

SH — Azimuth, a , 

OZ — Zenith distance, , 
PO = N P distance, p 


N 



62 The following diagram will assist in giving defimfeness 
to the symbols employed in the foregoing The notation 
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should be thoroughly memorized, as the symbols will be 
constantly employed hereafter 


{ Azimuth = a , 
Altitude = h , 
Zenith distance = z 


SphencalCo-ordmates -j 


Equator 


' Hour-angle = t , 

Right ascension = a , 

" Declination = $ , 
North-polar distance = p 


Ecliptic | 


Longitude = 
Latitude = 


The obliquity of the ecliptic we shall designate by e Its 
mean value for 1881 o is e = 23° 2/ 16" 60 (See American 
Ephemeris, page 248 ) 

The position of the observer on the surface of the earth is 
given in latitude and longitude W e shall let 

q> = Latitude, + when north, — when south, 

L — Longitude, + when west, — when east 

63 For astronomical purposes longitude in this country 
is reckoned from the meridian of Washington or Greenwich 

In Fig 2 the large circle represents a section of the celes- 
tial sphere, and the small one a section of the earth, both 
formed by the intersection of the plane of the meridian 
HH' is the horizon, EE' the equator, Z the zenith, Z' 
the nadir, Pthe north pole 

The latitude of the point O will be equal to the arc EZ, 
which by definition is the declination of the zenith of O It 
is also equal to the arc PH ', or the elevation of the north 
pole above the horizon of O 
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The angle between the equator and the horizon of any place 
will therefore be 90° - <p, cp being the latitude of the place 


z 



Transformation of Co-ordinates 

64 Problem I Having given the altitude and azimuth of 
any star, to find the corresponding decimation and hour-angle 

Let us refer the star’s position to a system of rectangular 
co-ordinates in which the honzon shall be the plane of XY, 
the positive axis of X being directed to the south point, the 
positive axis of Y to the west point, and the positive axis of 
Z to the zenith 

Then will x ,y,z = the rectangular co-ordinates of the star, 
A, h, a = the polar co-ordinates of the star, 

A being the distance or radius vector. 

We then have* x = A cos h cos a, \ 

y — A cos h sin a, i . . . ( no ) 

z — A sm h ) 


•See Davies’ Analytical Geometry, edition of 1869, p 302, or any other 
work on analytical geometry of three dimensions 
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Let the star now be refeired to the equator as the funda- 
mental plane, the positive axis of X being dnected to the 
south point of the equator, the positive axis of Y to the west 
point, and the positive axis of Z to the north pole 

Let now x' , y' , z' be the rectangular co-ordinates, 
d, 8, t be the polar co-ordinates 

We then have x' = A cos 8 cos t, ) 

y' — A cos 8 sin?, (■ . . (hi) 

z' = A sin 8 ) 

The pioblem now requires these values of x',y\ and z' to 
be expressed in terms oix,y, and z. We observe that the 
axes of Y are the same in both systems, that the axes of X 
and Z make the angle 90° — cp with those of X' and Z' 
We therefore require the formulae for transformation of co- 
ordinates from one rectangular system to anothei having the 
same origin, viz 

x' = x cos (90° — cp) Z Sin (90° — <p ), 

/ = y, 

z' = — X sin (90° — <p) + 2 cos (90° — (p), 

or x' = x sin cp z cos cp , ) 

y' = y> !• • (112) 

z' = — x cos cp -(- z sin cp ) 

Substituting m (112) the values of x,y, and 4r from (no), 
and of x', y', and z' from (hi), dropping at the same time 
the factor A which is common to e\eiy term, we have 

cos 8 cos t = cos h cos a sin cp + sin h cos cp, 
cos 8 sin t = cos h sin a , 

sin 8 = — cos h cos a cos cp -f- sin h sm cp 
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These equations express the required relation, but thev 
are not in convenient form for logarithmic computation be 
sides, the required quantities 8 and / are given in teim’s of 
their sines and cosines 

It is always best, when practicable, to determine an an^le 
in terms of its tangent The tangent vanes rapidly for & all 
angles gieat or small, and consequently if a small error from 
any cause exists in the tangent it will have but little effect 
on the value of the angle On the other hand, if the value 
of the angle is near 90° 01 270° and is given in terms of its 
sine, this function will vary slowly with the angle, and a 
small error m the sine will produce a large error m the 

^ _ J h L e same 1S true of the cosine for angles near o° or 
180 If the angle is near 90° or 270° it may be determined 
with accuracy from its cosine, or if near 0° or 180 0 it may be 
accurately determined fi om its sine In any case it can be 
determined with accuracy from its tangent 
For the purpose of effecting the required transformation in 
(1 13), let us introduce the auxiliary equations 


sin h = n cos N , 1 

cos h cos a = n sin N j * 4 ) 

This will be possible, for we have the two arbitrary quan- 
tities n and N, and the two equations (114) for determining 
them Substituting these values m (1 1 3), w e have 


cos 8 cos t — n sin iVsin <p 4. n cos N cos <p = n cos (<p — N) \ 
cos <5 sm ^ \ , . 

- cos h sin a y (115) 

sin 0 = - « sm i^cos cp + n cos N sin <p = n sin (<p _ N) ) 

For determining N we divide the second of (114) bv the 
first, then we have V ' y 


tan N — cot h cos a 


- (116I 
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For determining t we divide the second of (1 1 5 ) by the 
first, and substitute 


n 


cos h cos a 
sin N 


51U IV , \ 

from (1 14), viz , tan t = — - tan a (. IX 7 ) 

For determining 8 , divide the third of (115) by the first 

tan 8 — tan ( <p — N ) cos / (118) 

We may now obtain a formula for proving the accuracy 
of the computation by dividing the second of (1 14) by the 
first of (1 1 5), viz, 

sin N_ _ cos h cos a , , 

1 cos ( <p — N) cos 8 cos t ‘ ^ 


Formulas (x 16), (1 17), and (118) solve the problem com- 
pletely, and (119) is a proof of the accuiacy of the work 
The proof consists in this equation being satisfied when we 
substitute for 8 and / the values obtained fiom equations (1x7) 
and (118) If the work has been correctly perfoimed the 
two logarithms should not differ by more than thiee or four 
units m the last place This proof is not always reliable, 
however 

Collecting together these formulae for convenience of 
reference, we have 

tan N — cot h cos a , 
sin N 

tan t — / *r\ tan a, 

cos \<p — N ) I . . (I) 

tan 8 — tan (<p — N) cos /, j 
sin N __ cos h cos a 
cos {<p — N) cos 8 cos t 
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With regard to the species of these angles it is to be re- 
marked, first, Wmay be taken in any quadrant which satisfies 
the algebraic sign of tan N, second, $ is always less than 90° 
and is -f- when tan d is +, and — when tan is — , third, for 
the species of t let us examine the equation 

cos ^ sin t = cos h sin a 

Cos 8 and cos h will always be -(-, therefore the species of t 
will be the same as that of a 

As an example of the application of these formulae, take 
the following 

Latitude of Sayre Observatory = cp = 40° 36'' 23" 9, 

Sun’s altitude = h = 47 0 15' 18" 3, 
Azimuth = a = 8o° 23' 4" 47, 

Required 6 and t The computation is as follows 

cp = 40° 36' 23" 9 

h = 47° 15' 18" 3 cot h = 9 9657782 
a = 8o° 23' 4" 47 cos a = g 2228053 

N •=■ 8° 46' 33" 2 tan N = 9 1885835 
<p — 31 0 49' 50" 7 

/ = 46° 40' 4" 53 
d = 23 0 4' 24" 33 

tan a = o 7710501 
sm N = 9 1834690 
sec (9 — N ) = 0707805 tan (<p — N ) = 9 7929304 

tan t = 0252996 cos t = 9 8364670 cos = 9 8364670 

tan £ = 9 6293974 cos $ = 9 9637894 

9 8002564 

sm iV _ _ ^ ^ cos k cos a 

cos ( 9 -m = 9 2542495 (prO0f) co TS cos f = 9 2 5 4 2 40 


cos Ji — g 8317007 
cos a — 9 2228053 

9 0545060 
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65 PROBLEM II Having given the decimation and hour - 
angle of any star , to determine the altitude and azimuth This 
is the converse of the preceding problem In this case we require 
the values of x^ y, z in terms of the values ofx\ y[, z' 

Our formulas (112) for transfoi mation then become 

x — x' sin cp — z cos cp y j 

y=S, [ ( I2 o) 

z — x' cos cp + 2' sin cp ) 

Substituting m these the values of x, y, z, x, y', z\ from (1 10) 
and (hi), dropping at the same time the common factor 
we have 


cos h cos a = cos d cos t sin cp — sin d cos cp , ) 

cos h sin a — cos d sin t , l (121) 

sin h = cos d cos t cos cp -|- sin d sin cp ) 

We may now adapt these equations to logarithmic computa- 

tion by introducing the auxilianes m and M, such that 

sin d = m sin M , 
cos d cos t — in cos M > 


when, by a process like that used in solving equations (113), 
we find the following formulae 


tan d 
cos t ’ 
cos M 
sm (cp — M) 
cos a 

tan {cp — M ) 9 

cos d co s t 

sin [cp — M) ~ cos h cos a 


tan M — 
tan a = 
tan h = 


tan t , 


cos M 


(ii) 
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The remarks in reference to the species of the angles in 
formulas (I) will apply equally to (II) 

The following example will illustrate the application of 
these formulae 

Given <p - 40 ° 3& 2 y> g , 

s = 2 3° 4 ' 24" 3 , 
t = 46° 40' 4" 5 

Requned a and h 


<p = 40° 36' 23" g 

8 = 23 4' 24" 3 tan 5 =9 6293972 

t = 46° 40' 4" 5 cos / = 9 8364670 

M — 31 49 50 ' 7 ten Jif — g 7929302 

<p — M — 8° 46' 33" 2 
a = 8o° 23' 4 ' 47 
h — 47° 15' 18" 3 

tan t = o 0252995 
cos AI — g 9292195 

cosec (<p- M)= S165310 tan (<p - M) = 9 1885835 

tan a = o 7710500 cos a = 9 2228053 

tan /j = 0342218 


cos 8 = 9 9637894 
cos * = 9 8364670 

9 8002*64 


cos a — 9 2228053 
cos h = g 8317007 


cos tT/ - 

sin (<p — J/) 


= 7457505 (proof) 


cos 8 cos t 
cos h cos a 


9 0545060 
7457504 


66 As may readily be seen, the preceding formulae and 
many more may be derived by applying the equa- *p 
tions of Spherical Trigonometry to the triangle 
formed by the zenith, the pole, and the star Thus 
in the figure the sides of the triangle are 90° — <p, .J 
9° ~ $ = p, and 90 ° — h = z The angles are t, 

180 0 — a, and q, the angle at the star, called the 
parallactic angle When any three of these quan- 
tities are given, the determination of any other 
part is merely a question of trigonometry 
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COROLLARY To find the hour-angle oj a star when in the 
horizon, or at the time of rising or setting 

When the star is in the horizon the altitude, h, is zero, and 
the last of equations (12 1) becomes 

cos £ cos t cos cp sin 8 sin <p = o, 

sin 8 sin (p . 

or cos t — — j. ■ — — — = — tan 8 tan cp . (122) 

cos 0 cos cp 


From this equation we may determine t , but, as before re- 
marked, it is better to determine the angle from its tangent 
For this purpose first add both members of (122) to unity, 
then subtract both membeis from unity, and we have 


or 


I -f- COS t — 
I — COS t — 

2 cos" %t = 
2 sin’ \t = 


cos £ cos cp — sm 8 sin cp 
cos 8 cos <p 

cos 8 cos cp + sin 8 sin cp 
cos 8 cos cp ’ 

cos (<p -f~ 8 ) 
cos cp cos 8 ’ 
cos (cp — #) 
cos cp cos 8 


Dividing the second of these by the first and extracting the 
square root, 

(123) 

V cos (9 + *) 

I ' 

At the time of rising the lower sign will be used , at the 
time of setting, the upper This formula may be used to 
compute the time of sunnse and sunset at any place whose 
latitude is known For example, let it be required to com- 
pute the apparent time of sunrise at Bethlehem on the morn- 
ing of July 4th, 1881 
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From the Nautical Almanac, page 329, we find for the 
sun’s decimation d = 22 0 52' 01" 


The latitude 

<P- 40 ° 

36' 23" 9 


cp — d = 

17 0 44' 22" 9 

COS — 

9 9788425 

cp -J- d = 

63° 28' 24" 9 

cos = 

9 6499288 



tan 2 \t = 

3289137 

¥=- 

55 ° 35 7 52" 5 

tan \t = 

1644569* 

t = — 

iii° ii'45"o 



t = — 

7 h 24“ 47 s 




It being sunrise, t is minus If we subtract this quantity 
from I2 h — the time when the sun is on the meridian — we 
have for the apparent time of sunrise 

4 h 35 m 13 s 


This differs from the ordinary or mean time by an amount 
equal to the equation of time, as will be explained hereafter 
(See Art 92 ) 

67 PROBLEM III Required the distance between two stars 
whose right ascensions and decimations are known 

The two stars and the pole will form the vertices of a tri- 
angle of which the sides will be 90° — d, 90° — d', and d , the 
required distance The angle opposite d will 
be a 1 — a K 


a and a! are the right ascensions of the stars 
d and d' are the declinations 







In the triangle two sides and the included 
angle are given, the third side is required 


Fig 4 


B 
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We can apply equations (121) to this case by writing 
(compare Figs 3 and 4) 

h — 90 ° — d , 

9 =#, 

t = a! — <*, 

# = 180 0 — i?. 

Thus we have 

sin d cos i? = sin 8 cos tf' — cos 8 sin cos (a' 

Sin ^ sin i? = cos 8 sin ( a! — or) , 
cos d = sin sin 8' + cos £ cos 8' cos (a' 

If the quantity d can be determined with sufficient pre- 
cision from its cosine, the last of these gives the required 
solution, and we may adapt it to loganthmic computation as 
follows 

Write sin 8 = k sin K , 

cos 8 cos (a! — a) = k cos K 



Then 


tan K = 
cos d — 


tan 8 


cos (at! — a) 7 

sm 8 cos (8' — K ) 
miTJT 


(IV) 


If this does not give d with the requned degree of accuia- 
cy, we may determine it in terms of the tangent in a manner 
precisely similar to that employed in solving equations ( 1 13 ) 
and ( 121 ) Thus, let 


sin 8 = n cos N, 
cos 8 cos (a! — a) = n sin N 
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When we readily find 


tan N = cot 6 cos (a' — a), 

, -ry sin TV 

an cos ( N -f- o') tan <a ’ ~ a )> 

cos B ’ 

sin N _ cos 6 co s (a' — a) 
cos {N -|- 6 ') sin d cos ~B 


(IV), 


Example 

Required the distance between the sun and moon, 1881 
July 4th, o\ Bethlehem mean time 

From the Nautical Almanac for 1881, p 114, we find for 
the moon, ’ 

a'~ i2 h 39 m 3 s 22, 

6 ' = — 9 0 23' 16" 7, 


From p. 329 of the same, for the sun, 


«= 6 h 55 m 32 s 73, 
$ = 22° 5o / 21" 9 


The computation then is as follows, using equations (IV) 


a! — a ~ 
a’ — a = 
d = 

6 f = 
y-jr= 


5 h 43 m 30* 49 

85" 52' 37 " 35 cos (a f — ct) = 8 8567115 

22° so' 21" 9 tan g = g 6244585 sin 5 = 9 5889992 

8o°x8'45"i9 tan^= 7677470 cosec K = 0062374 
9 23' 16" 7 

89 42' 1" 89 cos (S'-ET) = 7 7182360 

89° 52' 55 " 5 


cos </ = 7 3x34726, 
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Applying 1 formulas (IV), to the solution of the same prob- 
lem, we have the following 



85° 52' 37" 35 cos = 8 8567115 
22° 50' 2l" 9 COt = 3755415 


cos = 8 8567115 
cos = 9 9645407 


N = 9 0 41' 14" 8 tan = 9 2322530 

S ' = - 9 0 23' 16'' 7 
Jf + S ' = o° 17' 58" 1 
B = 66° 48' 40" 8 

d = 89° 52' 55" 5 


8 8212522 


tan (ct' — a :) = 1 1421632 
sm iV = 9 2260154 

cos (.V~f- S') = 9 9999940 cot (7V+ S') = 2 2817621 
factor = 9 2260214 

tan = o 3681846 cos B = 9 5952317 cos = 9 5952317 
tan = 2 6865304 sin = 9 999999 1 


9 5952308 
proof 9 2260214 


sin N 

cos ( If - +• S ') 


= 9 2260214 
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CHAPTER IL 

PARALLAX —REFRACTION —DIP OF THE HORIZON 

68 The same star may be observed from points on the 
surface of the earth separated fiom each other by several 
thousand miles If the distance to the star is so gi eat that 
the diameter of the earth is inappreciable m comparison, it 
will appear in the same part of the heavens from whatever 
part of the earth it is seen If, however, the diameter of the 
earth beais an appreciable ratio to the distance of the object, 
then when the observer's position changes there will be an 
appaient change in the place of the star This diffeience m 
position is called parallax 

It is customary m dealing with bodies which have an ap- 
preciable parallax to reduce all positions to the earth's cen- 
tre Thus the places of the sun, moon, and planets, which 
we find given in the ephemens, are the places as they would 
appear to an observer at the centre of the earth This which 
we aie considering is the diurnal parallax With the subject 
of annual parallax, which depends upon the position of the 
earth m its orbit, we have at present nothing to do It may 
be remarked that on account of the great distances of the 
fixed stars their diurnal parallax is in all cases inappreciable 
It is only necessary to consider it in connection with the 
bodies of the solar system 
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Definitions 

69. The Geocentric Position of a body is its position as 
seen from the earth's centre 

The Apparent* or Observed Position is its place as seen 
from a point on the earth's surface 
The Parallax is the difference between the geocentric and the 
observed place 

It may also be defined as the angle at the body foimed by 
two lines drawn to the centie of the eaith and the place of 
observation respectively 

The Horizontal Parallax is the parallax when the star is 
seen in the horizon 

The Equatorial Horizontal Parallax is the parallax 
when seen m the horizon from a point on the earth' s equator 
It may also be defined as the angle at the body subtended 
by the equatorial radius of the eaith 


70 Problem I To find the equatorial horizontal parallax 

of a star at a given distance from the earth's centre 

Let 7t — the equatorial horizontal parallax = PSC, 
a = the equatorial radius of the earth = PC , 

A == star’s distance from the earth’s centre = SC 

-ip 

Y Then from the figuie we have 



a 

Sin Tt = ~~r\ 


(125) 


*The terms apparent place and true place are to be considered simply as 
relative terms When dealing with parallax we speak of the true place as the 
place when corrected for parallax So when speaking of refraction the appar- 
ent place is the place affected by refraction, and the true place is the place cor- 
rected for refraction, but it may still require corrections for parallax and a va- 
riety of other things When dealing with the places of the fixed stars we use 
the term apparent place in a still different sense, as we shall see hereafter 
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s being the place of the star, p a point on the surface of the 
earth, and c being the centre 

For astronomical purposes the mean distance of the earth 
from the sun is regarded as the unit of measure Then for 
the sun we have 

A = i, sin tv = a (126) 

71 PROBLEM II To find the parallax of a star at any 
zenith distance , the earth being regarded as a sphere 

In the figure, j represents the place of the star, z the zenith, 
E the centre of the earth, / a point on the surface 
Let 

s 

z' = the observed zenith 
distance, 

z = geocentric zenith dis- 
tance, 

p = parallax = PSE } 
a = radius of earth = PE , 

A = distance of star = SE 

From the triangle SEP 
we have 

A a= sm z f sin p 

Fig 6 



From which sin / = J- sin s', 

01, from (125), sin p = sin n sin s' 


(127) 

(128) 


p and it will generally be very small , hence for most pur- 
poses we may write 


/ = 7 t sin z f 


(129) 
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The foregoing solution is only an approximation, the earth 
not being a sphere as w e ha\ e there regarded it For many 
purposes this is sufficiently exact, while for others, particu- 
larly where the moon is considered, it is not so A more 
rigorous solution requires us to consider the true form of the 
earth 


Form and Dimensions of the Earth 

72 The earth is in form appioximately an ellipsoid of rev- 
olution, the deviations from the exact geometrical figure be- 
ing so small as to be inappreciable for our purposes 

The dimensions of the ellipsoid as given by Bessel are as 
follows 


Equatorial radius A = 3962 8025 miles, 
Polar radius B = 3949 5557 miles, 
Eccentricity of meridian e — 08169683, 

log e — 89122052 


Many other determinations of these quantities have been 
made, differing more or less from the above, but these are 
still m more general use than any others 


Definitions 

73. The Geographical Latitude of a pint on the earth's 
surface is the angle made with the plane of the equator by a 
normal to the surface at this point 

The Geocentric Latitude is the angle formed with the 
plane of the equator by a line joining the point with the 
earth's centre 

The Astronomical Latitude is the angle formed with the 
plane of the equator by a plumb-line at the given point 



§73 THE RED UCl ION OF THE LATITUDE 1 23 

If the eaith were a true ellipsoid and perfectly homoge- 
neous, the geographical and astronomical latitude would 
always be the same Practically, howevei, the plumb-line 
frequently deviates from the normal by very appreciable 
amounts This deviation is always small, but in mountainous 
countries, as the Alps and Caucasus, deviations have been 
observed as great as 29" Unless otherwise stated, when 
speaking of latitude the astronomical latitude is to be under- 
stood We shall also assume for present purposes that 
it coincides m value with the geographical latitude 

Let the annexed figure 
represent a section cut 
from the earth's surface 
by a plane passing through 
its axis This section will 
be an ellipse Let K be 
any point on the surface, E 
P and P the north and 
south poles lespectively 
Then HH f will represent 
the horizon of the point K 

Fig 7 

Let p = CK = radius of the earth for latitude KO'E f % 
cp = KO'E ' = geographical latitude of point K , 

<p f = KCE f = geocentric latitude of point K> 

A = semi-major axis of ellipse = CE' , 

B = semi-conjugate axis of ellipse = CP 

The angle CKO = cp — cp f is called the reduction of the 
latitude For determining the parallax with precision we 
require ( cp — cp’) and p, the determination of which for any 
latitude cp we shall now investigate 
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To Determine (cp — <p') 

74 We have for the equation of the ellipse (Fig 7) 

Ay + 5V = A'B\ . (130) 

dx 

tan , . . ( I3I ) 

<p being the angle -which the normal forms with the trans- 
verse axis of the ellipse Also, 


tan <?' = y ~ (132) 

By differentiating (130) we find 
dx Ay 

~dj = B^= taa<p ( r 33) 

« 

Therefore from (132) and (133) 

j8 a 

tan <p' = tan cp . ( I34 ) 


Fiom equation (134) cp’ may be leadily computed for any 
given value of cp It will greatly facilitate this computation, 
however, to develop [cp — cp’) in the foi m of a series For 
this purpose we make use of Moivrc’s formulae, viz * 

* As some readers may not be familiar with these very useful formulae, we 
give their derivation 

Developing n = P by Maclaunn’s formula, we have 


also, 


«*=!+“ + — +--H — , 

I I2 , I23 I I23 4 


etc , 


COS X — I — ■ 


, etc , 


sin x = x — 


1 2 1 2 3 4 

I 2 3 2 3 4 5 


(a) 

w 


etc 
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INDUCTION OF 1 BE LATITUDE 


2 COS X = 


1 > 


2 ^ i sin x — e x ^ 


i tan jr = 


Writing tay= #ta , where , = J subst!(uting for 

tan V and tan 9 the value given by the last of (.«, 
and dropping the common factor V=r~i, we have 

g a<l>' V— ~ _|_ x —P y^Y— -- 

from which _ ( P ~f~ 2jl v ~~* — ip — i) 

(P + i) — (/ — i)*> 


Substituting in (£)and (c)x" = — z", whence * - z V~ 




we have 


COS X I -| -| ^ e £ c 

I2 T I 2 3 4 cc ’ 


— sin x = z -| — L s * 

123 '12345 

adding, cos x— VXi sina = i4-iLx-il_L _£ 8 1 ** ■ ... 

+ m + ! 2 3 + iTT4 + etc 

= e* — e~xV~—ii 

Writing — x for + x, we have cos x — V~i sin x = e ~xV~ f 

cos x + V— x sin x = e > 

adding and subtracting, 2 cosx = e*' -1 4 ,-xi'^T 

2 V— 1 sin x = — 1 — e -xV — 1 


Qed 
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Writing q = this becomes 


whence = 


* — i — qe~ 

- t _! — > 

I — qe** v ~ 1 

... • ( 136 ) 


I— 2<? a * vr * 
l — qe-**- 

I _ 


Taking the logarithms of both members of equation (136), 
we have 

2 - <p)= log (I - qe~* v ~*) - log(i - ). 

Expanding the logarithms m the second member by the 
formula 


log (1 - x) = -x 


X * * 3 


r» etc , 


we have 

2 i/ITKy- <p)= - etc 

_^.^v 5< f' v:rT , etc. 


This becomes by the second of (135) 

2 V— 1 (g>'— q>) = 2 V— 1 q sin 2<p + 2 V— 1 ^ sin 49* 

-f- 2 V— 1 sin 6cp, etc , 

or q,' — <p — q sm 2 cp-\-\c? sm 492 + iq s sin 6<p, etc (137) 

p — 1 R — A* 

In this equation q = ^ _j_ 

Substituting for ^4 and ^ their values given in Art 72, 
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and dividing by sm 1" in order to express the result m seconds 
of arc, we readily find 


q = — 690" 65; 
kq = + l " 16 , 
iq 3 = — " 003 

Therefore we have the veiy convenient and practically ri°-or- 
ous formula & 


9 ~ 9 ' = 690" 65 sm 29 — 1" 16 sm 491 (138) 


To D tt ermine p 

75. * and y being the co-ordinates of the point K, we have 


p 2 = s 2 +/, 

Ay + 5V = A*£\ 
y B 2 

tan 9' = - = -j a tan 9) 


(i39) 

(130) 

(134) 


Combining (130) and (134), eliminating .7, we have 

•*'(i + ^ tan 2 9') ~A\ 

or x\i + tan 9 tan 9') — A* 

Combining this with (139) and (134) to eliminates, we find 

_ . s ec 9' / cos cp 

^ Vl + tan 9 tan 9' y cos cos ~ ?) ^ ° 

The computation of p from (140) is very simple, but it 
may be rendered much more so by developing p, or log p 
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into a senes For this purpose we shall regard A — the 
equatonal radius — as unity, when we have 


sec qr 


i + tan <p tan <p r 


-Z ? 4 jS 1 

1 -f- -^4 tan 3 <p cos" <p-\~ sm 3 <p 

1 + tan 2 <p cos 2 <p-\- sin 2 9 




f ? 2 


Let us write ^ = 1 — g 3 , 

Then we have 
Taking the logarithms of both members, 


1 — 


p> = 1 ~ g_ sin 2 <p 
1 — e sin 2 cp 


2 log p = log (1 — g' sin *cp) — log (1 — e a sin 2 91). 

Developing the second member by the logarithmic formula, 

2 locr p = M T - S' sin > ~ is' sin > - %g' sm > - etc 1 
L+ e sm V + sin> + sin> -f etc J’ 

or log p = \M{/ — g") sin 2 9> + \M(/ — g*) sin *<p 

+ — g‘) sm *(p, etc 

Substituting for e, g, and M their values,— if being the mod- 
ulus of the common system of logarithms = 43429448, — 
we readily find 

log P — — 00143968 sinV — 00001438 sin 4 p — 00000015 sm“<p (141) 

76 From this the computation of log p is very simple A 
better senes is, however, obtained by expressing it m terms 
of functions of the multiple angles, instead of powers of the 
sine as here 
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For effecting the required transformation, let us write (141) 

log p = <r sm> 4- 0 sin y -j- y smy, 

also sin <p — — l == —c e t>vzri_ e _$tf Zr - 

2 V — 1 )' 


and for convenience write = x — L 

x 

Then a sin 3 9 2 -f- 

0 smy = + £-[*•- 4 W-+ 6 _ ± + J.], 
r m ’* = - £[?- ■!*•- 20 + 15 _ | + Jj 

Therefore log p = g + §/? +^r+ etc], 

-e+! +p+-p+p 

+ [ Ti /l +k r+ “][*'+?]■ 

-[ P+ etc ][*■+£]. 

But 2? -|- e ~ — — 2 cos 2 <p, 

X * + p 1 + + * V -^ = 2 COS 4<p, 

x * + pr = e 6 ^*'- 1 e ~ 6 4 ,v - ri — 2 cos 6 ep 
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Substituting these values with the numerical values of a, 
fi, and y as given in (141), and we find 

log p = 9 9992747 -f- 0007271 cos 2cp — 0000018 cos 4 <p (142) 

77 We theiefore have for computing' — <p') and log p, 

cp — qt = [2 839258] sin 2<p + [° sln I /yv 

log p — 9 999 2747 + [6 861594] cos 2 (p -j- L 4 2 55 2 7 «] 4 <P ) 

In which the quantities m brackets are logarithms of the co- 
efficients 

Let us apply formulae (V) to the determination of cp — <p f 
and log p for latitude 40° 36' 23" 9 

We have 2 cp = 8i° 12' 4s 7 ', 

4<p = 162° 25' 36" 

9 0992747 

[2 839258] sin 2<p = + 682" 54 [6 861594] cos 2<p = 11 10 6 

[o 06446^] sin = — "35 [4 25527*] cos 4<p ss 172 

Therefore cp — < p ' = ii' 22" 19 log p = 9 9993875 

78 We are now prepared for the complete solution of the 
problem of parallax The following method is that of Olbers 
(see Bode’s Jahrbuch, i8n,p 95) 

We shall consider four cases, viz 

First — To determine the parallax in zenith distance and 
azimuth, having given the geocentric zenith distance and 
azimuth 

Second — Parallax m zenith distance and azimuth , having given 
the observed zenith distance and azimuth 
Third — Parallax in decimation and right ascension, haviiig 
given the geocentric decimation and right ascension 
Fourth — Parallax m decimation and right ascension , having 
given the observed decimation and right ascension 
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Case First 

79* Let the star be referred to a system of rectangular 
axes, the horizon of the observer being the plane of XY, the 
positive axis of X being directed to the south point, the 
positive axis of Y to the west point, and the positive ans of 
Z to the zenith 

S', y', % = the rectangular co-ordinates, 

A', z', a' — the polar co-ordinates 

S' = A' sin z' cos a\ 1 

V 1 = A' sin z' sin a', t . (143) 

S' = A' cos z ' ) 

Next let the star be referred to a system of co-ordinate 
axes parallel to the first, the origin being at the centre of 
the earth 

Let S,y,S = the rectangular co-ordinates, 

A,a,z = the polar co-ordinates, 

and we have £ = A sin z cos a, i 

y = A sin z sm a, V . . . . (144) 

<5 = A cos z ) 

Let the co-ordinates of the first origin referred to the 
second be 

<3 0 = rectangular co-ordmates, 
p, — <p = polar co-ordinates 

With the co-ordinate planes situated as in the present case, 
a 0 will be zero W e shall write — a — a, as this form will 
be found convenient in a future transformation 


Let 

Then 
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We then have 

= P sin ( cp — cp') cos (a — a), \ 

Vo — P sin {cp - <p') sin {a — a), V . (145) 

<?« = p cos {cp — cp') ) 

The formulae for passing from the first system (143) to the 

second (144) will be 

S' = $ - S w 7/ = v - jj„ Z = Z- 5 0 (146) 

Substituting for these quantities their values (143), (144), 
and (145), we have 

A' sin z' cos a'=A sin z cos a—p sin {cp—<p') cos {a— a), ) 

A' sin z' sin a’= A sin ^sin a—p sin \cp—cp') sm {a— a), i (147) 
A' cosz' =A cosz — p cos {cp — cp ) 

These equations express the required relation between the 
quantities given, viz , a and z, and those required, a! and s' 
It remains to transform them so as to render their application 
convenient 

Tet us divide the equations thr ough by A and write from 

(125) 

sin n — {a being unity in this case ) 

also /* = viz 


/sin 4 cos a ' = sm s cos a — p sm it sm (<p — <p>) cos (a — a), ) 

/sm *' sm a' = sm asm a- p sin n sm ( <p - cpf) sm (a - a), [(148) 

/cos a* = cos 2 — p sin it cos ( cp — qj) ; 

In these equations let all horizontal angles be diminished 


* As /is eliminated from our formulae, we are not concerned with its value 
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by a. the resulting equations will be what we should have 
obtained if our original axes of 5, 5', and $, had been directed 
to a point whose azimuth was a, instead of zero as m the 
present case We thus obtain 

/sm z' cos (a!— a) = sm z — p sin ft sm ( ep — <p f ) cos a, \ 
f sin s' sm (a f — a) = p sm sm \<p - <p f ) S m a ) 

T , . p sm it sin (a? — m') 

Let us write in = AT ill fjrr * 

sm z ^ 5 °; 

Then (149) become 

/sm z f cos (of — a) — sin z (1 — m cos a); 
f sm z r sm \a r — a) = m sm z sin a 7 


and by division, 

tan {a! — a) = 


m sin a 
I — m cos a 


(151) 


(150) and (151) determine the parallax in azimuth 
To determine (/ — z ) we pioceed as follows 
Multiply the first of (149) by cos \{a! — a), and the second 
by sm i(a' — a) , add, and divide the result by cos i(a'— a) 
A simple reduction then gives 


/sm z' = smz-p sm * sin (<p - <pf) ~ ^ (152) 

Let us write 


sm ( <p — <p f ) 


cos \(a! -f- a) 
cos \{a! — a) 


= cos ( <p — <p') tan y> 


tan y = tan ( cp — cp f ) 


cos tK# ' -f- a) 
cos — a ) 


(153) 


or 
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/sm z! = sin z — p sin it cos ( <p — q>') tan y; 
and the last of (148), 

/ cos z' — cos z — p sin it cos (<p — <p') 


( 154 ) 


Multiplying the first of (154) by cos z and the second by sin z, 
and subtracting, then multiplying the first by sm z and the 
second by cos z, and adding, we find 


/sm (j z ' — z) = p sin it cos (ep — ep') 

'■r r J cos y » 

/cos (z'— z) = 1 — psin7rcos(© — ep ') C ° S — — — 

” 1 cos y 

, IT , sm n cos (ep — <p') 

Writing now » = fi ^ (iss) 

and we have 


/sin (z' — z) 
/cos (z' — z) 

tan (V — z) 


n sm (z — y) , 

I — n cos (z — y ) ; 

n sm ( z — y) 

I — n cos (z — y) 


(IS6) 


(155) and (156) now determine the parallax m zenith distance, 
and the problem is completely solved 

80. Formulae (150), (151), (155), and (156) may be placed m 
a form more convenient for logarithmic computation, as fol- 
lows Write 


sm S' = 


p sin 7 t sin (<p — q>') cos a 
m cos a = 


sin z 


(15;) 
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Then 


tan {a! 


. sin S tan a 

a) = K 

' 1 — sin S' 

_ sin S' 

an a cos 2 iS — 2 sin ^S cos -JS -f- sin’ £S 

_ sin S 

an a (cos^S — sin-£S ) 4 

_ sm S cos jS -[- sin ^S 

— an a cos 2 £S — sin 2 -J-S cos£S — sin-JS 

1 + tan £S 

= tan a tan S ^ 

1 — tan £S 


But 1 
therefore 


1 -)- tan £S 
I — tan -JS 


tan (45° + £S) ; 


tan ( a ' — a) = tan a tan S tan (45° -(- £S) . (158) 

In a similar manner wnting 


. . . p sin it cos (cp — <p') cos (z — y) 

sin S' = n cos (z — y) = — — , 

\ / / is 1 


cos y 


(159) 


we find 


tan (*'—*) = 

v ' I - sin S' 

= tan S' tan (45° -f- £S') tan (z — y) (160) 
For computing y we have 

tan r =tan( y - y Q g ” ««' + «) = tan( y - y Q 

r ^ ^'cos Ua' — a) ^ T) cos Ua' — a) 
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tan y = tan {<p — <p') [cos a — sin a tan £<V — a)] 

By Maclaurzn’s formula we have 

tan x = x -j- ^x\ etc 

Therefore if we neglect terms of the third and higher orders 

m y,(<p — cp'), and (a' — a), all of which are small quantities, 
we have 

y=(cp — <p') [cos a - sin a £(«' - a )] (161) 

From tan (a' - a) = — ^ Sltl g 

i — m cos a 

we have, by neglecting terms of the highei orders, 

(*' -«) = ,* sin * = Pjm arfo-pQsma 

sin z 

Substituting this in (161), we have 

— ( m a „„ P sm tc sinWa? — aTf sin i" 

7 = {9 ~ 9 ) cos a -IT L I 1 . ( l6z \ 

2 sm z v ' 

This is accurate to terms of the second order of ( <p — cp") in- 
clusive 

It will readily appear that for any value of z not less than 
(■ 9 ~ 9 ') the second term will always be inappreciable 
When z is very near zero the formula is apparently inappli- 
cable As we shall not have occasion to apply it to such 
cases, it will not be necessary for our purposes to discuss it 
further. We may therefore compute y fiom the practically 
rigorous foimula J 

(163) 


y = {9 — <P') cos a 
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81 We have therefore the following complete formula; 
for computing the parallax in zenith distance and azimuth, 
having given the geocentric zenith distance and azimuth 


Sln s< — /> sin it co s a sin (cp — <?') 

sin z ’ 

tan (a’ — a) = tan a tan S tan (45° 4- £S), 

Y = (<P — <p') cos a, 

sin S' := — sm — cos ~ Y) cos (c p — cp') 

cos y ’> 

tan (z 1 — 2) = tan (s — 7) tan S' tan (45 0 -f- |S') 


K VI ) 


In the meridian, a = a' = o Therefore for this case (VI) 
become 1 


y = cp - cp', 

sin S = p sin it cos \z — ( cp — ^/)J i (VI) 

tan (s' — z) = tan [s — (cp — 9/)] tan S' tan (45°+ |S') j 

As an example of the application of (VI) let us take the 
following 

1881, July 4th, 9 h , mean Bethlehem time, the geocentnc 
position of the moon was as follows 


Zenith distance = z = 65 0 40' 46" 5, 

Azimuth = a = 48° 19' 49" 8 

Required the parallax in azimuth and zenith distance for 
Bethlehem 

We have found for the latitude of Bethlehem (Art. 77) 

<P — <p' = 11' 22" 19, 
log p = 9 9993875 

From the Nautical Almanac, page 113, 

7 t = 56' 20" 4. 

Our computation is now as follows 
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a = 48° 19' 49" 8 cos 0 = 9 8227125 

9 — 9 / = n ; 22" 19 sm = 7 5194794 

* = 65° 40' 46" 5 cosec = 0403593 

r = 7 ' 33 " 54 

log p = 9 9993875 
7T = 56 / 20" 4 sin tt = 8 2145238 

z — y =65° 33' 12" 96 cos = 9 6168344 

cos (9 — 9') = 9 9999976 
sec ^ = 0000009 

3 - = 8" 145 sm 3 = 5 5964625 

3 ; = 23' 16" 92 sin 3 ' = 7 8307442 

45°+ i 3 = 45° 00' 4" 07 
45 °+**' = 45 ° n' 38 " 46 

cos 0 = 9 8227125 tan 0 = 0 0506037 

log (9 — 9O = 2 8339053 tan 3 = 5 5964625 

tan (45 0 i 3 ) = 0000171 

log y = 2 6566178 

, tan (0' — 0) = 5 6470833 

(0 7 — 0) = 9" 152 

tan 3 ' = 7 8307540 
tan (45 0 + } 3 r ) = 0029412 

tan (z - y) = 3423734 

tan (jsr 7 — je?) = 8 1760686 
(s' — *) =51' 33" 58 

We thus have for the apparent place a 1 = 48° 19' 59" o 

s' = 66° 32' 20" 1 

Take the following example of application of (VI)! 

log p = 9 9993875 
sm it = 8 2138035 

Zenith distance of moon) _ ^ct .*n * r , 

at culmination, \ * = 5 1 06 45 " 5 cos [z ~{<p - < p >)] = 9 7995903 

BquatonamoHrontaipat j. , = j6 , ^ 8 S10 y = 80127813 

ep — cp / = ii' 22" 19 tan [z — (ip — 9/)] = o 0904399 

3 ' = 35' 24" 29 tan S' = 8 0128043 

45 ’ + = 45 ° 17' 42 " 15 tan (45" + iN ) = 0044727 

J — z — 44' 3" 13 tan (a' — *) = 8 1077169 
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Case Second 

82 To compute the parallax in azimuth and zenith dis- 
tance, having given the observed azimuth and zenith distance 
To obtain the expression for (z f — z) we multiply the first 
of (154) by cos z r and the second by sin z\ and subtract We 
thus have 


sin (z f — z) = 


p sin 7 t cos ( cp — cp') sm (z ; — y) 
cos y 


(164) 


For {a' — a) we multiply the first of (148) by sm a' f the 
second by cos a! and subtract, recollecting that cos (a — a)=z 1, 
sm {a — a) == o We thus find 


sm [a! — a) 


p sin 7r sin {cp — <p r ) sin a f 
sin z 


(165) 


We thus have for the parallax in zenith distance and azi- 
muth, having given the apparent zenith distance and azimuth, 


y — (cp — <p') cos a, 

. . . p sin n COS {cp — <p') Sin (s' — y) 

v 1 cos y 

. . . p sin 7 t sin (cp — cp') sin a' 

sm ( a ' — a) — 1 — i—c 

J sin z 


(VII) 


To compute y we may substitute a' for a without appre- 
ciable error 

To compute (a! — a) we must first obtain z by applying 
the correction (z' — z) to the observed zenith distance 
In the meridian, a = a'= o, whence y = cp— cp', a' — a = o, 
and (VII) become 


sm (z! — z) — p sm n sin [z' — (<p — cp')] (VII), 

For all bodies except the moon (VII) may be greatly sim- 
plified, as follows 
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C* ~ *)• ( a ' ~ a )> an< J n being very small, we may wnte 
the arcs in place of their sines (<p — <p') and y being small, 
we may wnte for their cosines unity We then have 


Y ~ O — <P') cos a , , 

* ~ * = *P sin («' - y), L (VIII) 

a' — a — 7tp sin (<p — cp ') sin a' cosec z ) 

In computing these we may use a and ^ or ct! and z r in- 

differently in the second terms. It will often be sufficiently 
accurate to use J 


z' — z = 7t sin z\ 
a ! — a — o 


(VIII), 


These last are what we obtained when we treated the 
earth as a sphere 


Application of Formula (VII) 


Latitude of Bethlehem = £> = 40° 36' 23" 9 
Apparent azimuth of moon = a' — 48° 19' 59" o 
Apparent zenith distance of moon = z r = 66° 32' 20" 1 
Equatorial horizontal parallax =5 tc = 56' 20" 4 


log (<p — <p) = 2 8339053 
cos a r = 9 8226904 

logy = 2 6565957 

r — 453" 52 

d — ^ = 66° 24' 46" 58 


(p — cp’ = II' 22" 19 
COS (tp — (p) =: 9 9999976 
sm (z' — x) = 9 9621103 
sec x = 0000009 

log p = 9 9993875 
sin 7T = 8 2145238 


sm (cp — <p ; ) — 7 5194794 
sm a' = 9 8733333 
cosec z = 0403593 

** * =: 5 l/ 33 ^ 58 sin (z f — z) =z 8 1760201 

z = 65° 40' 46" 52 


a f — a = 9" 152 

* = 48° 19' 49" 85 


t 

I 


sin {a! — a) = 5 6470833 
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Application of(V II), 

Apparent zenith distance of the moon ) 
at meridian passage r = = 5i° 50° 48'' 6 

Equatorial horizontal parallax = = 5 6' 14" 8 

• — cpf — n ' 22" 19 

log p = g 9993875 
sin it = 8 2138035 
sin [ z ’ — (9 —9')] = 9 8944903 

sin (0' - 0) = 8 1076813 
z l — z — 44' 3" 13 


Application of (VIII) 

Find the parallax in azimuth and zenith distance of Venus 
as seen from Bethlehem, having given the following 


a = 271° 56' 21" 
z = 66° 43' 35" 

K r= I3 /; 61 


r = 23" 1 

X — y = 66° 43' 12" 


log (9 — cp>) — 2 83390 
cos <2 = 8 52941 


log X = I 36331 


2' — 0 = + I2 /7 48 
" 05 


sm (z — y ) = 9 96312 


log p = 9 99939 
log it = 1 13386 


sm {cp — cp!)z= 7 51947 

sm 0 = 9 99975n 
cosec 0 = 03686 


log (s' — z) = 1 09637 
log {a’ - 0) = 8 68933,* 


a! — a = — 

For this case formula (VIII X ) gives 


log 72 ? = J 13386 
sin s = 9 96314 


log (2' — z) = I 09700 


0' — 0 = -f- 12" 50 
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Application of (VII), 

Zenith distance of Venus at time of transit = 2 = 24 0 15' 35" 
Equatorial horizontal parallax = % = 13" 57 

g> — <p = 11 ' 22" 

log 7T = I I3258 

log p = 9 99939 ' 

sm [sr — (93 — tp f )] = g 61051 

log {z l — z)= 74248 z’ — z ~ 5" 53 


CW Third . 

83 Required the parallax in right ascension and decima- 
tion, having given the geocentric right ascension and decima- 
tion 

Let the equator of the observer be taken as the plane of 
x, y, the positive axis of x being directed to the vernal equi- 
nox, the positive axis of y to that point on the equator whose 
right ascension is 90°, and the positive axis of z to the north 
pole of the heavens 

Let x\ y , z' — the rectangular co-ordinates , 

A a S' = the polar co-ordinates 

We then have x r = A ' cos S' cos a ' , \ 

y = A' cos S' sin a' , l (166) 

z' = A' sin S' ) 

In the second system let the origin he at the centre of the 
earth, the axes being respectively parallel to those of the 
first system 

Let x, y , z be the rectangular co-ordinates , 

A , <ar, S be the polar co-ordinates 
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Then x = A cos S cos a , \ 

y = A cos S sin a , i . . . ( r 6 7 ) 

z ~ A sin S ) 

Let now 

= rectangular co-ordinates j of the observer’s position 

\ referred to the eaith’s 
P, <P'> 6 = polar co-ordinates > centre 

Here p is, as before, the line joining the observer’s position 
with the centre of the earth, and cp' and 9 are lespectively 
the declination and right ascension of the point where this 
line produced pierces the celestial sphere , or in other words, 
of the geocentric zenith The declination of the zenith, as 
we have seen (Art 63), is equal to the latitude = cp' m this 
case 

The right ascension of the zenith, 9, equals the right ascen- 
sion of the observer’s meridian — all points on the same me- 
ridian having the same right ascension This we shall see 
hereafter is equal to the observer’s sidereal time. 

W e have then x„ = p cos cp' cos 9 , 1 

y 0 = p cos cp' sin 9 , l (168) 

z* = P sin cp ' , ) 

and for passing from system (166) to (167), 

x' = x — x t> y = y—y„ z' = z — e„. (169) 

Therefore 

A' cos S' cos a' = A cos S cos a — p cos cp' cos 9 , \ 

A' cos S' sin a' = A cos S sin a — p cos cp' sin 6 , > (170) 
A' sin S' = A sin S — p sin cp' ) 
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As before, let us divide through by zf, and write 


Then 




sin 7 t =z ~ 
A 


f cos s ' cos a ’ = COS S cos a — p sin % cos 9/ cos 6 , ) 

/cos S' sin o' = cos 6 sin a- p sm n cos 9/ sin d’A (171) 

/sin — sm <y — p sin n sin 9/ ) 

Let us dimmish all horizontal angles by a, which will 
be equivalent to transforming our lectihnear systems to 
o ers in which the axes of x and x 1 make respectively the 
angle « with the original axes We thus derive 

/cos S' cos (a' — a) =cos S—p sm it cos 9/ cos (6 — a ) ) 

/cos S sin ( a ' — a) = — p S in -rt cos cp' sm (d — a) ) ( I ? a ) 


Let us write 


/ P sin 7T cos <p f 

COS £ * 


(!7 3 ) 


which substituted in (172) and the second divided by the 
first, we find 3 


tan («' - a) = -”»' s m O ~ g) 
I — cos (a — 


(174) 


84 As in case first, we may give this a form better adapted 
to logarithmic computation, as follows Write 

sm S = m’ cos (a — - SU1 n cos & cos 0 * ~ (9 ) , , 

v ; (175) 

Then (174) becomes 


tan (a' — a) — tan (or — 9 ) 


sm S' 


1 — sm S'* 
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But 

sm 3 sin S' 

i — sin S — cos' 1 £S — 2 sin pF cos £S -)- sin a ^-S 
_ sm S 

— (cos -J-S — sm 4S) J 

_ sin S(cos -J-S -f- sin -|S) 

_ (cos iS+ Si n p>) (cos iS— sin^-S) (cos ^-S— sm p) 
__ sin S cos -JS -|- sm ^S 

— cos' -JS — sin J >S) cos ^S — sin fS 
= tan S tan (45 0 + ^-S) 


Therefore 


tan (a! — a) — tan ( a — 6 ) tan S tan (45 0 + £S), (176) 

which determines (a' — a) For determining (S' — S) we 
multiply the hist of (172) by cos $(a' — a), the second by 
sin i(a' — a), add the products, and divide the lesult by 
cos %(a' — a) By this process we obtain 


, j. . COS [Uex' -I- a) — 0] 

f cos S' = cos S — p sm it cos © — : i 

cos i(a' — a) 

The last of (171) is 

f sm S' = sm S — p sm it sin <p' 


Let us write 


, tan ep' cos Uoe' — a) 

tan Y - cos wy + «)-&] 


Then (177) become 


(177) 


(178) 


j- sm S' = sm S — p sin it sin cp' , 
f cos S' = cos S — p sin it sm cp' cot y 


(i79) 
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Multiply the first of these by cos S, the second by sin S, and 
subtract, then multiply the first by sin S, the second by 
cos S, and add We thus obtain 


f sin (S' — S) = p sin n sin <p’ Sm — — 

r sin y ’ 

f cos (S' — S) = 1 — p sm n sin q>' C0S — 

r sin y 


K i8 °) 


Let us wnte 


p sin it sm cp' 
sm y 


(181) 


Introducing this value and dividing the first equation by the 
second, we find 


tan (S' - S) = 


n' sin (S — y ) 

1 — n' cos (S —~y) 


Then writing 


sm S' = »'cos (S-y) = PSm 7 rsm si ^os( <y -^ > (lg2) 
this equation becomes 


tan (S' ~S) = S *j' tan g - r) 
J i - sin 3 ' 


= tan (S — y) tan 3 ' tan (45 0 + £ 3 ') 


(183) 


Equations (175), (176), (178), (182), and (183) give the com- 
plete solution of the problem 

We thus have for computing the parallax in nght ascen- 
sion and declination, having given the geocentric right ascen- 
sion and decimation, the following formulae 
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sm 5 = - Sltl — cos TL cos ( g ~ a ) 
cos 6 ’ 

tan (a - a') = tan (0 - a) tan 5 tan (45 0 + £3), 

tan r = tan ?L cos &L ~ a ') 
y cos [4(ar -+- a')— 0] ’ 

sin 3 ' = — sm — sin y' cos (jl ~ ^ 
sin ^ ' 

tan (tf — tf') = tan (/ — <?) tan 3' tan (45° + £3') J 


(IX) 


In the meridian, a = a' = 0 Therefore y = 9)', and the 
above become 


sm 3 ' = p sin cos (9/ — <?), ) 

tan (<? — S') = tan (9/ - d) tan 3 ' tan (45 0 + £ 3 ') J 


Application of Formula (IX) 

Required the parallax of the moon in right ascension and 
decimation, 1881, July 4th, 9' 1 , Bethlehem mean time, as seen 
from Bethlehem 

Converting 9 h mean time into sidereal time by the method 
to be explained hereafter (p 170), we have 


Bethlehem sidereal time = 0 = 

I 5 h 52 m 50 s 2 

From the Nautical Almanac, p 114, we find a — 

I2 h 57 m io B 56 

d = 

- ii° 3' 48" 4 

Astronomical latitude of Bethlehem = cp = 

40° 36' 23" 9 

cp — (p r “ 

ii' 22" 2 

Geocentric latitude of Bethlehem = <p' = 

40° 25' 1' 7 

Nautical Almanac, p 113, equatorial horizontal parallax = it = 

56' 20" 4 

0 - a = 

2 h 55“ 39 s 64 
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sin (a — a') = 


tan y = 


sin (S — S') = 


p sm n cos <p' sin ( 9 — a') 
cos S ' 

tan <p ' cos i(a — a') 
cos [£(a -f- a') — 8 ] ’ 
p sm n sin <p' sin (y — S') 
sin y 


(X) 


To compute the first of these we require S, which will 
be unknown until after we have computed the last, which 
m turn requires a knowledge of a obtained from the first. 
We must therefore proceed indirectly as follows Compute 
(a— a'), using in the denominator S' instead of £ With the ap- 
proximate value of a so obtained compute (S — S'), this gives 
us S, with which we recompute (a — a') It will never be 
necessary to repeat the computation of S — S' with this new 
value of a 

In the meridian, a — a! — 8 Therefore y = <p', and 
formulae (X) become 


sm ( S — S') = p sin it sm (<p' — S') 


(X), 


For all bodies except the moon we may write, without 
appreciable error, 

sm sm (£-<?')=(£-<?'), cos £(«-<*')= 1 , 

sin it = it, cos S' = cos S, ^{a-\-a') — a'; 

giving the following approximate formulae 

a — a' — — cos V sin (0 — 1 

~ cos S' 

tan tp' 


tan y cos (8 — ct')’ 

$ _ y _ nf>_ sm <p’ sin (y — S') 


(XI) 


sin y 
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In these formulae we may use either the geocentric co- 
ordinates {pc and 8) or the observed [oc' and 8') indiffeiently 
In the meridian, where 6 = a = a', y = cp' and (XI) become 

8 - 8' = ftp sin {cp’ - 8') . (XI), 


Application of (X) 

Required the geocentric place of the moon, having given 
the appaient place as seen from Bethlehem, 1881, July 4th, 
9 h , Bethlehem mean time, as follows 


Apparent right ascension — a' — X2 h 55 m 8 s 36, 
Apparent decimation = S' = — ii° 45' 46" 79 


From Nautical Almanac, p 113, 
Geocentric latitude, 

Sidereal time, 

sec S' = 009 2176 

*sec 8 = 008 1471 

cos <p' = 9 881 5812 
sin (0 — ex') = 9 845 0774 


log f) = 9 999 3875 
sin 7 t = 8 214 5238 


sin <p = 9 81 1 8080 
sin [y — 8 ') = 9 944 5358 
cosec ^ = 1 16 4320 


sin ( 8 — < 5 ') = 8 086 6871 


it = 56' 20" 4 

cp' = 40° 25' 1" 7 

0 = I5 U 52 m 50 8 2 

0 — a' = 44' 25' 27" 6 


Approx sin (nr — a 1 ) = 7 9497875 
Approx (a — nr') = 30' 37" 5 

a = 193° 47' 5" 4 
Approx nr = 194 0 17' 43 
i(o: -j- oc') = 194’ 2' 24" 2 
[i(ar + a') - 0 ] = 315° 49 ' 5 *" 2 
\{cc — or') — 15' 18" 8 


tan cp = 9 9302268 
cosK a —a') - 9 9999957 
sec [i(a + nr') - 0] = 1443074 


tan x = 0745299 

Y = 49 ° 53 ' 32 " 5 
y — 8 ' = 6r° 39' 19" 3 
7 9487170 
3 °' 32 " 94 
a = 194 0 17' 38" 34 
= i2 h 57 m ro 8 55 


d - 8 ' = 41' 58" 39 

8 = — ii° 3' 48" 4 

Corrected sin (nr — or') = 
True (a: — or') = 


* This value is inserted after the computation of the parallax in declination 
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Application of (X), 

l88i, July 4th, at meridian passage, Bethlehem, the moon’s 
apparent decimation and equatorial horizontal paiallax were 
as follows 

S ' = ~ 1 10 r 4' H" 7 Required the parallax in declination 
x = 56' 14" 8 


<P' = 40° 25' 1" 7 

<p'-6'= si 0 39' 26" 4 


log p ~ g 9993875 
sm it = 8 213S035 
sm (<p — 8 ) = 9 8944903 

sin (6 — d’) = 8 1076813 8 — <$' = 44' 3" I3 


Application of (XI) 

1S81, July 4th, i6\ Bethlehem mean time, the light ascen- 
sion, declination, and equatonal horizontal parallax of Venus 
weie as follows 

From Nautical Almanac, p 3 5 5 > ^ == 3 11 46 m I2 8 .25 

& = 16 0 18' 23" 3 

From Nautical Almanac, p 388, tt = 13" 61 

Sidereal time,* Q — 22 h 53 m 2 


*Seep 170 
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The computation is then as follows 

6 — a = ig 11 7“ 

, = 286 ° 56 ' cos ® ~ a ) = 9 46459 

= 40 25' 1" 7 tan <p' = 9 93027 

r = 71 0 6 ' 27" 

y — 8 = 54 ° 48' 4" tan y = 46568 


COS cpf = 9 88156 
sm (6 — a) r= 9 98o72 n 
sec 8 = 01783 

log p = 9 99939 
log it — 1 13386 


sin (y — 8) = g 91231 
sm cp r ■=. g 81183 
cosec y = 02405 

a “ = — I0 " 3 i log (or — cl') = 1 01336* 

= - 8 69 log (5 - 6') = 88144 

8 - 8 ' = + 7” 61 


Application of (XI) 1 

To compute the parallax of Venus m decimation at the 
time of meridian passage, Bethlehem, 1881, July 4th 
The data are as follows 


vb 

11 

20' 48" s 

lOg 7 t = I I3258 

7 t ~ 

13" 57 

log p = 9 99939 

"8 

II 

-1^ 

0 

c 

25' i"7 

sm ( <p ' — 8 ) = 961051 

8 — S’ = 

5 " 53 

log (8 — S') = 74248 


Refraction 

86 When a ray of light passes obliquely from a rarer 
into a denser medium, it is bent 01 refi acted out of its origi- 
nal corn se towards the normal drawn to the surface separating 
the two media, at the point where the ray pieices this surface 
The angle which the original direction of the ray makes with 
this noi mal is the angle of incidence, and the angle formed with 
the normal by the bent or lefracted ray is the angle of refrac- 
tion 
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According to Descartes, refraction takes place in accoid- 
ance with the following laws 

I Whatever the obliquity of the incident ray , the ratio which the 
sine of the angle of incidence bears to the sine of the angle of 
refraction is always constant for the same two media , but 
vanes with different media 

II The incident and refracted ray are in the same plane, which 
is perpendicular to the surface separating the two media 
If the density of the air were uniform and constant, the 
determination of the effect of refraction would be a com- 
paratively easy matter m accordance with these laws Neither 
condition is realized, however 

The density of the air is a maximum at the surface of the 
earth, and it continually decreases as we ascend above the 
surface, until it practically disappears at an altitude of 45 or 
50 miles It is also continually varying in density, as shown 
by the readings of the barometer and theimometer 

In consequence of the decrease m density of the air as we 
ascend above the surface of the earth, it follows that the 

path of a ray of light through 
the atmosphere is not a straight 
line, but a curve, as shown in 
the figure We see a star in 
the direction of a tangent 
drawn to the curve at the 
point where it enters the eye 
In consequence, the altitudes 
of all celestial bodies appear 
to us greater than they really 
are , but in accordance with 
Descartes' second law, the azi- 
fig 8 muths are not affected at all 

It sometimes happens that there are lateral deviations of 
an anomalous character, but these aie be} ond the scope of 
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theory, and when they exist aie generally to be counted 
among the accidental errors to which observations are liable 
The complete investigation of the laws of astronomical re- 
fraction is a very complex and difficult problem, and one 
which has never been solved with entire satisfaction We 
shall not enter into the theory heie, but confine oui .elves to 
the explanation of the use of our refraction tables based ou 
those of Bessel 

Bessel’s formula for the amount of refraction at any zenith 
distance z is 

r = a fi A y k tan z (186) 

In which r is the refraction , oc varies slowly with the zenith 
distance, A and X also vary with the zenith distance, and 
differ but little from unity This difference is never appre- 
ciable except for large zenith distances for our purposes it 
will generally be sufficiently accurate to regaid them as 
unity fi is a factor depending on the barometer reading. 
As this reading depends on the piessure of the air and the 
temperature of the mercury, it is tabulated m the form 

p = t X B 

In which B depends on the reading of the barometer, and t 
upon the attached thermometer 

y depends upon the temperature of the air as shown by the 
detached thermometer 
We may therefore use the formula 

r = RX BXtxT. . • ( 187 ) 

In which R = ct tan z is given in table II A, 

B depends upon the barometer and is given in table II B, 
t depends upon the attached thermometer and is given in table II C, 
T depends upon the detached thermometer and is given in table II D 
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As an example take the following 

Apparent altitude — hi = 31° 49' 48" 
Barometer reading 2951 inches 
Attached thermometer 78° 2 

Detached thermometer 82 0 1 
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Table II A, R = 93" 6 
II B, B = 983 
II C, t = 997 
II D, r .= 941 

r = I' 26'T 


log = 1 9713 
log = 9 9928 
log = 9 9990 
log = 9 9736 

log r = 1 9367 


For many purposes, especially for small zenith distances, 
it will be sufficiently accurate to use the mean refraction R 
without correcting for barometer and thermometer. 

An approximate value may be obtained by the formula 


r = 5 7 " 7 tan z 


(188) 


This will be accuiate enough for many purposes, and may 
e of service in cases wheie tables are not available This 
would give for our example above 

r=i' 32" 95 

When the greatest precision is demanded, table III must 
be employed For the above example we have 

A = i 004 


Table III A, 

TT T I 

log a = 

1 76021 

A = 

1 00 

III B, ) . 

III C, ) 

log fi =r - 

00306 

log £ — — 

00127 

HI D, X 

log r = — 

02757 

log t = — 
log y = — 

00179 

02746 


tan z = 

20709 



r= 1' 26” 43 

log r =1 

x 93667 
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In the volume of astronomical observations of the Wash- 
ington Observatory for 1845 may be found refraction tables 
earned out much farthei than those given heie They aie 
convenient when man) computations are to made with great 
precision 


Refraction in Right Ascension and Decimation 

87 As our tables give the lefi action 111 zenith distance or 
altitude, if we lequne the effect in right ascension and decli- 
nation it will be necessary to express the increments of these 
quantities in terms of the mciement of the zenith distance 
Differential foimulae will be accuiate enough foi any case 
which is likely to aiise Such foimulae are given 111 woiks 
on Trigonometry Those requiied for this pai ticulai pui- 
pose aie denved as follows 

Let us assume the geneial formulae of sphencal tiigonome- 
try, viz 

cos a — cos b cos c -f- sin b sin c cos A , \ 

sin a cos B = cos b sin c — cos 6 sin b cos A, V . (189) 

sin a sin B = sin b sin A ) 

Appl)ing these formulae to thetnangle foimed by the zenith, 


the pole, and the stai, we have 



sin tf=:sin cp cos z— cos cp sin z cos a ) ' 
cos $ cos ^=sui cp sin z+cos cp cos z cos a , J 
cos <5 sin q= cos <p sin a t 

j - ( I 9 °) 


Also, 


/ 1 

cos z=sm cp sin tf-j-cos cp cos d cos t, ' 

sin z cos q—sin cp cos cos cp sin d cos t , j 

sin z sin q— cos cp sin t ) 

j-tooi 

Fig 9 
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Now differentiating the first of (190), regarding 6 and z only 
as variables, 

cos SdS = — (sm cp sin z -)- cos <p cos z cos a)dz 

Combining this with the second of (190), we have 

dS = — cos qdz. . (192) 

Differentiating the first of (191), regarding z, 6 , and t as 
variables, 


— sin.safe=(sin <p cos 6 —cos cp sin 6 cos t)dS— cos cp cos S sm tdt. 

Combining this with the second and third of (191) and with 
(192), we readily derive 

cos 6dt = -f- sin qdz . . (193) 

In (192) and (193), 

dz — the refraction in zenith distance = r, 
t — ® — a r, therefore dt = — da. 

Our formulae then become 

dS — — r cos q,\ , . 

cos dda = — r sin q f v I 94 ) 

For applying these formulae we must compute q, and we 
require z for taking from the table the refraction in zenith 
distance 

Equations (191) give these quantities, the solution of which 
is as follows 

Let n sin N = cos cp cos t, 

n cos N — sm cp 
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Then 


and finally, 


cos z — n sin (& -j- N), 
sin z cos q = n cos [p -|- N), 
sin z sin q = cos cp sin t , 

tan A* = cot cp cos 

A sm N 

tan 9 = TnrzmnFNtan /, 


cos (d+Af) 
cot (£ + A Q 

cos q 

sin N cos cp cos t 


tan z — 


cos (d -j- N) sin z cos q 
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As an example of the application of formulas (194), take 
the following 


Given the sun’s right ascension a = 

Declination = — 
Latitude cp = 
Sidereal time 0 = 
Barometer reading 
Attached thermometer 
Detached thei mometer 


2i h 47 m S9 S 92 

13 ° 1 f 38" 7 
40° 36' 24" 

O h o m o s 
29 5 inches 
65° 1 
70° o 


From (XII) we find 

z — 6i° 58' o, cos q = 9 94620, sm q = 9 67068 


From table II A, R = 1' 4.9" o 
II B, 983 

II C, 998 

II D, 962 


log- = 2 0374 
99927 
9 9994 
9 9834 


log r = 2 0129 
cos 7 = 9 9462 
sm 7 = 9 6707 


dS = - 91" o 
cos Sda = — 48" 3 


log = I 9591 
log = 1 6836 
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Dip op the Horizon 

88 At sea, altitudes of the heavenly bodies are measured 

from the visible horizon, which 
is geneially a clearly defined 
line As the eye of the observer 
is elevated abo\ e the sui face of 
the watei , this visible horizon, 
owing to the curvature of the 
earth, will be below the true 
horizon 

Thus, in the figuie, let the 
circle represent a section of the 
earth made by a vertical plane 
passing through the eye of the 
observer at A Then AH will be a section of the true hon 
zon, AC will be a section of the visible horizon, the dip will 
be the angle HA C = A OC 



Fig 


Let D — the dip, 

a = the radius of the earth m feet , 
x = AB, the height of the eye above the water in feet 

Then from the triangle A CO, 


AC = a tan D = it AO 1 - CO a = V(a + x) a - a- - V 2 ax + S, 


or 


tan D = 


V 2 ax + x 9 
a 


As j: 5 will be very small in comparison with 2 ax, we may 
neglect it without appreciable error Also, D being a small 
angle, we may write w 


tan D = D tan i" 
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Therefore we have D = — 1 

tan i" V # ’ 

c» r ^ = 63" 82 Vj? m feet . . . (195) 

This formula would give us the true value of the correc- 
tion if there were no refraction, the effect of which is to di- 
mmish D The refraction very near the honzon is always a 
somewhat uncertain quantity, but for a mean state of the 
air the dip corrected for refraction will be found by multi- 
plying the value given by (195) by the factor 9216, 

or D" = 58'' 82 V x in feet (196) 

An approximate value sometimes used by navigators is 
obtained by taking the square root of the number of feet 
above the water and calling the result minutes Thus if the 
eye is 25 feet above the water, this process would give for 
the dip 5', formula (196) gives 4' 54" 

The dip must be subtracted from the observed altitude to 
obtain the true altitude 
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TIME 

89 For astronomical purposes the day is considered as 

re§ZJ f at n00n inStCad 0t 3t midn ^ht, the horns are 
reckoned from zero to twentj-four, instead of from zero to 

w w e ould , timC h ThUS ’ Ju ' y 4th ’ 9 " A M > clvl1 reckon - 
mg, would be July 3, 2i h , astronomically •* 

In all operations of practical astronomy the time when an 

observation is made is a t ery important element There are 

various methods of reckoning time, of which three are m 

common use, viz , solar, apparent solar, and sidereal twt 

enng Up0n the relcltlons betw een these different 
kinds of time, some preliminary consi delations are necessary 

1 1° i 6 Slt ’ culmmatlon > or meridian passage of a heaven- 
thatpkce any P CS 18 ltS PaSSag ° HCr0SS the mer,dian of 

the E rn ry 15 b,sected at the Poles, and as a star in 

the course of its apparent diurnal revolution crosses both 

branches, it is necessary to distinguish between the upper 
culmination and lower culmination 

The Upper Culmination of a heavenly body is its D assncr P 
over that branch of the -end, an J.ch coni ns R 
servei s zenith 

TIu Lozver Culmination is the passage over that branch 
which contains the observer's nadn 

Any star whose north-polar distance does not exceed the 

rjlll P "“!, mer ‘ dl “ conference winch assembled at Washington October 
rsr, 1884, recommended the adoption of a universal day for astronomical and 
other scientific purposes, to begin at Greenwich mean midmght and to be 
reckoned from o» to 24 “ The Astronomer Royal of England hfs adopted til 
suggestion for the Greenwich Observatory Whether it will be generally 
adopted remains to be seen * erauy 
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^ 9 ° 

north latitude of the place of observation is constantly above 
the horizon, and may be observed at both upper and lower 
culmination Any star whose south-polar distance does not 
exceed the north latitude of the place of observation is al- 
ways below the horizon, and therefore cannot be observed 
at all * Stars between these limits can be observed at upper 
culmination only 

The rotation of the earth on its axis being uniform, it 
follows that the intervals of time between the successive 
transits of a point on the equator over either branch of the 
meridian will be of equal length Such an intei val is a si- 
dereal day, and the point with the transit of which the side- 
real day is regarded as beginning is the vernal equinox 

A SIDEREAL Day is the interval between two successive transits 
of the vernal equinox over the upper branch of the meridian 
The Sidereal Time at any meridian is the hour-angle of the 
vernal equinox at that meridian 

The right ascensions being reckoned from the vernal equi- 
nox, it follows that a star whose right ascension is a will 
culminate at a hours, sidereal time 

Therefore the sidereal time at any 
meridian is equaUto the right ascension 
of that meridian 

In the figui e let EE' be the equator, 

Pthe pole, PM the meridian of any 
place, PN the hour-circle of any star Fig ™ 

5, the vernal equinox. Then from our definitions, 

1 

MPN — hour-angle of star S =■ t , 

NP°? = right ascension of star S = a , 

MP° f = the sidereal time at the meridian PM — © 

* If the latitude of the place of the observer is south, obviously these con- 
ditions will be reversed 
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Therefore © = a -f - 1 . . . (J 97 ) 

Thus, if we have by any method determined the hour- 
angle of a star, this equation gives the sidereal time , a , the 
nght ascension, being taken from the ephemens, or from a 
star catalogue 

The interval between two successive transits of the sun over the. 

upper branch of the meridian is an APPARENT SOLAR Day 
The hour-angle of the sun at any meridian is the APPARENT 
Time at that meridian 

Owing to the annual revolution of the earth, the sun’s 
right ascension is constantly in ci easing, therefore it follows 
that the solar day will be longer than the sidereal day. 
Thus in one year the sun moves through 24 hours of right 
ascension In one year there are, according to Bessel, 
365 24222 mean solar days , therefore in one day the sun’s 

right ascension increases ^ 6g ^ 222 = 3“ 5# 555 In one hour 

one twenty-fourth of this amount = 9® 8565, 

These figures represent the mean or average rate of change. 
The actual change, however, is not uniform, and in conse- 
quence the apparent solar days are not of eqjial length This 
want of uniformity results from two causes, which will now 
be explained 


First Inequality of the Solar Day 

91 The apparent orbit of the sun about the earth is an el- 
lipse with the earth m one of the foci Let the ellipse, Fig 12, 
represent this apparent orbit When the sun is at A the 
nght ascension is increasing more lapidly than when it is at 
A , therefore in the first case it will have a larger arc to 
pass over between two successive meridian passages than 
in the second This inequality alone being considered, the 
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length of the solar day will be a maximum when the sun is 
m perigee, and a minimum when it is m apogee We may 
imagine a fictitious sun to move in 
the ecliptic in such a way that the an- 
gular distances AEP \ PEP V PEP/, 
etc, described in equal times, shall 
be equal Let both stait together 
from A on January 1st, moving in 
the direction of the arrow On Jan- 
uary 2d the tiue sun will be in ad- 
vance of the fictitious sun, and will Fig 12 

continue so until June 30th, when they will be together at 
A' Therefore from January 1st to June 30th the fictitious 
sun, having the smaller right ascension, will always pass the 
meridian m advance of the true sun From A' to A the 
fictitious sun will be in advance of the true sun, and will con- 
sequently pass the mendian later, until they both reach A , 
when they will again be together, January 1st 



Second Inequality of the Solar Day 

92 The figure represents a projection of the sphere on 
the plane of the equinoctial coluie P is the north pole, P' 



Fig 13 


the south pole, the equa- 
tor, the ecliptic Now 

the fictitious sun before con- 
sidered moves in the ecliptic 
describing the equal arcs *?A, 
AB , BC ', etc , in equal times 
Let the hour-cncles PAP, 
PBP, etc, be drawn, then 
the distances t a, ab , be, etc , 
intercepted on the equator, 
will not be equal, but the 
distance t © = v o, both being 
quadrants 
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W e may now suppose a second fictitious sun to move in 
the equator m such a way as to complete the circuit of the 
equator m the same time that the first completes the circuit 
of the ecliptic 

Let both start from the vernal equinox <p together on 
March 20th , on March 21st the second fictitious sun will be 
in advance of the first, and will continue so until June 20th, 
when they will both have completed a quadrant and will be 
on the solstitial colure at the same instant, the finst at sb and 
the second at o. Therefore from March 21st until June 
20th the right ascension of the fiist fictitious sun will be less 
than that of the second, and it will always pass the mendian 
first 

From June 20th to September 22d the first fictitious sun 
will be in advance of the second, at which time they will 
both be together at — From September 22 d until Decem- 
ber 2 1 st the second will be m advance of the first, at which 
time they will both again be on the solstitial colure at the 
same instant, the first at w and the second at o From this 
until March 20th the first will again be m advance of the 
second, when finally they will again be together at f, having 
completed an entire revolution 

As the second fictitious sun describes equal arcs of the 
equator in equal times, it follows that the intervals of time 
between each two successive transits over the same branch 
of the meridian will be equal 

A Mean Solar Day is the interval between two successive 
transits of the second fictitious sun, or the mean sun over the 
upper branch of the meridian 

The Mean Solar Time at any meridian is the hour-angle of 
the second fictitious sun or the mean sun at that meridian 
The Equation of Time is the quantity which must be added 
algebraically to the apparent time to produce the mean time. 
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The equation of time is given in the Nautical Almanac, p 
326 and following, foi Washington apparent noon of each 
day in the year If we require its value for any other time, 
we must interpolate between the values theie given It is 
the algebraic sum of the two inequalities explained above 
From the foregoing we leadily see that the equation of time 
will be zero foui times in the course of the year, also that 
there will be two maxima and two minima values 

By referring to the ephemens for 1881, we find the value 
to be zero on April 14th, June 13th, August 3 IS L ar, d De- 
cember 23d The maxima values -)- 14' 11 28 8 and -}- 6 m 15’ 
occur February 10th and July 25th 1 espectively , the mini- 
ma values — 3 m 51 8 and — 16“ 18’ on May 14th and Novem- 
ber 2d 

We have the following simple precepts 
To convert a given instant apparent time at airy meridian into 
the corresponding mi an turn, add algebraically to the apparent 
time the equation of time taken from the ephemens 

To convert the mean time at any meridian into the correspond- 
ing apparent tune , subtract the value of the equation of time 
taken from the ephemens 

Example 1 1881, July 4th, 5" 7"' 16’, Bethlehem apparent 
time , find the corresponding mean time 

Longitude of Bethlehem — 6 m 40 s 3 
Bethlehem apparent time 5 1 ' 7“ 16 8 
Washington apparent time 5 h o m 35 s 7 = July 421 


From the Nautical Almanac (p 329) we find 

Eq of time July 4 = -f 4“ II s 30 
July 5 = -f 4 m 2i 8 69 


Difference 


10 s 39 


1 68 
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21 X io 8 39 = 2 8 18 
Eq of time July 4 = 4 m iv 30 

July 4 21= 4 m 1 3 s 48 

Apparent time = 5 11 7 ,u 16 s 

Mean time = 5 h 1 i m 29" 48 

Example 2 1881, November 12th, io h I5 m 7% Bethlehem 
mean time, find the apparent time 
From the Nautical Almanac we find 

Equation of time = — 15 111 34" 71 
Mean time = io u 15™ 7 s 00 

Apparent time io h 30™ 41 s 71 
v 

Comparative Length of the Sidereal and Mean Solar Unit 

93 Owing to the annual revolution of the earth about the 
sun, the number of sidereal days m a year will be greater by 
one than the numbei of mean solar days According to 
Bessel the year contains 

365 24222 mean solar days,* 

366 24222 sidereal days 

Therefore 

One mean solar day = 6 2422 2 Sldereal d 

J 365 24222 J 

= 1 00273791 sidereal days, 

One sidereal day = rnean solar days 

= 099726957 mean solar days 


* These values given for 1800 are not absolutely constant, the length of the 
year is diminishing at the rate of o 1 595 in 100 years 


§ 93 SIDEREAL AND MEAN SOLAR TIME l6g 

Let /o = mean solar interval, 

/* = sidereal interval, 

M = i 00273791 

Then 


/* = IoM = I o + 7 oO — 1) = Io + 00273791/0, | 
Io =1 * = 4 - /*(* - -^)= 4 — 002730434 j 


(198) 


By the use of these formulae the process is very simple 
It is rendered still more so by the use of tables II and III 
of the appendix to the Nautical Almanac Table II gives 

the quantity f 1 -)/*, with the argument /*, and table III 

\ jj. j 

gives — i)/o, with the argument Io 

One or two examples will illustrate their use 

Example 1 Given the mean solar interval Io = 4 h 40 m 30 8 . 
Find the con esponding sidereal interval. 

Io = 4 h 40” 30 s 000 
Table III gives for 4 11 40“ + 45 s 997 

Table III gives for 30 8 + 082 

7 * = 4 h 4i m 16 5 079 

Example 2 Given the sidereal interval 7 * = 4 h 4 i m 16 8 079. 

Find the corresponding mean solar interval. 

7 * = 4 h 41“ 16 8 079 

Table II gives for 4* 41“ - 46 s 035 

Table II gives for 1 6 s 079 — 044 


Io = 4 h 40“ 30 8 000 
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To Convert the Mean Solar Time at any Meridian into the Cor- 
responding Sidereal Time 

94 Referring to Fig 1 1 and formula (1 97)> we see th a t ^ 
S represents the mean sun, then 

MPN = the mean time = T, 

NP<? — the right ascension of the mean sun = «o 

Then we have © = «o + T • ( J 99) 


The right ascension of the mean sun, a o, is given in the 
solar ephemens of the Nautical Almanac, for Washington 
mean noon of each day It is there called the sidereal time 
of mean noon, which it is readily seen is the right ascension 
of the mean sun at noon, since at mean noon the mean sun 
is on the meridian when its right ascension is equal to the 
sidereal time 

If L — the longitude of the meridian from which T is reck- 
oned, then (Tf-L) = the time past Washington mean noon 
Let Vo = sidereal time of mean noon at Washington 

Then a 0 = Vo + (T -f L)(p — 1), 

and © = T-\- Vo {T-\- L)(/i — 1) (200) 


The last term may be taken from table III before used, or 
we may compute it by the method given in Art 90 We there 
found the hourly change in right ascension of the mean sun 
to be 9 s 8565 If we express ( T + L) m hours, we have 

“o = Vo + (7”+ L) 9 a 8565 

When this operation has frequently to be performed at 
any meridian other than Washington, it is a little more con- 
venient to use the sidereal time of mean noon at the merid- 
ian itself 

Let V = the sidereal time of mean noon at meridian whose 
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longitude is L Then if we consider L as reckoned towards 
the west, the Washington time of mean noon at the given 
meridian will be L, and we shall have 

V=Vo + L(f*-i), 

or V = Vo + 9’ 8565 L, L being expressed in hours 


Formula (200) then becomes 

0 = F+ T+ - x) • ( 2O 0 


Example I Longitude of Bethlehem = — 6 m 4° 9 3— h 1 1 12 > 
Mean solar time, 1881, July 4th, 9 11 oo m oo B 
Required the corresponding sidereal time 
From the Nautical Almanac, p 329, we find 


Vo 

_ 1112 X 9 s 8565, or from table III, 
NA.O'- 1 )L 


6 L 51“ 22 a 6x0 
— I s 096 


v= 6 h 51"" 2i B 514 

Mean solar time T= 9 h 00,11 ^ 000 

Table III, (m- 1) T + x“ 28’ 7 °8 


Sidereal time 


0 — 1 5 h 52” 1 50“ 222 


Example 2 T = 1881, July 4th, 2i h 7“ 3 8 2, Ann Arbor mean 

time Required © , 

Longitude of Ann Arbor = +26“ 43 s 1 — 4453 

Vo = 6" 51“ 22’ 610 
4453 X 9“ 8565, or table III, (j* — *)L = + 4 3 8 9 

V — &■ 5 i m 26 s 999 
T ■=■ 2i h 7 m 3 s 200 
= + 3 m 28 B 145 


Table III, (l* - 1 )T 
Sidereal time 


© = 4 h oi m 58 a . 3 44 
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To Conveit Sid.rcal into Mian Solar Time 

95 - This process, the converse of the pieceding, may be 
briefly stated as follows & J 

First Subtract from the given sidereal time the sidereal 
time of mean noon, we then have the sidereal interval past 
noon, viz , & — V r 

Second Convert the sidereal interval (© — V) into the 
corresponding mean time interval, by subtracting the quan- 
tity (© - V)[i - I) found in table II, N A 

The formula is as follows 


F)(l-I) (202 ) 

Example 1 Given i88i, July 4th, 15 11 52“ 50' 222 Bethlehem 
sidereal time 

Required the corresponding- mean solar time 


4 s before, 


Table II, (©_F)(i_I 
Mean time' 


IS 11 52 m 50 s 222 
V = 6 h 5 i m 2i b 514 

© — V = 9 b oi m 28 s 708 


I m 2 ga ^ 0 g 


T = 9 h oo m oo b 

Example 2 Given 1881, July 4th, 4 *> 1“ 58’ 344 Ann Arbor 
sidereal time 

Required the mean solar time 

0 = 41 i m 53s 344 

As before, y = & 5 1“ 26' 999 

© — V = 2i h io m 3 i s 345 
Table 11,(9 — r>(,— i) = 3 . 28 . I4S 


Mean time 


T = 2i h 7 m 03 s 2 
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It is sometimes necessary to convert mean solar time into 
sidereal, or vice versa, in reducing old observations made 
before the publication of the solai ephemens in the form now- 
employed Bessel’s Tabulce Rtgiomontance furnish the data 
necessary for solving the pioblem for any date between 1750 
and 1850 The method of using these tables for this purpose 
is fully explained in Art 362 of this work 


CHAPTER IV. 

ANGULAR MEASUREMENTS —THE SEXTANT —THE CHRO- 
NOMETER AND CLOCK 


96 The circles of astronomical instruments are graduated 
continuously from zero to 360° With ordinary field-instru- 
men ts the smallest division is commonly io / , though sometimes 
less The large cucles of fixed observatones are graduated 
much finer Fractional parts of a division are read by means 
of the vernier, or reading microscope 

The edge of the circle on which the division is marked is 
called the limb The circle or arm which carries the index 
is called the alidade 

The vernier, also called the nonius, is an arc carried by the 
alidade, and graduated in the manner described below, for 
measuring fractional parts of a division 

Let AB (Fig 14) be a portion of the limb of a circle Each 



Fig 14 


division is supposed to be one 
degree of the circle The arc 
CD , carried by the alidade and 
graduated as shown, forms a 
vernier 


In this case there are ten divisions on the vernier, cover- 
ing a space equal to nine divisions of the limb Each space 
on the vernier is therefore shorter by of one degree (equals 
6 ) than a space on the limb In the figure the index coin- 
cides with the zero-point of the limb , division one of the ver- 
nier falls behind division one of the limb, 6 division two of 
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the vernier falls behind division two of the limb, 2x6'= 12', 
etc , etc 

The method of using the vernier will now be clear by re- 
ferring to Fig 15 In this 
case the index falls between 
42 0 and 43 0 on the limb The 
reading of the circle is there- 40 ® 

fore 42 0 plus a fractional part 
of a degree This fraction is given by the vernier as follows 
Looking along the scale until we find a line of the vernier 
which coincides with a line of the limb, we find this to be the 
case with the one marked 4 Therefore, following down the 
vernier scale towards the zero-point, it is evident that 



Fig 15 


Line 3 of the vernier is 6' to the right of 45° of the limb; 
Line 2 of the vernier is 2 X 6'= 12' to the right of 44 0 of the limb; 
Line 1 of the vernier is 3x6'= 1 8' to the right of 43°of the limb; 
Line o of the vernier is 4 X 6' = 24' to the right of 42° of the limb. 


The reading is therefore 42 0 24' or 42 0 4, the number on the 
vernier where the line of the latter coincides with a line of 
the limb, giving the tenths of a degree at once 
In general let 

d = the value of one division of the limb , 
d' = the value of one division of the vernier ; 
n = the number of divisions of the vernier corresponding to 
n — 1 of the limb 


Then (* — l ) d = nd '> 

and d — d' = —d (203) 

d-d' is the least reading of the vernier W e have therefore 
the following very simple rule 
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To find the hast reading of a vernier Divide Ike length of one 
division of the limb by the number of spaces of the vernier 

For example, suppose the limb giaduated to 10', and the 
number of divisions of the vei mer-scale to be 60 Then the 
least leading of the vernier will be 


1 o' _ 600" 
60 ~ 60 ~ 


10 


// 


This is a very common ariangement 

In the vernier just descubed n divisions of the vernier 
were equal to n — 1 of the limb Verniers are sometimes 
made in which n divisions are equal to n -f- 1 of the limb 


Then {n + i)d = nd‘ and d’ - d = -d, as before 

72 

It is to be observed that in this case the reading of the ver- 
nier pioceeds in a direction opposite to that of the limb 
Many different forms of division and arrangement aie 
found m verniers, but they all follow the same general princi- 
ple, a practical familiarity with which makes the reading of 
any form of vernier very simple 


The Reading Microscope 

i^j^ nStea ^ veinier ’ in very fine instruments the 

a idade carries a microscope the optical axis of which is per- 
pendicular to the plane of the circle This is a compound 
microscope with a positive eye-piece In the common focus 
of the object-lens and eye-piece are the micrometei -threads 
for reading the circle The micrometer (Fig 16a) consists of 
a frame of brass, across which are sti etched two spider-lines 
Sometimes these lines make an acute angle with each other, 
as shown m the figuie , sometimes they are made parallel and. 
quite close togethei The plane of the frame is parallel to 
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the plane of the circle MN, and it is moved parallel to a tan- 
gent to the cn cle by the screw G Attached to the screw and 
revolving with it is the cylinder FE, graduated, as shown ni 
the figui e, for i ecording the fractional pai ts of a i evolution of 
the screw The cylinder is generally graduated into either 
6o or ioo parts Suppose now the distance betw een two 
divisions of the circle to be s', and that five i evolutions of 
the screw are just sufficient to move the cross tin eads over 
this distance then evidently one i evolution moves the tin eads 
over T If the head is divided into 6o paits, then each divi- 
sion of the head corresponds to a motion _ 
of the cross-threads over i" By making 
the screw sufficiently fine and increasing 
the number of divisions of the head, at 
the same time inci easing the power of 



^1 


>c 



Fig i 6 a —The Mictometer 


Fig x6 —The Reading Microscope 


the micioscope, this division of space may be carried to an 
almost unlimited extent For the purpose under considera- 
tion, however, we should soon reach a limit beyond which 
nothing would be gained by increasing the delicacy of the 
microscope 

For reading the entire number of revolutions of the screw 
there is sometimes a scale attached to the outside of the box in 
which the slide moves Moie frequently the scale is inside 
the box, placed at one side of the field of view When so 
placed it consists of a strip of metal in the edge of which 
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notches are cut, the distance between two consecutive notches 
being equal to one 1 evolution of the sci e\v. Every fifth notch 
is made de'eper than the others for facility in counting 
Suppose now the cross-threads to stand opposite the centie 
notch (which is generally distinguished in some manner), and 
the zero point of the head to be exactly at the index-mark 
The point in the field now occupied by the cross-threads is 
the fixed point to which all angular measurements are re- 
ferred it corresponds exactly to the zeio point of the ver- 
nier Suppose, fuither, the zeio-point of the cncle to be 
exactly under the intersection of the threads Now let the 
instrument be revolved on its axis thiough any angle the 
number of divisions of the cn cle which pass by this point 
of refeience will then be the measure of the angle 

For the purpose of fixing the idea, let the anangement be 
that described above, viz , the circle graduated to 5', and the 
micrometer reading to single seconds If now the revolu- 
tion of the instrument has brought the scale into the position 
shown in Fig 17, we see from the position of the threads 
that the entire angle passed over is between 45 0 15' and 
45° 20' By means of the screw let the cross-threads be 
moved so as to coincide with division 15' Then the entile 
number of 1 evolutions of the screw will 
give the number of minutes to be added 
to 45 0 15 ', and the fractional part of a 
revolution given by the head will be 
expressed m seconds Thus if the vv hole 
number of revolutions weie two, and the reading of the head 
53, the angle would be 45° 17' 53" I n making the bisection, 
the screw should always be turned in the same duection, to 
guard against the effect of slip or lost motion in the screw 
If the thread is to be moved m a negative direction it should 
be moved back beyond the line, and the final bisection made 
by bringing it up from the other side 
98 When everything is m perfect order a whole number 
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of revolutions of the screw is exactly equal to the distance 
between two consecutive lines on the circle This is pro- 
vided for by an arrangement for changing the focal length 
of the microscope, and for moving the object-lens neaier to 
or farther from the plane of the circle This adjustment is 
subject to small disturbances, on account of changes of 
temperature and other causes The eiror caused by an im- 
perfect adjustment is called the error of runs The coriec- 
tion for runs is found by reading the microscope on two con- 
secutive divisions of the cncle If this does not correspond 
to the exact number of revolutions of the screw, the excess 
or deficiency is to be distributed in the proper proportion 
to measurements made with the screw 

For determining the correction a number of readings 
should be made in different parts of the circle in order to 
eliminate from the result the accidental errors of graduation 
Some observers in certain kinds of work always read the 
micrometer on both divisions of the limb between which the 
zero point falls For example, in Fig 17 the micrometer- 
thread would be set on both division i 5 / and 20 , thus eliminat- 
ing from the resulting reading the effect of runs, and to some 
extent the accidental errors of graduation and of bisection 
For lnsunng greater accuracy two or more microscopes 
or verniers are used When there are two they are placed 
opposite each other, or 180 0 apart When there are three 
or more they are placed at uniform distances around the 
circle If the probable error of the reading of one micro- 

1" 

scope be i", that of the mean of two will be *-^=. = " 7 1 > 

1" 

that of four will be —7- = " 5 
V4 

The principal value of two or more microscopes, however, 
is for eliminating the error of eccentricity 


* See Introduction, Art 14, Eq (25) 
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Eccentricity of Graduated Circles 

99 Tne centre of the alidade seldom coincides exactly 
with the centre of the graduated circle This deviation 
n nr from exact coincidence is called lc- 

® centncity 

In order to understand the effect 
of eccentricity, let 

C be the centre of the cn cle , 

C\ the centre of the alidade , 

O , the zero-point ot the limb, 
a, the point on the limb where it is 
intersected by a line joining C 
Fig 18 and C' , 

C'n , the direction of the line drawn from the centre of the 
alidade to the zero-point of the vernier when the 
telescope is directed to any object 

The true position of the object is given by the direction 
of the line C'n, while the reading of the circle gives the 
direction Cn, differing from the former by the small ande 
n’Cn = CnC 9 


Let now 


CnC — p , 
CC = e§ 
Cn = r , 
Cn = r\ 


Angle OCn = n , 

OCot — a 

Then C Cn = n — a. 


From the triangle C Cn we have 

r f sin / = e sin (n - a), 
r l cos p = r — e cos {n — ot ) , 


tan / = 


Sin (n — a) 


I — — cos (n — a) 
r x J 


from which 


• • (204) 
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The angle p will always be small, and the denominator of 
(204) differs but little from unity We may therefore write, 
without appreciable error, 


£ 

p — — sin ( n — a) (205) 

IOO It is more elegant to expand the above expression into a series m terms 
of ascending powers of - Equation (204) is of the form 

sin p _ asm jc 
cos p ~ i — a cos x } 

from which we readily find 

sin/ = a sin (/ + x) (206) 

Now add sin (/ 4 " x ) to both members of (206) , then subtract sin (p + x) from 
both members , finally, divide the first expression by the second 

sin p -f~ si n (/ + x) ___ {a + 1) sin (p -f- x ) 
sin / — sin (p + x) — {a — 1) sin (p + #) 9 


j . L d 

from which tan (/ + i x ) = T _ a tan (207) 

Applying to this the process of development made use of in Art 74, Eq (137), 
we find 


p = a sm x -|- sin 2x 4- i^ s sin 3#, etc 

Writing for a and x their values and dividing by sin 1", m order to express p m 
seconds of arc, we find 

* = Tiib 7 Sm “ a) + ShTHTF 7 •» - «) + Sln 3(*-«5 (* 08 ) 


The first term is identical with (205), and will always give the necessary accu- 
racy without using the following terms 

101 Besides the eccentricity above considered there is a 
similar effect due to the play of the axis of the instrument in 
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its socket This is not a determinate quantity like that we 
have been considering, but when two verniers or microscopes 
i8o° apart are used, the effect of both will be eliminated, as 
appears from the following . 

Let n' and n" be the readings of the two microscopes , 
n, the true value of the angle 

Then from the first microscope 

n — n' -}- e" sin (n! — a). 

Similarly, n = n" -f e" sm \n" — a) 

In which e" has been written for — - 

r sin 

i 

Now n" differs very little from i8o° + ri, so that no appre- 
ciable error wall be introduced by writing the second of the 
above equations 


n — n" e" sin [i8o° -|- in' — a)] = n" — e" sin (n r — a) 

Therefore n = \{n! n"), from which the correction for 

eccentricity is eliminated In a similar manner it may be 
shown that the mean of three microscopes will be free from 
the effect of eccentricity In case of four, as the mean of 
each pair i8o° apart is free from this error, it follows that 
the mean of the four will be 

The constants e" and a may be determined very readily by 
taking readings in different parts of the circle , but with a 
complete circle they will not be required It is only in 
the case of the sextant, where we have a limited arc of the 
circle read by a single vernier, that this becomes a matter of 
importance The application to this case will be considered 
m the proper place 
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The Sextant 

102 In the determination of time and latitude when ex- 
treme accuracy is not required, the sextant is one of the most 
convenient and useful of astronomical instruments It is 
light and easy of transportation , in observing it is simply 
held in the hand, and consequently entails no loss of time m 



Fig I9 —The Sextant 


mounting and adjusting , it is therefore especially adapted to 
the requirements of navigation and exploration For use on 
land the sextant is sometimes mounted on a tripod, which 
adds something to its accuracy When the instiument is 
used by a skilful observer, however, the advantage is not 
great In most cases where such an ariangement could be 
made use of the sextant will not be employed at all, but will 
give place to an instrument of greater precision 
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The principal features of the sextant may be seen from 
Fig 19 The graduated aic is about 6o° in extent, hence the 
name, sextant This arc of 6o° is divided into 120 parts, 
called degrees for reasons which will soon appear The arc 
commonly reads directly to io', and by means of the vernier 
to 10" A mirror, C, called the index-glass, is attached to the 
arm carrying the vernier, and revolves with it about a pivot 
at the centre A second mirror, N, is attached to the frame of 
the instrument, and is called the horizon-glass Only half of 
this glass is silvered, viz, that next the plane of the instru- 
ment — an arrangement which makes it possible to see an ob- 
ject directly through the unsilvered pait by means of the 
telescope, and at the same time the image of the same object, 
or of a second one, reflected from the silvered part of the 
mirror In order to make these images equally distinct an 
adjusting-screw is provided (not shown in the figure), by 
which the telescope can be moved nearer to the plane of the 
instrument or farther from it Attached to the frame are sev- 
eral colored glasses, £ and F, which may be brought into a 
position to protect the eye when observing the sun These 
are sometimes attached to an axis so that they can be at once 
reversed, the object being to eliminate any error due to want 
of parallelism of the surfaces by taking half of a senes of 
measurements in each position. There is also a revolving 
disk attached to the eye-piece of some instruments containing 
a number of colored glasses of different shades Other minor 
features can best be learned by the inspection of the instru- 
ment itself 

103 The principle which lies at the foundation of the sex- 
tant and instruments of like character is the following If a 
ray of light suffers two successive reflections m the same 
plane by two plane mirrors, then the angle between the first 
and last direction of the ray is double the angle of the mir- 
rors In Fig 20 let M and m be the two mirrors supposed 
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perpendicular to the plane of the paper, let AM be the hist 
direction of a ray of light falling on the minor M , it will be 
reflected in the direction Mm, and finally fiom in in the direc- 
tion mE Draw MB parallel to mE, ilfPpcipendicular to M, 
Mp perpendicular to m The angle between the lirst and 



last direction of the ray is equal to the angle AMB The 
angle between the minors is equal to PMp We have now 
to show that AMB — 2 PMp 

Considei first the mirror in The incident lay Mm makes 
with the normal the angle 

Mmp' — mMp = pMB = pMP + PMB • («) 

Consider now M The angle 

(*) 


inMP = PM A = AMB + PMB 
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Subtracting (a) from ( 6 ), 

mMP — mMp — AMB — pMP \ 
from which 2 pMP — AMB Q E D 

If now the angle between two objects is to be measured, 
the instrument is held so that the plane of the graduated arc 
passes through both The telescope is then dnected to one 
of the objects, which is seen through the unsilvered part of 
the horizon-glass, and the index-arm is revolved until the re- 
flected image of the second object is brought m contact with 
the direct image of the first The reading of the limb will 
then be the required angle , the graduation before explained, 
viz , each degree being divided into two, gives the angle 
between the objects, which is twice that of the mirrors 

104 In the prismatic sextant of Pistor & Martins (Fig 21) 
the horizon-glass is replaced by a totally reflecting prism 
The arrangement has this advantage, viz , that by its use 
angles of all sizes from o° to 180 0 , and even larger, can be 
measured, while the common form of sextant is not adapted 
to the measurement of angles much greatei than 120° 

In using the instrument the prism B intei feies with the 
rays of light which should reach the index-glass, A , when 
the angle is about 140° , but angles of this magnitude may 
be measured by turning the instrument ovei and holding it 
in the revei se position If, for instance, the double altitude 
of the sun is being measured, the instrument will ordinarily 
be held in the right hand, with the ai c below and the tele- 
scope above If, however, the double altitude is about 140°, 
the instrument must be held in the left hand, with the tele- 
scope below and the arc above In case the head of the ob- 
server interferes, as will be the case when the angle is near 
180 0 , the difficulty is overcome by means of the, prism R 
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placed back of the eye-piece so as to reflect the rays of light 
coming through the telescope in a duection at light angles 

to its axis 

105 The arc of the sextant may be extended to an entire 
circumference, and the index-arm produced so as to carry a 
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Fig 2i —The Prismatic Sextant 

vernier at each extremity The instrument then becomes 
the simple reflecting circle As previously shown, this ai range- 
ment possesses the advantage of eliminating the eccentnci y, 
and to some extent the errors of graduation This instru- 
ment is used precisely like the sextant 
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Other forms of reflecting circles have been made possess- 
ing advantages in certain directions, but they do not seem 
to have met with great favor, although they are theoretically 
much more perfect instruments than the sextant , pi actically, 
however, this superiority is not so great This is no doubt 
due m part to the fact that, except in the hands of an obser- 
' er of more than usual skill, the errors of observation are so 
great as practically to neutralize their greater theoretical 
advantages 


Adjustments of the Sextant 

106 First Adjustment The Index-GLASS The plane of 
the reflecting surface must be perpendicular to the plane of the 
sextant 

To ascertain whether this is the case, place the index near 
the middle of the arc, then look into the glass so as to see 
the image of the arc reflected If the adjustment is perfect, 
the arc seen directly will be continuous with its reflected 
image. 

This adjustment is attended to by the maker and is not 
liable to derangement , for this reason no provision is com- 
monly made for correcting a want of perpendicularity It 
may be corrected when necessary by removing the glass 
from its frame and filing down one of the points against 
which it rests, or by loosening the screws holding the frame 
to the index-arm and inserting a piece of paper or other thin 
substance under one side 

107 Second Adjustment The Horizon-GLASS The plane 
of this mirror must also be perpendicular to the plane of the 
sextant 

The index-glass must first be m adjustment, if then it is 
possible to place it in a position parallel to the horizon-glass 
by moving the index-arm, then the latter will also be pei- 
pendicular to the plane of the sextant To test this adjust- 
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ment proceed as follows: Bring the index near the zero- 
point and dnect the telescope to a well-defined point — a star 
is best If then the index-arm be moved slightly one way 
and then the other — the plane of the instrument being verti- 
cal — the reflected image of the object will move up and down 
through the field If the adjustment of the two glasses is 
perfect, the two images ma) be made to coincide exactly, 
otherwise the reflected image, instead of passing over 
the direct, will pass to one side or the other of it Two 
small capstan-headed sciews are provided for making this 
adjustment when necessary A pair of adjusting-sci ews is 
also provided for coriecting the position of the glass in the 
opposite dnection, viz , to make it parallel to the index-glass 
when the vernier is at zero If the direct and reflected 
image of the star are brought into exact coincidence by 
means of the tangent-sciew, the leading of the vernier, if 
not zero, is called the index eiror The screws just men- 
tioned are for correcting this eiroi It will be found better 
in practice not to attempt this adjustment, but to determine 
the error and apply the neccssarj correction to the angles 
measuied as will be explained heieafter 

108 Third Adjustment The axis of the telescope must be 
parallel to the plane of the instrument 

Two parallel thieads aie placed in the eye-piece to mark 
approximately the middle of the field they should be made 
parallel to the plane of the instalment by revolving the eye- 
piece The axis of the telescope will now be the line drawn 
through the optical centie of the object-glass and a point 
midway between these lines To determine whether this 
line is parallel to the plane of the instalment, select two 
well-defined objects ioo° or more apart, and bring the re- 
flected image of one m contact with the direct image of the 
other, making the contact on one of the thieads , then move 
the instrument so as to bring the images on the other thread 



PRACTICAL ASTRONOMY 


I90 


§ 109 


If the contact still remains perfect, the line is m adjustment ; 
if any correction is required, there will be found a pair of 
screws for the purpose on opposite sides of the ring* which 
holds the telescope 

The above test will be found difficult to apply, especially 
if the observer has not a considerable amount of experience 
in the use of the instrument One less difficult is the follow- 
ing Place the instrument face upward on a table, then lay 
on the arc two strips of metal or wood, the width of which 
must be the same and equal to the distance of the axis of the 
telescope from the plane of the instrument Now sight 
across the upper edges of these strips, and have an assistant 
mark with a pencil on the wall of the room (which should be 
15 or 20 feet distant) the place where the sight-line inter- 
sects it, then, without disturbing anything, look through the 
telescope, which has been previously directed to this part of 
the wall and properly focused, and see whether this mark 
is found m the middle of the field , if so, then the adjustment 
is satisfactory. 


Method of Observing with the Sextant 

109 To Measure the Distance between Two Stars Direct 
the telescope to one of the stars, then revolve the instrument 
about the axis of the telescope until its plane passes through 
the other (taking care to have the index-glass on the right 
side), then move the index-arm until the image of the second 
star is brought into the field, clamp the instrument and bring 
the two images into perfect contact by means of the tangent- 
screw The reading of the vernier corrected fin- index error 
will be the required distance Unless the two stars are quite 
near each other it will be expedient to compute the distance 
approximately before attempting the observation The in- 
dex may then be set at the approximate distance, which will 
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greatly facilitate finding the two images A common obser- 
vation of this character is that of observing the distance of 
the moon fiom the sun or a star for determining longitude 
In the Nautical Almanac will be found given for every day 
throughout the year the distance of the moon horn the sun y 
and ceitain stars and planets, which may be used for this 
purpose The index may at once be set at the approximate 
angle without any preliminary computation It the distance 
of the moon from a star is measured, the image of the star is 
brought into contact with the bright limb ol the moon, the 
contact being made at the point where the gieat circle join- 
ing the star with the centre of the moon intersects the limb 
To ascertain this point the instrument must be revolved 
through a small arc back and forth about the axis of the 
telescope (supposed to be dnected to the star), the image of 
the moon’s limb will then pass back and forth across the 
field, and should appear to pass exactly through the centre 
of the star’s image, which will in general not be reduced to 
a simple point by the feeble telescope of the sextant 

This distance is to be corrected for the moon’s semidiam- 
eter m order to give the distance between the star and the 
centre of the moon 

In measunng the distance between the moon and sun, the 
bright limb of the moon is bi ought in contact with the near- 
est limb of the sun The measured distance must then be 
corrected for the semidiameters of both moon and sun 

no Measurement of Altitudes At sea altitudes are meas- 
ured by bunging the reflected image of the body in contact 
with the line of the horizon as seen directly through the 
telescope In order that the lesult may be coirect the 
plane of the instrument must be held exactly vertical To 
accomplish this the instrument is revolved or vibrated 
slightly about the axis of the telescope, at the same time 
moving it so as to keep the image m the centre of the field* 
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The image will appear to describe an arc of a circle, the 
lowest point of which must be made tangent to the honzon 
by moving the index-arm If the sun is observed, the lower 
limb must be made tangent to the honzon As the altitude 
of the sun’s centre is required, the reading of the vernier 
must be corrected for index error, refi action, parallax, and 
semidiameter If a star is observed, there will be no con ec- 
tion for semidiameter or parallax 

hi For observing altitudes on land the artificial honzon 
must be used This is a shallow basin, about 3 inches by 5, 
for holding mercury It is provided with a roof formed of 
two pieces of plate glass set at nght angles to each other in 
a metal frame, for protecting the mercury from agitation by 
the wind The surface of the mercury forms a mnror fiom 
which the image of the sun or star is reflected , and as it is 
perfectly horizontal the reflected image will appear at an 
angular distance below the horizon equal to the altitude of 
the body itself above the horizon If now the image of a 
star reflected fiom the mirrors of the sextant is brought into 
contact with the image reflected from the mercury , the angle 
which will be measured is evidently twice the altitude of the 
star 

The opposite sides of the glass plates forming the roof to 
the horizon should be exactly parallel, otherwise the pris- 
matic form intioduces an error into the measured angle It 
is possible to derive a formula for the correction necessary 
to free an observation from this source of error, but it will 
be better in practice to observe half of a senes of altitudes 
with one side of the roof next the observer and then reverse 
it, taking the remaining half m the opposite position 

The mercury must be freed from the particles of dust and 
impurities which will generally be found floating on its sur- 
face It may be strained through a piece of chamois-skin 
or through a funnel of paper brought down to a fine point 
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at the end Another method is to add a small amount of tin- 
foil to the mercury, when the amalgam which will be formed 
will rise to the top and may be drawn to one side with a 
card, leaving the surface entirely free from specks of any 

kind 


1 13 In measuring altitudes for any purpose, a number of measures should 
be made in quick succession and the mean taken In this way the accidental 
errors of contact and reading will be greatly diminished Thus in taking the 
altitude of the sun for determining the time, a series of not less than three alti- 
tudes should be measured on each limb Suppose the observations made when 
the sun is east of the meridian, and the altitudes therefore to be increasing, the 
readings on the upper limb will be made first, as follows Set the index on an 
even division of the limb at a reading io' or 15' greater than the double altitude 
of the upper limb When the two images are then brought into the field they 
will appear separated, but will be approaching each other The observer 
watches until they become tangent, when the time is carefully noted by the 
chronometer The index is then moved ahead to , 15 , or 20 , and the sam p 
cess repeated A little practice will enable the observer to take the altitudes in 
this manned at intervals of to' without difficulty, in which case jtjj mgs 
may be taken which will correspond to an increase of 40 in the Rouble altitude 
or 20' in the actual altitude As the sun’s diameter is about 32 of arc the nde 
may now be moved back to the first reading, and five readings on the to 
limb taken at the same altitudes as before In this case the images will overlap 
and will gradually separate, the time to be noted being that when the two disks 

^IfdwTsun is observed west of the meridian, the readings on the lower limb 
will be made first The altitudes will of course be decreasing 

Xi 3 The beginner will sometimes find difficulty in bringing the two images 
into the field together A convenient way of accomplishing this is as foUows^ 
Bring the index near the zero-point and direct the te escope m’ercurv 

two images will be seen, then bring the mstrument down towards the mercury 
horizon, at the same time moving the arm so as to keep the reflected 1 an ^g 
the field until the image reflected from the mercury is found, when both will 
in the field together A little practice will make this process very easy 
In observing stars care must be taken to avoid bringing ^ 
one star in contact with the reflected image of another Sometimes asmall 
level is attached to the index-arm to facilitate finding the reflected image, and 
at the same time for preventing mistakes of the kind ]us m . m 

be shown geometrically that when the two images of anv star are h the 
contact in the manner we have been describing, the angle formed with the 
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When observations are made on the sun for any purpose, 
the gradual heating up of the instrument sometimes changes 
the value of the index correction For this reason some ob- 
servers determine its value both at the beginning and end of 
such a series of observations The following example taken 
from the Astronomische Nachruhten , Band 23, No 548, will 
illustrate this, and at the same time the application of for- 
mula (209) 


First Determination 

Second Determination 

On arc 

Off arc 

On arc 

Off arc 

32' 20 " 

30' 60" 

3 *' 5" 

31 ' 15 " 

2d' 

60" 

d' 

IO" 

25 " 

So" 

0" 

20 " 

2d' 

So" 

0" 

IO" 

r= 32' 21". 2 

r 1 = 3c/ 55" 

r = 32' 1" 2 

r' = 31' 13" 

1= - 

>— » 

/ = 

- 2 3 // -7 


Eccentricity of the Sextant 

Il6 As the arc of the sextant is limited and is read by a 
single vernier, the effect of eccentricity is not eliminated , it 
should therefore be investigated This can only be done by 
comparing the values of angles measured by it with their 
known values determined in some other way The angles 
between terrestrial objects may be measured with a good 
theodolite, and the same angles measured with the sextant, 
or, what is better, stars may be used 

In using stars for the purpose we may proceed m either 
of two ways 

First , by measuring the distances between known stars The 
right ascensions and decimations of the stars will be taken 
from the Nautical Almanac (it will be best to use none 
except Nautical Almanac stars for the purpose) The posi- 
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tions of the stars as they seem to us will differ from those 
given in the Nautical Almanac by the amount of refraction 
m a and The necessary corrections must be computed 
by (194), and the apparent distances of the stars by (IV) or 
(IV),, Art 67 

Second, by measuring the altitudes of known stars. The lati- 
tude of the place of observation must be known and the true 
time Then from (II), Art 65, the true altitude of the 
star may be computed, or, if it is very near, the meridian 
formula (244) may be used This altitude must be corrected 
for refraction to make it comparable with that measured by 
the sextant Whatever plan is adopted, the angles chosen 
should be such that the measurements will be distributed 
with some approach to uniformity over the entire arc of the 
sextant 

Let n' = the value of the angle given by the instrument ; 
n = the true value of the same angle , 
z = the correction of zero-point for eccentricity 

Then since in the sextant the reading of the arc is double 
the actual angle passed over by the index-arm, we shall have, 
from formula 208, 

p-\n - in' — *)] = 2 e fl sin (i* — a) , 

and for the zero-point, z = — 2e" sin a 

Subtracting, n - ri = 2*"[sm (\n — a) + sin nr] , 
from which n — n f = \e" sin \n cos (i n ol) ( 2I °) 

When the constants e n and <x are to be determined from ob- 
servation, equation (210) must be transformed as follows 
Expanding cos (^11 — a), the equation becomes 

(4^" cos a) sin \n cos \n -j- (4^ sin a ) slllS i n = n n 
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Let 4e''cosa= x, ) .... (21 1) 

4e" sin a = y , I 

z = the sum of any outstanding constant errors , 
sin \n cos \n = A, a known coefficient , 
sin° in = B, a known coefficient , 
n — n' = N, the quantity given by observation 

Then each measured angle gives us one equation for deter- 
mining the unknown quantities x, y, and z, viz , 

A x + By + s — N . . (212) 

If everything weie perfect, three such equations would 
completely solve the problem In order to obtain a result of 
practical value, liowevei, a considerable number of angles 
must be measured and the resulting equations combined by 
the method of least squaies 

Having detei mined x and y, we have e" and ex from (21 1) 
With these values a table of coirections is then to be com- 
puted by (210) 

These corrections may be computed for intervals of io°, 
from zero up to the laigest angles ever measured with the 
msti ument The correction for any intermediate point may 
then be taken out by interpolation 

Example * 

We give as an example the investigation of the eccentricity of sextant “ Stack- 
pole 4152,” made by Prof Boss of the U S Northern Boundaty Survey The 
observations were made 1873, August 20, at the U S Astronomical Station 
No 8 

Latitude = cp = 49 0 i' 2 1 ' 4 , determined by zenith telescope f 
Longitude = L — i h 4i ,n iS B west of Washington 


* For a full understanding of the details of this example a knowledge is re- 
quired of some principles which are explained latei It will be advisable to 
read Chapter V before attempting it 
fSee Chapter VIII 
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Eleven angles weie carefully measured, each measurement consisting of ten 
readings All except two were measurements of double altitudes of stars All 
were north stars except one, vi, , a Aquilce , observed on the meridian The 
north stars were in most cases observed both before and after meridian pas- 
sage , by this arrangement any small undetermined error of the time is practi- 
cally eliminated 

The chronometer correction was determined by measuring the altitudes of 
cl Bootis west of the meridian and a Andiomeda east both being observed at 
exactly the same altitude * 

The two angles which form the exception above referred to were measure- 
ments of the distances between a A?idiomtda. and ol Pegasi, and a Uisa Mmons 
and y Cephu respectively 

I he index correction, determined both at the beginning and end of the series, 
was as follows 

Beginning, I = — 3' 43" 

End, / = — 3' 42" 5 

The following will serve as a specimen of the form of re-cord and method of 
reduction The series of ten readings is divided into two parts so that one may 
serve as a check on the other 


Double Altitude of a Ursa Majons 


Sextant 

Chronometer 


Sextant 

Chronometer 

I 63° 25' 50 ' 

I$ u I2 in 

21 s 

6 

62° 39 45" 

I9 h 17“ l8 a 

2 15 50 

13 

23 

7 

29 50 

18 22 

3 63 6 45 

14 

23 

8 

21 10 

19 16 

4 62 57 10 

15 

21 

9 

13 5 

20 12 

5 48 10 

l6 

20 

10 

3 55 

21 9 

Means 63° 6' 45" 

19 11 I4 m 

21 s 6 


62° 2l' 33 ' 

I9 h I9 m 15 8 4 

Chron correction 

AT — 22 

50 0 



AT — 22 50 0 

True time = 0 =. 

i8 h 5i m 

31 s 6 



iS a 56 m 25 s 4 

From ephemeris, a — 

10 55 

52 0 



10 55 52 0 

Hour angle t = 

7 " 55 ” 

39 s 6 



gh 0 m 33 » 4 

“ / = 

ri8” 54 

54" 



120° 8 2l" 


The true altitude of the star at the instant of observation is then computed by 
formulae (II), Art 65 


* See Articles 125, 126, and 127 
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<p = 49" oi' 2" 4 
*5 = 62° 26 11 ' 3 
t =iiS° 54 ' 54 " o 
M- 75 ° 50 ' 7 ' 4 
cp — 71 / =124 51' 9" 8 
a =151° 3 8 I 5 " 2 
h = 31 0 29' 58 ' 3 
Refraction r = 1 3 ° " 4 

A' = 31 0 31' 28 f 7 
2/« = 63° 2' si" 4 
Index Cor / = 3 43 " o 

Computed n = 63° 6' 40 ' 4 
Measured 11' — 63° 6' 45" o 


n — ri = ~ 4" 6 


tan 5 = o 2S2349 

cos 2f = 9 684407*1 tan * = o 25776911 
tan J/ = o 597942*1 cos = 9 388649 
cosec (9) — A/) = o 085856 
tan 0=9 732274 w 


Proof 9 474505 

cos S — 9 665329 
cos t = 9 684407^ 


9 349736ft 

tan (9?— Af) = 0 157152ft 

cos <2=9 944463,1 cos a = 9 944463a 
tan h = 9 7 8 73H cos h = 9 930763 


9 875231ft 
Proof 9 474505 


cp = 49° 01' 02" 

*5 = 62° 26' ii' 3 
/ = 120° 8' 21" o 
M - 7s° 18' 50 ' 1 
cp — M - 124° 19' 52' 5 
a - 152 3 i S '" 6 
h = 31 ° 7' 16" 5 
r= 3T ' 7 

//= 3r* 8' 4 8"2 
2/*' = 62° 17' 36" 4 
Index Cor / = 3' 43" o 

Computed n = 62° 21' 19" 4 
Measured ri = 62° 21' 33" o 


tan 5 = o 282349 

cos t = 9 700792,1 tan t = o 2361 28 n 
tan Af = 0 581557ft cos M — g 404017 
cosec (<p — 71/) = o 083130 


tan = 0 165609ft 
cos a = 9 946462 
tan h = 9 780853 


tan = 9 723275 n 

Proof 9 48/147 

cos 5 = 9 665329 
cos * = 9 700792ft 

9 366121ft 

cos a = 9 946462ft 
cos h = 9 932512 


Mean = TV' = — 9" 1 


9 87897411 
Proof 9 487147 


The computation for determining the true angular distance between 


* The declination, 5, is taken from the ephemens 
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cx Andtomedce and a Pegasi is also given in full 
for 1873, August 20 — 


We take from the ephemeris 


ct Andtomedce cx = o h i m 51 s 78 a Pegasi a — 22 h 58“ 28 s 50 
& = 28 0 23' 30'' 8 6 = 14 0 31' 33” 2 

The observed distance was 20° 15' 20" 5 
Chronometer time 20 h 26 111 3 s 6 
Refraction factor B X t X T = 960 [See Eq (1S7) ] 

We first determine q and z by equations (XII), then the refraction in right 
ascension and declination by (194) 

a Andromeda: 


7 =5 

20 h 

26 m 

3 8 6 



AI = 

— 

22 

50 



0 = 

20 

3 

13 6 



cx = 

O 

1 

51 8 



/ = — 

3 h 

5 b m 

3S s 2 



f = — 

59" 

39 

33 

cos t = 9 70341 tan t — 0 23262,* < 

cos / = 9 70341 

= 

49 

1 

2 4 

cot <p = 9 93890 

cos q> = 9 81679 

A r = 

23 

41 

39 

tan N = 9 64231 sin jV = 9 60407 

9 52020 

6 = 

2S 

23 

31 



+ Af 

52 

5 

10 sec(S+^0 = 21 1 50 cot = 9 89147 


<7 = — 

48 

10 

21 

tan q = 04819,* cos q = 9 S2405 

cos q = 9 82405 

3 = 

49 

25 

46 

tan z — 06742 

sin 5 = 9 88059 


9 81557 

From table, mean refraction = 6S" 1 
Factor = 960 

a Pegasi 


— Proof — 

Therefore r = 65" 4 


9 70464 
9 8i 556 


T = 

20 h 

26 m 3 8 6 


J7 = 

- 

22 50 


0 = 

20 

3 13 6 


a = 

22 

5S 28 5 


/ = 

— 2 h 

55 ra H* 9 


* = 

— 43 3 

48' 44" cos t = 9 85830 

tan 7= 9 9Si99» cos t = 9 85830 

<P = 

49 

1 2 4 cot cp = 9 93890 

cos <p = 9 81679 


32 

5 2 tan JV = 9 79720 

sin AT = 9 72523 9 6 7509 

$ = 

14 

31 33 



d + JV = 46 36 


q -= — 36 

« = 49 


35 sec (d = 16307 cot = 9 97558 

5 tan q = 9 870297* cos = 9 90479 cos q = 

o tan z = 07079 sin z = 

9 88830 —Proof — 


9 90479 
9 88201 
9 78680 
9 88829 


— Proof — 
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Mean refraction = 68” 6 

Factor = 960 Therefore r - 65” 9 


By (194)— 


cos q = 9 
log r = 1 
sin q — 9 
log di 5 - I 
cos < 54 ta = 1 
15 cos < 5 =i 
log da = 


a Andromeda 

82405 

8155S 

87225% 

63963% dd = — 43" 6 

68783 So = 28 23 30 8 

12043 S = 28 24 14 4 

56740 da = + 3 6 9 

cr 0 = 01 51 78 

a — o h i m 48 s 09 


a pEGASI 

cos q = 9 9°479 
log r ~ 1 81889 
sm y = 9 775o8» 

log d$ = 1 7 2 368% d$ = — 52” 9 

cos 8 da = 1 59397 So = 14 3 1 33 2 

i5cosS = 1 16198 8 — 14 32 26 1 

log da = 43199 dta = 4 - 2 70 

d'o = 22 58 28 50 
a — 22 h 58 m 25 8 80 


These values of the right ascensions and declinations of the stars are the ones 
to be employed in computing the apparent distance between the two stars by 


equations (IV) 1 





a' = 

24 11 

i m 

48 s 

OQ 


a = 

22 

58 

25 

80 


a r — a = 

I h 

3 m 

22 ® 

29 


a' — a = 

15° 

50' 

34 

35 

COS (cd — Ci) : 

8 - 

14 

32 

26 

1 

cot 8 

N- 

74 

54 

39 

6 

tan N 

8’ = 

28 

24 

14 

4 


N + 8' = 

103 

18 

54 

0 

cot (jV+S') 

3 = - 

49 

57 

5 

9 

cos B 

d- 

20 

11 

39 

8 

tan d 

I- 


3 

43 



n = 

20 

15 

22 

8 


n = 

20 

15 

20 

5 


n — ri = 

+ 


2 ” 

3 : 

-N 


9 983181 tan (a' - a) = 9 452982 
586075 sin N = 9 984762 

569256 sec {N + S ) = 637698% 

tan B — 075442% 

9 374^36% ... •. 

9 808504 Proof 622460 

9 565632 

cos ( a ' — a) — 9 983181 
cos S = 9 985862 
9 969043 


cos B = 9 808504 
sin d = 9 538079 
9 346583 
Proof 622460 


The value of ^obtained by the original computation, and which is employed 
in our equations, is 2” 2 The difference is of no importance here 

N is nowthe absolute term of equation (212) For the coefficients A = sin in, 
cos in, and B - sin 8 \n we must employ for n not the above angles, but the angle 
corresponding to the point on the limb which coincides with the vernier scale For 
example, the first measured angle of the fiist series is 63° 25 50 The limb 
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was graduated directly to 10' , these intervals were subdivided b\ the vernier to 
10" The zero point of the vernier falls between 63° 20' and 63° 30', then read- 
ing along the vernier to the point where coincidence takes place, we find this to 

be at the reading 69° 10' of the limb It is therefore the eccentricity of this 
point by which our angle is affected, and not that of the point 63° 25' + 

In this way we find the point of contact for each reading of our series as 
follows 

Point of contact = 69° xo' 

= 69° 00' 

= 69° 45 ' 

= 70° oo r 
= 70 ° 50 ' 

= 72 ° 15' 

= 72 0 10' in — if n'i / sin = 9 47075 

= 63° 30' / cos = 9 98014 

— 65 0 15' A = o 2824 log A = 9 45089 

— 65 0 55' B — o 0874 log B — 8 94150 

Mean = n = 68° 47' 

Therefore from this series we derive the equation 

o 28243; + 0 0874 y + z = — 9" 1 

By proceeding in a similar manner with each of the eleven angles measured, 
the following equations of condition are obtained 


0703.3; + 00507 + z — — 5 5 » 
11043; + 01237 z — 22, 
20193; + 04257 z — — 73, 
23413; + 05827 + z = — 17 5 t 
28243; + 08747 + zr = — 9 
32953;+ 1239V + z = — 18 5 , 
35863;+ 15157 + 2 = “ 10 5 . 
39333; + 19137 + st = — 14 °> 

39973; + 19967 + z = — 24 o, 

42443; + 23577 + z = — 46 2, 

44233; + 26687 + z = — 28 6 


It will be seen that the coefficients of 3; and 7 are much smaller throughout 
than those of z, while the absolute terms are relativelv large It would there- 
fore be a little more systematic to render the equations homogeneous, as ex* 


63° 25' 50" 
15' 50" 
6' 45" 
62° 57' xo" 
48' to" 

39 ' 45" 
29' 50" 
21' 10' 
13' 5" 
62° 3' 55" 
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plained m Art 24, before forming the normal equations This has not been 
done, however 

The details of the formation of the normal equations (Articles 21 and 25) are 
as follows As the number of unknown quantities is three, we rule our sheet 

mto 2 ) (3 + _ 3 .) __ j _ vertical columns (Art 25), to which we have 

2 

added two columns for the residuals ( v ) and their squares (vv) These will be 
filled in after the unknown quantities have been determined 



No 

as 

bb 

bn 

bs 

nn 

ns 

V 

vv 

X 

2 

3 

4 

1 

7 

8 

9 

10 

XX 

+ 4622 

— 1189 

+ 1 7251 

4 3991 

2 9567 

6 5746 

4 3068 
<5 1294 
10 2319 
20 3118 

13 4°57 

00002 

00015 

ooi8r 

00339 

00764 

01536 

02296 

03657 

03982 

05554 

07x18 

7 0275 

+ 0271 

- 3*03 

— 1 0185 

~ 7953 

— 2 2922 

- 1 5907 

— 2 6782 

- 4 7904 

— 10 8893 

- 7 6305 

+ ° 3 2 9 

- 0x33 

4 - 363 1 

1 0937 
9151 

2 4722 

1 8x95 

2 98x3 

5 1096 

it 2806 

8 0865 

30 25 

4 84 
53 29 
306 25 
82 81 
342 25 
xto 25 
196 00 
576 00 
21 444 
817 96 

— 36 16 

~ 2 37 

- 62 37 

— 328 87 

- 95 28 

- 369 14 

— 126 11 

— 218 18 

- 614 0 8 

— 221 T 14 

- 86684 

+ 17 

- 6 x 
+ 1 0 
+ 97 

T *9 
+ 32 

- 8 2 

- 98 

- 0 9 
+ 16 6 

- 5 a 

2 89 

37 at 

x 00 

94 °9 

3 01 
to 24 

67 24 

96 04 

0 81 
275 56 

27 04 


70 3846 
[as] 

tar 

- 

34 U 1 * 

4654 34 
\nn\ 

- 1£] 84 


w 


The correctness of the work up to this point is now verified by substitution 
m proof-formulae (44) 

Therefore the normal equations are as follows 

1 1197.x- + 5i68y+ 324692? = — 655013, 

5168* + 2544^ *+ 1 3742* = - 31 9958 , 1 

3 2469A + 1 3742^ + xi 0000s = — 179 0000 





§ ll & ECCEN1 RICH Y OF SEXTAM 20$ 

For the solution of these equations we make use of the foim given in Art 32 


I 1 1197 

? = 0049102 


= o 462367 


Abet] 

'lurr” 0 *’”'- 




[ ab j 5163 | 

l — Q 713323 

[ tic ] = 3 2469 

l=o 511409 

\ an \ -65 5013 | 

l=i 816250^ 

|/w] 70 3846 

/ = 1 847478 

E 

[bb] 2544 

2385 

[be] 1 3742 

T 49SO 

[bn] - 3I 9938 I 
-30 2323 j 

[bs] 34 1412 

32 4802 


[bb ij 0159 

l — 8 20140 

[be ij - 12 14 
/ = q 09.48 n 

[bm]- 1 70 13 | 
l = 024638^1 

[&0 1 bsjo 

l=o 21880 

V 

E 


[ cc \ = II 0000 

9 4153 

[c n] — 1 79 0000 
-189 940 j 

I [<r$] 194 6211 

| 204 1009 



|>6i]= 15847 

9733 

[ cm ] = ro 14403 

13 7974 

[«i] = — 9 4798 

—12 9485 

II 


\[ cci ] = 6114 

1=9 78633 

[ cnz \— 28371 
1 =° 4559 2 n 

[CS2] -f 3 4687 

IIP 


o 66959a c = - 4" 673 


[»«] = 4654 j 4 M= -4930 84 Proof Formula 

3831 7 6 ~4 U 7 43 p [fojl-rMiWfcil-Ijtod, 

r „ tttt 11 Xj— 

[«»i]= 82258 [wi]- 81341 VII m , [ccifl-tcnai, 

i 95 59 -18356 VII [?miT= 

VIII W 92 ]= C7?2> — r»« 2], 

[;/» 2] = 62699 O? 2] — 629 85 VIII IX [«J3 ] = — [nn 3] 


0 \ 7 in i \= 02.150 * ** 

= 2 044g8 n q e e 

195 59 “ I °3 5° 

_ [fin 2]= 62699 [/w 2]— 62985 VIII 
= 066959. _ 16 21 


° 9S9a 13 35 — 16 21 The work is checked at the va- 

nous stapes by substitution m any 

[nni\= 61364 [ns 3]— 6x364 IX or all of the above proof-formulae 

: elimination equations (56) are here rewritten for convenience 

\aa~\x + [ a ^] v -f- [nt]s = [ a,z ] 

\bb 1] v + [he i> = \J»i 1] 


By substituting in these the coefficients, the logarithms of which aie in the 
hot uontal lines marked E in the foregoing scheme, we find 

y = - 147" 47, * = + 23" 12 

These values substituted in the equations of condition give the residuals v 
For the final proof of the accuracy of the entire computation we have, Eq (62), 

[»» 3] = [ vv 1 

The agreement, though not exact, is sufficiently close for our purpose, and as 
close as could be expected when the magnitude of some of the numerical quan- 
tities involved in the equations is considered 
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For determining the weights of x>y, and zwe employ equations (76), by means 
of which we find 

p z = 6114, p y = 006135, px = 01196 

The mean error of an observation we obtain by formula (88), viz , 


£ 


± 



= 8 " 7725 


The mean errors of x , y , and z are then given by equations (89) 


*• = -4= = 80" 21, = - 4 r = 112" oo, = -£=■ = 11" 22 

+>* v. 

These quantities multiplied by 6745 give the probable errors 

Collecting our results, we have the following values of y, z, with their 
probable errors 

x = + 23" x ± 52" 9> 
y =- 147" 5 ± 75' 5, 

2 =1 - 4" 7 ± 7" 6 


We next compute a table of corrections, to be employed with this instrument, 
by formulae (211) and (210), viz 


4/' cos a — x, 

4e" sin a — y } 

n — n' — 4*" sin in cos (in — a) 

We find 4 e " — *49" 3» or = — 8i° 6' 

Substituting for n successively io°, 20°, etc , we have the following table of 
corrections 


Angle 

Correction 

1 

Angle 

Correction 

0° 


0" 0 

8o° 

- 8 

xo° 

H 

h 0 " 7 

9 °° o 

— 13 " 4 

20° 

-i 

- o n g 

100 

- 17" 5 

30° 

- 

- 0" 5 

110° 

— 22" 0 

40° 


- 0" 5 

120° 

— 26" 9 

50° 

- 

- 2 n O 

I30 0 

— 32 f/ 1 

6o° 

- 

- 4 " 1 

I40 0 

- 37" 7 

70° 

- 

- 6" 7 
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Other Theoi etical Ei 101s 

1 17 In a complete theoretical discussion of the sextant there are several 
other sources of error which lequire consideration The more important of 
these are the following pnsmatic foun of the index glass, of the coloied glass 
shades, and of the honzon-ioof, want of pei pendiculanty of the planes of the m 
dtx and hoiizon glass to the plane of the instrument , inclination of line of colhma 
tion of telescope to plane of mstiumentj eriois of gi aduation of the limb 

With a good instrument well adjusted the effect of an\ one of these will be 
small, although they may combine together m such a uaj as to produce a very 
appreciable effect on the value of a measured angle Not much can be gained 
however, practically by investigating in detail the forms of the corrections re- 
quired The experienced observer will avoid these errors as far as can be 
done bv careful adjustment, and then will arrange his observations with a view 
to eliminating from the results such of them as remain undetermined See 
Art 127 


The Chronometer 

118 The chronometer is simply a watch made with special 
care, and xn which the balance-wheel is so constructed that 
changes of temperature will produce the least possible effect 
on its time of oscillation The test of a good chronometer 
is the uniformity of its rate from day to day It is impossi- 
ble to make an instrument so perfect that 24 11 as shown by it 
shall exactly correspond to one day, but its excellence is in- 
dicated by the uniformity with which it gams or loses 

The daily rate of a chronometer is the amount which it 
gams or loses in 24 hours 

The error of the chronometer is the difference between the 
time as shown by the face of the instrument and the true 
time 

The chronometer correction is the amount which must be 
added to the reading of the chronometei-face at any instant 
to give the true time, it is equal to the error with its sign 
changed 

It is a convenience to have the error and rate small, but it 


1 
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is not essential Clnonometeis are made in two different 
forms, viz, box-chionomcteis and pocket-chionometers 
The fust lorni of instrument is geneially suspended by- 
means of gimbals in a wooden box, in such a manner that, 
whatever the position of the box, the face of the instrument 
will maintain a honzontal position This arrangement is 
usetul at sea, but for transportation on land the instrument 
must be secuiely fastened, as otherwise the violent agitation 
produced by sudden shocks would be injurious The bal- 
ance-wheel of this form of instrument oscillates at half-second 
intervals 

The pocket-chionometer is geneially somewhat largei 
than an ordinary watch The oscillation or beat is a little 
moie rapid than with the box-chronometei , thus the pocket- 
instruments of T S and J D Negus beat five times in two 
seconds 

A chronometer regulated to sidereal time is moie conven- 
ient for observation on stars With the sun a mean time 
chronometei is prefeiable 

The error and late will be considered more fully in con- 
nection with the subject of determining time Most chro- 
nometers require winding every 24 hours This should be 
done at about the same time each day, as if they are al- 
lowed to run much longer than the usual time a different 
pait of the spring comes into action, which may affect the 
rate Such instruments will run for 48 11 or more before 
stopping, so that in case the winding should be neglected 
for one day they will be found running the next, but for 
the reason just stated this should not occur 


Comparison of Chronometers 


119 When the enors of several chronometers are to be 
determined at the same time, the error of one of them is ob 
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tamed by observation, and of the others by compai ison with 
this When two sideieal or two mean solar chronometers 
are compai ed together the beats will be sensibly- of the same 
length, but geneially the two will not beat exactly together, 
the fraction of a second by which the beat of one falls be- 
hind that of the other must therefoie be estimated With 
some practice this can be done so that the error in the esti- 
mation will not much exceed o 8 1 

When a sidereal is to be compai ed with a mean time chro- 
nometei the error of comparison will be much smaller 
Since i 8 of sidei eul time is equal to 0" 99727 mean solar time, 
it follows that the sidereal gains o’ 00273 on the mean time 
chronometer 111 one second, this gain will amount to one 
entire beat, or o s 5, in 183 s , or approximately 3™ Therefore 
practically once every three minutes the beat of the two will 
coincide It is found that with a little practice the eai can 
detect a discordance in the beats as long as they differ by 
o’ 02 or o’ 03, and theiefore the comparison can be made 
within this limit of error 

When a number of chronometers are to be compared with 
a standard clock, it may be done very conveniently by means 
of the chronograph * The clock being connected with the 
chionogiaph, the observer taps the signal-key in coincidence 
with one or more even beats of the chronometer, and thus 
the time by both clock and chronometer are recoided on 
the same sheet 


The Astronomical Clock 

120 In a fixed observatory the clock is an instrument of 
great importance It is generally regulated for sidereal 
time The only part of the mechanism which lequires notice 


* See Art 121 
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here is the pendulum, which is made of the necessary length 
to beat seconds 

The rate of the clock depends upon the length of the 
pendulum, and since a rod oi metal changes its length with 
eveiy change of temperature, some method of compensation 
is necessary m order to keep the centie of oscillation at a 
constant distance fiom the point of suspension For accom- 
plishing this two dilferent forms are used, viz, the gndiro?i 
and the me? curia l pendulum 

In the gndiron pendulum the rod is composed of a num- 
ber of parallel bars, alternately of brass and steel These aie 
so arranged that the expansion of the steel bais tends to in- 
crease the length, while that of the brass bars tends to dimin- 
ish it As these metals expand and conti act by diffeient 
amounts when subjected to changes of temperature, the 
relative lengths of the two may be so adjusted as to maintain 
a constant length for the system 

With the mercurial pendulum the rod consists of a single 
bar of steel The “ bob” is a cylindrical vessel of glass or 
metal filled with mercury The expansion of the lod de- 
presses the centre of oscillation, while that of the mercury 
raises it Thus by making the cylinder of propel piopor- 
tions, as compared with the rod, the necessary compensation 
is effected 

With a clock which is exposed to sudden changes of tem- 
perature the gn du on pendulum will give a more umloim 
rate than the mercurial, as the comparatively thin bais of 
metal will accommodate themselves to the temperature of 
the air much sooner than the compai atively laige mass of 
mercuiy 

The density of the air as indicated by the barometer also 
affects the late of the clock by its vanable resistance to the 
motion of the pendulum Struve found foi the standard 
clock of the Poulkova observatory a change of o 8 32 m late 
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for a variation of one inch m the barometer It is therefore 
very important to protect the standai d clock from sudden 
and extieme atmospheric changes In some observatories 
this is done by placing it m an air-tight compartment below 
the surface of the ground 


The Chronograph 

121 The chronograph is used m connection with the clock 
for registering graphically on a strip or sheet of paper the 
beats of the latter Fig 22 shows a common form of this 
instrument The sheet of paper on which the record is to 
be made is wrapped around the cylinder, which in this in- 
strument is 14 inches long and 6 or 7 inches in diameter 
The cylinder is given one 1 evolution per minute bv means 
of the clockwork The pen which is shown above the cyl- 
inder is supplied with aniline ink, and being moved slowly 
along m the direction of the axis of the cylinder it traces a 
continuous spiral on the surface 

The apparatus is placed in an electric circuit passing 
through the clock, and so arranged that the pendulum breaks 
the circuit for an instant at the beginning of each second * 
By means of a spnng which acts in the direction contrary 
to that of the electro-magnet shown in the figuie, the pen is 
thus given a slight lateral motion at each beat of the clock, 
producing instead of a continuous line a line graduated as 
shown in the folding plate, Fig 220. 


* The arrangement may be such that the circuit will be closed for an instant 
at the beginning of each second, remaining open during the remainder The 
break-circuit plan is the one more commonly emplo\ed Various mechanical 
devices are employed by different makers for causing the clock to open or close 
the circuit 





Fig 23 — The Chronograph, 





Fic 
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Each of these spaces is the graphic record of one second of 
time as shown by the clock The beginning of the minute is 
marked by the omission of one of the points The instru- 
ment here shown will run 2$ hours When the paper is 
removed from the cylinder and spread out it is mai ked with 
parallel lines, each line being the record of one minute of 
clock time 

In order to make use of this apparatus for recoidmg the 
time of the occurience of any phenomenon, the wne which 
forms the circuit, passing from the batteiy through the 
clock and chronogiaph, is made to pass thiough a signal-key 
held in the hand ot the obsei ver, and by means of which the 
circuit can be instant!} broken 

In Fig 23, aa' is the wire through which the circuit passes. 
When the point b touches the metallic plate c 
the circuit is closed A key is so arranged “ 
that by tapping it with the finger this point 
is raised and the circuit broken, this pro- 
duces a mark on the chronograph-sheet similar to that made 
by the clock, and the position of which is the record of the 
instant when the key was pressed 

Fig 22 a is a reduced copy of the chronograph record of 
transits of the stars 6 Aquarn, y Aquarn, n Aquarn, G Aquarn, 
a Lacertce, and 77 Aquarn observed with the transit-cn cle of 
the Washington observatory, 1884, December 7 

Each star is observed over eleven threads* The lecoul 
begins by striking the signal-key several times 111 quick suc- 
cession before the star reaches the first thread, m order to 
mark the beginning of the series, then it is tapped in exact 
coincidence with the star’s passage over each thread in suc- 
cession 


b 



Fig 23 


* See Art 170 
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Taking the first of the above stars, 6 Aquarn , our chrono- 
graph-sheet gives the following record 


22 h io m 33’ 4 
36 s o 
37“ 6 
41“ 7 
43 s 8 
22 u io m 45 s 8 


22 h io m 47 s 9 
5o 9 o 
S4 8 1 
55 s 7 

22 h IO m 58 s 3 


If 


* 


For reading the record a scale long enough to reach the 
entire length of the sheet is used, the spaces of which are 
the same as those of the sheet These spaces are numbered 
continuously from o up to 60, each space being divided to 
tenths, the fractional parts of these subdivisions may be esti- 
mated 

While the paper is on the cylinder it is necessary to maik 
somewhere on the sheet the hour and minute shown by the 
clock , this serves as a starting-point for reading the recoid 

For the puipose of determining longitude, chronometers 
are sometimes provided with a break-circuit attachment, 
when they can be used with a chronograph in the same man- 
ner as a clock 

The main advantages which the chronograph possesses 
over the methods employed before its introduction are, 
■first, a compaiatively inexperienced observer can record 
astronomical phenomena by its use with a degree of accuiacy 
which it would take months or perhaps years of practice to 
acquire without it , and second, the recoid is made by simply 
pressing a key with the fingei thus many more observations 
can be made in a given time than is possible when eveiy thing 
must be written down with a pencil. 



CHAPTER V 

DETERMINATION OF TIME AND LATITUDE —METHODS 
ADAPTED TO THE USE OF THE SEXTANT * 

122 In a spherical triangle, when three parts are known any 

other part may be determined Let us consider the triangle 
PZS \ where P is the pole of the heavens, Z p 

the observer's zenith, and .S a known star / 

(the word star here including the sun, moon, AL 

or a planet) / 

If we measure the altitude of S, the side 90 ? 

SZ of our triangle is known The decimation / \ 90 -f 

d is taken from the Nautical Almanac If / \ 

then we know the houi -angle /, we have the / \ 

data for determining the latitude cp If cp is \ 

known, we have the hour-angle t by compu- I \ 

tation, and therefore the tiue local time, from 

(197) Fig 24 

We have then simply to give the solutions of this triangle 
best adapted to the diflfeient cases which will be consideied, 
and to determine what conditions will be most favoiable to 
accuracy 

Determination of Time 

123 By a single altitude of the sun 

Let h ' = the observed altitude of the sun's limb, corrected 
for index eiror , 

* The methods of this chapter aie of course equally adapted to the use of any 
instrument for measuring altitudes 
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h = the true altitude of the sun's centie , 
z = the true zenith distance of the sun's centre = 90 0 — A, 
r — the correction foi lefraction , 
p = the correction foi parallax, 
s = the correction foi semidiameter 

Then h = A' - r + p ± s . (213I 

sis ± when the j j limb is observed 

The required solution of the triangle may now be deduced 
from the last of equations (121), viz , 

cos z = sin <p sin d -j- cos <p cos d cos t , 
from which 


cos t = 


cos z — si n cp sm $ 
cos cp cos & 


(214) 


In some cases this equation may be conveniently employed 
for computing t, as when the same star is observed on several 
successive days at the same place sin sin $ and cos cp cos & 
may then be considered constant for a week or more m 
ordinary sextant work The numerator will be computed 
with addition and subtraction logarithms 
As t is given in terms of the cosine, this equation should 
not be used when the angle is less than 45° 

124 To place (214) m a form more generally applicable, 
first subtract both members from unity, then add both mem- 
bers to unity, viz 


I — cos t — 

I + COS t — 


cos cp cos $ + sm cp sm £ — cos z 
cos cp cos d 1 

cos cp cos < 5 “ — sin cp sin d -f- cos# 
cos cp cos d i 
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from which we easily obtain 


sin \t 

cos \t 

tan \t 




sin £[g + (y — ^)] sin j_[£ — (?> - <?j] 
cos 9 cos S 9 


COS i[g + O + <?)] COS j{g — (<? + <?)] 
COS COS £ ’ 


_ / sm ij£ + (g — £)j sin j[z — (<P — £)] 

“ V cos M >+ (.9 + 6 )] cos it* — 0? + tf )3 


(215) 

(216) 

(217) 


For most purposes equation (215) will give the necessary 
degree of precision 

When the extremest accuracy is required (217) should be 
used 

These equations give t in degrees, minutes, and seconds of 
arc For our purposes it must be reduced to time by divid- 
ing by 15 

Then let T t — the chronometei time of observation, 

AT — the chronometer correction , 

E = the equation of time. 

Then the appaient time of observation is t (Art 90) 

Mean time of observation =z t E = T 0 + AT,} .g., 
from which AT — t E — T^ ) 

AT is the quantity required 

In the above, where the object observed was the sun, we 
have supposed the chronometer to be regulated to mean time 
If a sidereal chronometer has been used, the mean time 
(i 4- E) must be converted into sidereal time by (200) or (201) 
and the resulting value compared with the chronometer time 
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Example I 

Observation of sun for time 

Sextant Chronometer 


0 88 

5o' 

00" 

3 h 35 m 

I2 a 

89 

00 

0 

35 

39 5 

10 

0 

36 

3 5 


20 

0 

36 

30 5 

89 

3° 

0 

36 

56 5 

0 88° 

50' 

0" 

3 h 37 m 

55 s 5 

89 

0 

0 

38 

22 

10 

0 

38 

48 


20 

0 

39 

14 5 

89 

30 

0 

39 

41 0 

Means 89° 

10' 

0" 

3 h 37“ 

26 s 3 

I 

— 

11 



Eccentricity 

— 

45 




2 A = 89° 9' 4 " 
A = 44 34 32 
Refraction r = — 49 

Parallax p = 6 


h — 44° 33' 49" 

jj = 45 26 11 = zenith distance of sun s centre. 


We have now the data for applying formula (215) and (218) 

A* 

<p = 38° 4' 0" sec = o 10386 9 9 

<5 = 18 42 17 sec = 02 357 4 3 

— 8 = 19 21 43 

2 — 45 26 11 

^ + (ep — 6) — 64 47 54 

5! — (<p — 5) = 26 4 28 

i[z + (cp — < 5)1 = 32 23 57 = 5 sin = 9 7290X 19 9 

— (cp — 6)j = 13 2 14 = D sin = 9 35331 54 & 

sin 2 \t = 9 20975 

\t — 23 0 44' 28" sin it = 9 60487 28 7 

* = 47 28 56 

* = ~ 3 h 9 m 55 B 7 

zf = 20 50 4 3 

E — + 6 13 0 

/ = 20 56 173 = mean solar time 

7 — 3 37 26 3 = observed time 

AT — — 6 41 90 = chron correction [Eq (218)] 

This value differs but little from the value assumed above If the difference 

had been large it would have been necessary to take from the ephemeris the 
value of <5 for this more correct time, and to repeat the computation for a more 
correct value of A 7 Or, if the difference were not too great, the necessary 
correction could be determined by a diffe rential formula 

* These values are written down for the purpose of computing the differential formul* m 
case it is thought desirable See Articles u8-iji 
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Colorado, 1878, July 28 9 

Mean solar chronometer 
Negus 1326 

Latitude cp = 38° 4/ o n 
Longitude L = i h 44 m 4 1 ® w 
Assumed AT =■ — 6 41 7 


Observer B 

Thermometer 7S 0 
Barometer 26 05 

of Washington 

Index Coi tection 
On Arc Off Arc 

50 " 359 28' 45 " 

31 30 28 40 

31 40 28 40 


31' 40" 359 0 28' 42" 

Index correction = / = — 11" 

From the refraction table we find Mean refraction = 59" 1 

Barometer factor = 880 
Thermometer = 946 
Therefore r = 49" 2 

From the American Ephemeris we find — 

p 248, eq hor parallax it — 8 ;/ 72 

p 327, S = + 18 0 42' 16" 7 

p 327 equation of time E = - j- 6 m I2 B 99 

p 327, semidiameter s = I5 / 47" 7 

8 is interpolated from the ephemeris by + he method explained in Art 52 

The ephemeris is given for the meridian of Washington, therefore we require 
the Washington time of our observation 

Time of observation T = 3 1 ' 37 “ 26* 3 

Approximate correction A 7 = — 641 7 

Approximate local time = 20 56 19 

Longitude = 1 44 4 1 

Washington time, July 28 = 22 41 o 

= i 11 19™ o B before noon of July 29 
= i h 317 

= d 055 

At noon, July 29, 8 = 18 0 41' 29" 6 

Hourly change July 28 = — 35 ;/ 00 

Hourlv change July 29 = — 35" 77 , . . . , 

Therefore the correction to 8 = — i h 3 ! 7 [ — 35 77 ”H 77 X d 055] 

= n + 47 " 1 

At time of observation 8 = iS n 42' 16" 7 

At noon July 29 eq of time = + 6 m 12 s 89 

Correction for d 055 ~ 10 

£ = 6 m 12 8 99 

In taking E from the ephemeris, second differences need not be considered for 
this purpose, though it has been done in this case 
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If a sidereal chronometer had been used we should have had 
only to convert the mean time t + E into sidereal time, when 
we should have had A T by comparing with the observed time 
as now It may be remaiked also that in using a sidereal 
chronometer the observed sidereal time must be converted 
into mean solar time for the purpose of taking d and E from 
the ephemeris, since these are given for mean solai time 

In reducing such a series as this it is perhaps a little better 
to reduce the leadings on the two limbs sepaiately, the two 
reductions will then mutually check each other 01 couise 
the altitudes must be coirected foi semidiameter If a con- 
siderable numbei of senes have been 1 educed in this way 
the observei can see, by compaung lesults, whether his per- 
sonal equation is the same for both limbs 

125 By a single altitude of a star 

It will be convenient to use a sidereal chronometer when 
practicable 

Let 0 = the tiue sidereal time of observation , 

© 0 = the chronometer time of observation , 

A© = the chronometei correction 

Then t is computed the same as above , recollecting that for 
a star the semidiameter and parallax will be inappreciable, 
we have 


z — 90° — (// — r ) , 

© = (t + a) = ©0 + A ©, 
A © = (t + a) — © 0 . . . 


• • (219) 

. . (220) 
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2 West Las Animas Colorado 1878, July 29 3 

Observation of Arcturus for time Observer B 

Sidereal chronometer 
Negus 1590 

Chronometer 

i8 h n m 29 s o Latitude = 38° 4' 00" 

11 55 o Longitude L — i h 44™ 41 s w 0 f Waah. 

12 21 0 Thermometer 74 0 o 

12 46 5 Barometer 25 91 

13 13 o 


i8 u I2 m 20 8 9 From ephemens, a=i4 h io m 8 s 2 

5=19° 48' 58" 


A 

sec cp = 0 10386 +99 

sec 6 = 02651 


sin S = 9 72786 + 20 o 

sin D = 9 38525 +50 5 


sin 2 \t = 9 24348 

¥ = 24° 44' 33" 3 sm it = 9 62174 + 27 5 

/ = 49 29 7 

t = 3 h i7 m 56 8 5 
^ = 14 10 82 

0 = 17 28 47 = sidereal time 

seirved 0 o = 18 12 20 9 = chron reading 


AO = — 44 m i6 fl 2 = chron cor [Eq (220)] 

Lt will be seen that the numerical work is somewhat less 
case of a star than of the sun 

In case a mean solar chronometer has been used, the side- 
il time (t + a) must be converted into mean solar time by 
>3), and the resulting value compared with the chronome- 
- time 



Sextant 

87° 40' 


30 


20 


IO 


87 OO 

3Means 

87° 20' OO' 

/ 

- 18 

E 

- 42 


2 A = 87° 19' 00" 
A = 43 39 30 
r — — 46 

h = 43 33 44 
* = 46 21 16 

<p = 3 S° 4' o” 
' 6 = 19 48 58 


— 8 = 18 0 15' 2 ' 
(<£>-$) = 64 36 18 

— 6) = 28 6 14 

S = 32 18 9 

D = 14 3 7 
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Example 3 West Las Animas, Colorado 1878, Tuly 27 3 

Observation of a Corona Borealis for lime Observer B 

Mean solar chronometer 
Negus 1326 



Sextant 

Chronometer 


95 ° 50 ' 

I7 h 3 m 16 9 0 


40 

3 40 0 


30 

4 5 0 


20 

4 32 5 


95 10 

17 4 57 5 

Means 

95 ° 30 ' 0" 

I7 h 4 m 6 B 2 

/ 

0 


E 

- 52 



Latitude cp — 38° 4' 00" 
Longitude L = i h 44 m 41 s w of Wash 
Thermometer 62° o 
Barometer 26 11 


From the ephemens, a = I5 h 29 m 34 8 1 

8 =27° 7' 32" 


2 A = 95 29 8 

A = 47 44 34 
r = — 46 


h = 47 0 43' 48" 


z = 42 

r6 12 


A* 

<P = 38° 

4' 0" 

sec cp = 0 10386 

+ 99 

8 = 27 

7 32 

sec 8 = 05061 

+ 45 

<p ~ 8 = 10 

56 28 



* + (<?>- 8 ) = 53 

] 2 40 



z — { cp — 8 ) — 31 

19 44 



5 = 26 

36 20 

sin S = 9 65113 

+ 25 2 

D = 15 

39 52 

sin D — 9 43137 

+ 45 0 



sin 3 — 9 23697 


\t — 24 0 

32 f 43 " 

sin \t = 9 61848 

+ 27 7 


/ = 49 5 26 

f = 3 h i6 m 2i 8 7 
« = 15 29 34 1 

0 = 18 45 55 8 = sidereal time This is now converted into mean 
solar time by equation (202) 

V — 8 21 15 7 = sidereal time of mean noon from ephemens 
0 — V = 10 24 40 1 

1 42 3 Table II, Appendix to Ephemens 
M S time = 10 22 57 8 
Chronom =17 462 

A 1 — — 6 41 84 

126 Conditions most favorable to accuracy in determining time bv a single 
altitude 

As our data will always be liable to more or less uncertainty it becomes a 
matter of great practical importance to so arrange our observations that small 
errors in the quantities regarded as known shall have the least effect on the 
computed value of t 


* These quantities are written do* n so that we may employ them in computing the differen 
tial formulae when desirable (See Articles 128-131 ) 


DIFFERENTIAL FORMULAE 


As we require equations (T2i), we rewrite them here for convenience of ref- 
erence 

cos h cos a = cos <5 cos t sin cp — sin 0 cos cp, [e) \ 

cos h sin a = cos 8 sin t , (/) > (121) 

sin h — cos 8 cos t cos cp -j- sin 8 sin cp (g) j 

To determine the effect upon t of a small ei ror in the measured altitude Differ- 
entiating (g) with respect to h and t and reducing by means of (/), we readily 
find 

dt = - dh (221) 

cos cp sin a 

From this we see that for a given latitude cp a small error dh in the altitude 
will produce the least effect when sin a has its greatest value, viz when the star 
is on the prime vertical Also, that for a constant positive enor dh the error 

produced in t will be =F when the star is ] | of the meridian, and may 

therefore he eliminated by observing both east and west stars 

(221) also shows that dt will be least when cos cp is greatest, that is, when 
cp is small, the most favorable part of the earth s surface for this kind of deter- 
mination being the equator 

Effect of a small e, ,or m the assumed latitude cp Differentiating {g) with re- 
spect to cp and t and reducing by means of [e] and (/), we find 

dt= dip, (222) 

tan a cos cp 

from which it appears that when the star is near the prime vertical dt is rela- 
tively small If the star is on the prime vertical, dt is zero, as tan a is then 
infinite 

If the star is not observed on the prime vertical, dt will disappear from the 
mean of two observations at the same distance east and west of the meridian 
Also, we see that an error dtp will have the least effect on t when the latitude is 
near zero 

In the same way we may discuss the effect of a small error in 8 , but as no 
stars will ever be likely to be used for this purpose whose declination is uncer 
tain to any appreciable amount, this is not practically a source of error 

127 Fiom this discussion we see that a determination of time should always 
depend on observations of stars both east and west of the meridian, the obser- 
vations should be made at as neaily the same azimuth as possible east and west, 
and if two stars are employed it will be better if the declinations are nearly equal 

dh may be regarded as including all of the undetermined errors of the mstru- 
ment — see Articles 115, 116, and 117— as well as constant errors of observation 

and refraction „ , 

Biff 1 j en tial Formula 

128 The numerical values of the differential coefficients of iwith respect to 
cp, S, and 2 h are often convenient where the time has been determined in the 
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manner just explained Sometimes values of cp , 8 , or 2 h are employed in the 
computation which are afterwards found to require small corrections If these 
are so small that the second and higher powers may be neglected, the necessary 
correction of the hour angle may be found by the differential formula Other- 
wise the computation must be repeated 

Let 4 cp, 48 , 42 h — small corrections to the values of the latitude, decima- 
tion, and double altitude employed, 

4 t = the resulting correction to the hour-angle 
Then, neglecting terms of the second and higher orders, 

Jt = ^ Acp + VS AS + ( 22 3 ) 

The differential coefficients may be computed by the formulae of the previous 
article, but they are not convenient since they require a knowledge of the azi- 
muth 

129 For practical purposes a more convenient process is the following, 
where the numerical values of these coefficients are expressed in terms of the 
differences of the logarithms employed Taking logarithms of both members 
of (215), we have 


2 log sin \t = log sin S + log sin D -|- log sec cp -j- log sec 1 


1 


where £ = }[s + {cp — d)J, = igo° — £2 h + \(p — S), 

D = i[z — (cp — 5 )] = }go° — £2 h — \(cp — 8 ) 
First differentiate (224) with respect to 2 h and \t We find 

2 dl sm \t dl sin S dS d 2 h dl smi) dD d 2 h 

dit “ ds dTh ~dit^ Id d2h djt 

dS dD 1 

d 2 h dlh 4 


From (225), 


(224) 

(225) 


Therefore we nave, writing — ^ ~ = Al sm and _ A /sin S 

a dS 


dt __ 41 sin S + 41 sin D 

d 2 h \ 4 l sin 


(226) 


The quantities 41 sin S, 4 !smD are the rates of change of the loga- 
rithms for the values of S D , etc , employed It requires, therefore, very little 
time to take these fiom the tables while computing t, as we have done in the 
examples in the foregoing pages 

Thus, in example I we have found 4 /sin 5 = ig 9, which is the change expressed 
m units of the last decimal place of log sm S produced b> a change of 1' m *S* 
In practice the I sin of the angle 5' less than £ is subtracted from that of the 
angle 5' greater, and the difference divided bv 10 This is a little more accu- 
rate than to take the difference between consecutive logarithms 
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In our example S = 32 0 24' 

l sin 32 0 19' = 9 72803 
/ sm 32 0 29' = 9 73002 

Difference for 10' = 199 

Difference for i' =A=ig 9 

In like manner we have found Al sm D = 54 6 

Al sin \t — — 28 7 

dt iq Q 4- 54 6 , 

Therefore, by (226), — = - _? J J ^ = + 6 49 

A correction to the assumed value of 2J1 may result from a variety of causes, 
such as the employment of values of the refraction, parallax, index error, or 
eccentricity, which are only approximately correct, or from errors in the pre 
liminary computation 

Suppose the value of 2 h employed in example 1 was found to require the cor- 
rection A2I1 = 1' Then the resulting correction to the hour angle would be 

60' f 

At — 649 X — = 2 9 596 

130 For the value of ~x we differentiate (224) with respect to t and d, viz , 
do 

2dl sm \t _ dl sec ddd dl sin 5 dS dd 


d\t 

and from (225), 


dd d\t 
dS 


dS dd d\t 


dl sin D dD dd 
dD ~dd djt' 


dD __ , 1 
“ 2 


Therefore 


1 

dd ~~ ~ 2* dd 

dt 2AI sec d — Al sin S -|- Al sin D 

dd = 527'sm'i/ (227) 

Substituting the numerical values of A l sec d, Al sin S, etc , given m exam- 
ple 1, we find 

dt_ _ 8 6 - 19 9 + 54 6 _ 
dS — 57 4 54 

If now, for example, the d with which the reduction is made were found to 
require the correction Ad = i', we should have 

A dt 60 ' 

At = ^ Ad = - 754 X — = - 3 s 02 

dt 

13 1 For we differentiate with respect to <p and t } viz , 

d <p 


2dl sin it 
d\t 


dl sm S dS 


dS dcp d it 


d<p . dl sin D dD 

_ — — 


dp 

dD dcp d it 


dl sec <p dcp 
dp d\t * 
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Also, 


dS_ _ 1 dD == * 

dqo 2 dcp 2 


Therefore 


(228) 


2^// sec stn S — Al sin D 

dq) ~~ 2 A sin U 

For our example 1 we have by this formula 

dt __ 19 8 + 19 9 — 54 6 _ _ 
dq>~ 57 4 ~ 

and a correction of 1 to the assumed latitude produces a corresponding cor 

rection to the time of 

A , 60" 

At = — 260 — — — i B 04 
4 


= — 260, 


Probable E?i 07 

132 By means of formula (226) we may reduce the time of each altitude to 
the time of the mean altitude for the purpose of comparing the individual meas 
urements and computing the probable error The application to example I 
will sufficiently explain the process 

The mean value of 2 h is 89° 10' so that each time will be reduced to the time 
corresponding to this altitude Further, as one half the readings were made on 
the lower limb and one half on the upper limb, we must add to the latter and 
subtract from the formei the time required for the sun to move in altitude over 
an arc equal to the sun’s semidiameter, or in double altitude a space equal to 
the diameter 

Thus we have — see example 1 — 

Semidiameter of sun = S = 15' 47" 7, 

Diameter of sun = 31' 590 

From previous article, = 649 

Therefore reduction for semidiameter = 649 X — = 82® 01 

The reduction is now as follows 


LimD 

Observed 

2 h 

A2 h 

A* 

Correction 
for Semi 
diameter 

Observed 

Time 

Reduced 

Time 

2/ 

0 — c 

vv 

Upper 

88 * 50' 

4 - 20' 

+ 5 ** 9 

+ i m 22“ 0 

3k 35 m I2 » 0 

3 h 37 m 2S b 9 

T 4 

16 


89 0 

+ xo 

+ 26 0 


35 39 5 

27 5 

+ X 2 

144 


89 xo 

0 

0 


36 3 5 

25 5 

— 8 

64 


89 20 

— xo 

— 26 0 


36 3 ° 5 

26 s 

4- 2 

4 


89 30 

— 20 

- 51 9 


36 5 <S 5 

26 6 

+ 3 

9 

Lower 

88 50 

4“ 20 

+ 51 9 

— 1 22 0 

3 37 55 5 

25 4 

— 9 

8x 


89 0 

4“ xo 

+ 20 0 


38 22 

26 0 

— 3 

9 


89 xo 

0 

0 


38 48 

26 0 

T 3 

9 


89 20 

— 10 

— 26 0 


39 14 5 

26 5 

4- 2 

4 


89 30 

— 20 

5 1 9 


39 0 

3 37 27 x 

4- 8 

64 


Mean 3 11 37 m 26* 3 \ vv \ = 4 04 
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Then by formulae (27), probable eriorof single observation = r = 8 43, 
probable error of mean = r 0 = 8 14 

The reader must not fall into the error of supposing that this quantity repre 
sents the actual probable error of a determination of time by this method, since 
no account is here taken of the relatively large constant errors to which observa- 
tions of this kind are liable The subject will be considered more at length 
hereafter (See Art 156 ) 

Collections for Refaction and Motion m Declination 

133 The refraction of the atmosphere and the sun’s motion in declination 
affect the computed value of At by small quantities, which it ma> be considered 
desirable to take into account in a more refined discussion 

Correction for Refraction Since refraction decreases with the altitude, it fol- 
lows that when the sun’s altitude increases by a given quantity— 10' for example 
— as measured with the instrument, the actual space passed over is greater than 
10' by the difference of refraction for the first and last position Thus, instead 
of simply Azh as used in our formula, we should employ A2J1 + 2 Ar y Ar be- 
ing the difference between the refraction for altitude h and that for h-\- Ah 
For our example we find for the mean altitude of the sun, viz , 44 34 » 

Change in refraction corresponding to 10' altitude = o" 30 = 2 Ar 

Therefore the correction to ^corresponding to Azh = io' is 

" 30 

649 X -j|- = 8 013 

This must be added to the computed interval, viz , At — 25* 96 

A't = 25 s 973 

134 Coirection for Sun's Motion m Decimation Since the sun’s decimation is 
not constant, but is ever increasing or diminishing the time required for the 
altitude to change by a given amount will be slightly modified by this cause 
For our example with Azh = io^ we find At = 25 s 97 Referring to the 
example, we have found the hourly motion in declination to be — 35” 7, there- 
fore in the interval 25“ 97 the change is — " 26 

dt 

By formula (227) we have found for this example = — 754 

Therefore correction to At = — 754 X — — — — + 0I 3 
Therefore the final value of At corresponding to A2/1 = 10' is 25 8 986 
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If botn limbs are reduced together, as in our example, the reduction for semi 
diameter should be corrected for motion m declination, but not for refractipn, 
since both limbs are observed at the same altitude 


Determination of Time by Equal Altitudes 

135 By a star observed at equal altitudes east and west of the 
meridian 

Method of observing When the star is at some distance 
east of the meridian (the nearer the prime veitical the 
better), measure with the sextant a series of five or moie 
altitudes m the manner already explained (Arts in, 112, 
and 1 1 3) , then, a short time before the star reaches the 
same altitude in the west, set the vernier at the reading 
of the last altitude and observe the same number of alti 
tudes as before at the same leadings Some observers 
prefer to take only one reading east and then lay the in- 
strument where nothing will disturb it until it is time for 
the west observation In this way both observations are 
secured at absolutely the same altitude so far as it depends 
on the reading of the instrument , but there is the objection 
that only one reading can be made, which more than neutral- 
izes the advantage No correction for index eiror, refrac- 
tion, or parallax is required 

Now, as the declination is constant and the altitudes the 
same, the numerical values of the hour-angle measured east 
and west of the meridian will be equal Suppose a sidereal 
chronometer used Let 

& = the chronometer time of the first observation, 

®" = the chronometer time of the second observation, 

A® = the chronometer correction 

Then the sidereal time of the star’s meridian passage equals 
its right ascension a 
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For the first observation a = & -[- AQ -|- t , 

For the second obseivation a = Q"-\- AQ — t 

From which AQ = a — }-(©' Q") (229) 

Example 1 1856, March 19th, equal altitudes of Arcturus 

east and west of the meridian were obsei ved as follows 

East of mendian, Q' = ii l1 4 m 5i s 5 
West of meridian, 0 " = 17 21 30 o 

i(©' + ®") = 14 13 10 75 

From ephemens, a = 14 9 7 n 

Therefoie ^/© = — 4 111 3 s 64 

136 If a mean time chionometer is emplojcd, the sidereal 
time o± the star s culmination (which is equal to the right 
ascension) must be converted into mean time, and this com- 
pared with the mean of the observed times as befoie 

Example 2 1856, Maich 15th, equal altitudes of Spica were 

observed as below, the time being noted by a mean time 
chronometer 

Latitude <p = — 33 0 56 

Longitude L = — i h 13 111 56 s from Greenwich 


Chronometer 

SrXTAlsT 

ClIRONOMTTER 

East 

Double Alt 

West 

IO h 20 m O 8 5 

1 04° 0' 

2 h 40 m 38 s 

20 28 

10 

40 10 5 

20 55 

20 

39 42 

T' = IO h 20 m 27 8 S3 
^7*4- T") — 12 30 19 0 


7 " = 2 h 40 n * io fl 17 


From ephemens, a = (9 = 13 17 37 92 

Then — Art 95 — from ephemens V — 23 32 53 22 

® - V = 13 44 4 f 70 

Table II, ephemens, — 2 15 12 

Mean time = 13 42 29 58 

\(T + T") = 12 30 19 00 

Therefore^/ / =+ 1 12 10 58 
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137. By equal altitudes of the sun. 

This method is less simple when applied to the sun, for the 
reason that the sun’s declination cannot be considered con- 
stant for the interval of time between the morning and after- 
noon observations The mean of the observed times will not 
therefoie be the time of meridian passage as in case of a star 
The correction due to this cause is called the equation of equal 
altitudes To determine its value we proceed as follows 

Let AS = the hourly change in declination taken from the 
Nautical Almanac 

Then tAS = the total change in 8 in the time t, 

St = change produced in t by the increment tAS of S 


Then since t — f(S), 

t St = f(S + tAS ) , 

and neglecting terms of higher order than the first, 


* = % 


(230) 


To determine ^ we differentiate the last of equations (121) 
do 

with respect to t and viz , 

dt sin <p cos 6 — cos cp sin d cos t tan cp tan d 

= ~ cos (p cos £ sin t sin t tan t 


Therefore substituting this value in (230), and dividing by 
15, as St is required in seconds of time, we find 


Ttan <p tan S AS 
l_sin£ tan^J 15 


(231) 


Now suppose a mean time chronometer used, and let 
T'and T" = chronometer times of east and west observation 
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Then will 

t — St — the hour-angle of the A M observation ; 

t -(- 6t = the hour-angle of the P.M observation , 

E = equation of time 

Then E = T' + A T + (t — St) from A M observation , 

E = T" 4- A T — (t + St) from P M observation 

From which 

AT=E- [ 1 ( 3 "' + T") - St] (232) 

Example 3 1856, March 5th, at the U S Naval Academy 

the sun was observed east and west of the meridian as 
follows 


East, T 1 = i h 8 m 26® 6 
West, T" = 8 45 41 7 


t = - 7 ') = 3 h 4 S m 37 s 5 

= 57 ° 9 ' 

= 3 h 810 

i(r'+ T") == 4 h 57 m 4 s 1 5 
d£ = + 15 18 

£ = + 11 35 11 


AT - - 4 h 45 m I3 8 86 


Latitude q> = 38° 59' 

Longitude L = — 2 ,n 16“ 
from Washington 
From ephemeris, d = — 5 ° 4^ 
Equation of time A = + n m 35 “ n 
Ad = + 58" 10 


tan q> = 9 9081 
sin * = 9 9243 

9 9838 
*A = 1 1696 


tan 5 = 9 0042*1, 
tan t — 1900 

8 8142*1, 
*B =? 1 1980 
log / = 5809 

log AS = 1 7642 
log -At = 8 8239 

log dt = 1 1812 


138 2?^/ altitudes of the sun observed m the afternoon of 
one day and the morning of the day following 

In this case the mean of the observed times plus the neces- 


*See tables of addition and subtraction logarithms 
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sary corrections will be the time of the sun’s passing the 
lower branch of the meridian, or midnight 

Let t' = the sun’s hour-angle, reckoned from the lower 
branch of the meridian 

Then t' = t -\- 180 0 , sin t = — sin t ' , tan t — tan t' 
Therefore for this case (231) becomes 



and the clock correction will be given by (232), as before, 
except that for E we write I2 h + E 

Example 4. 1856, May 3d The altitude of the sun being 

observed on the afternoon of the 3d and the morning of the 
4th as follows, required the coirection of the chionometer 
at midnight 


T r — 6 h 54 m io B 3 Latitude south = cp = — 43 0 21' 

T ,r — 21 9 17 5 Longitude W of Wash = / = + <; h i m 40 s 


#T' r — T 0 -t f = 7 b 7 m 34 s 
t> = 106 0 53' 
t' = 7 h 126 


From ephemeris, 8 = 15° 15' 

AS = +43 /; 76 

Equation of time E = — 3 m 18 s 67 


\{T" + T') = I4 h l m 43® 9 
dt = 22 2 

I2 h + E ±= 11 56 41 33 


A T = — 2 h 4“ 40* 4 


tan <p = 9 9750;, 
sin = 9 9809 


9 9941* 
A = 1 0764 


tan £ = 9 4356 
tan t l = 5179,/ 


8 9^77a 
B = 1 1114 
log / = 8528 

log AS ~ 1 6411 
log A =. 8 8239 


log ( — 5 /) — 1 3469; 
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139 The chief advantages possessed by the method of 
determining time by equal altitudes are the following the 
computation is very simple, and no coirections are requued 
for parallax, lefraction, semidiametei, or instrumental errors, 
nor is a knowledge of the latitude requn ed, except ver} rough- 
ly, when the sun is employed The disadvantages ai e the diffi- 
culty and olten impossibility of obtaining the obsei vations at 
exactly the same altitude, owing to clouds or other hinder- 
ances , also, the changes which often take place 111 the re- 
fraction between the morning and afternoon A coirection 
for this last mentioned source of error may be computed by 
means of a differential foimula, but it has not been thought 
necessary to develop it here 


Latitude 

140 We have seen (Art 63) that the astronomical latitude 
of any place is equal to the declination of the zenith of that 
place, or to the elevation of the pole above the hoi izon The 
distinctions between the diffeient kinds of latitude, as defined 
in Art 73, must be borne in mind We aie at present only 
dealing with the asti onomical latitude as there defined It is 
perhaps unnecessary to state that all formulas derived will 
be applicable to either north or south latitude, care being 

taken to use the proper algebraic signs j latitudes 

and decimations being I ^ us 
a I minus 


First Method 

141 By the zenith distance of a star observed on the meridian , 
Resuming the last of equations (121), 
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cos z = sin cp sin $ 4 “ cos *P cos ^ cos 
we know that when the star is on the meridian, 
t = o , cos t = i 

Therefore we have 


cos z = cos (<p — 8 ) , 

-i- # = — d and 9 ? = 8 ± z ( 2 34 ) 

By referring to the figure, ES = d, = z> and we readily 
see that in the above formula the sign will be ± for a 

star { north | of the zemth 



The same formula applies to a star S" observed below the 
pole. If we reckon the declination on that branch of the me- 
ridian which contains the observer’s zenith, or, what is the 
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same thing, if we replace 8 in formula (234) by (.180° — 8 ), it 
then becomes 


<p = (180 0 — 8 ) — z . . . . (235) 


Second Method 

142 By a circumpolar star observed at both upper and lower 
culmination 

From (234) we have— 

For upper culmination <p = 8 — z ; 

For lower culmination cp = 180 0 — 8 — z f 

The mean of which gives cp = 90° — $(* + s'). (236) 

The method has this advantage, viz , that the latitude 
determined in this way does not require a knowledge of the 
place of the star, it is therefore especially adapted to the 
determination of the latitude of a fixed observatory, where it 
is desirable to make the results independent of what has been 
done at other places As will appear hei eafter, when extreme 
accuracy is required there will be a small correction neces- 
sary for the change in 8 between the first and second observa- 
tion The result is also affected by whatever error there 
may be m the tabular value of the refraction used 

The following example will illustrate both the above 
methods 

1875, November nth, at the Washington observatory the 
zenith distance of Polaris was observed as follows : 

Upper culmination z = 49 0 45' 22" 2 , 

Lower culmination z' = 52 0 27' 20" o 
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From the Nautical Almanac we find for the decimation of 
Polaris at the time of upper culmination at Washington 

Nov 11 4, d = 88° 39' 2" 8 
z = 49 45 22 2 

Therefore, formula (234), cp = d — % — 38° 53' 40" 6 
Also for lower culmination, Nov 11 9, 8 = 88 39 30 

z r = 52 27 20 o 

Then formula (236) gives 9 = 180 0 — d — 2/ = 38° 53' 37" o 
The mean of these values gives us cp — 38° 53' 38" 8 
By the second method we have 

<P = 9 °° “ $(* + *0 = 38 ° 53 ' 38 " 9 


Third Method 

143 By an altitude of a star observed m any position , ///<? 
being known 

&, the sidereal time, is known , a, the right ascension, and 
d, the decimation, are taken from the Nautical Almanac. 

We then have t = © — a 

This will be given in time, and must be multiplied by 15 
to reduce it to arc We then have 

sm h = sin cp sin 6 + cos cp cos 8 cos t , 

m which cp is the only unknown quantity 

For Solving the equation introduce two auxiliaries, ^and D, 
determined by the equations 

d sin D = sm 6 , . (a) 

d cos D = cos 8 cos t (a 1 ') 

The above equation then becomes, by substituting the value 
of d from ( a ), 

cos {cp — D) = sin h sm D cosec 8 



§ 143 altitude ob see ved at any hour-angle 237 

Dividing (a) by {a!) to determine D, we have the following 
formulae for determining cp 

tan D — tan 6 sec t , 
cos (tp — D) = sin h sin D cosec d 

D is taken less than 90°, + 01 — according to the algebraic 
sign of the tangent [<p — D), being determined in teims of 
the cosine, may be either -\- or — Theie will therefore be 
two values of the latitude which will satisi^ the above condi- 
tions Piactically an approximate value of the latitude will 
always be known with accuracy sufficient for deciding this 
ambiguity 

Example On March 4th, 1882, I observed the following 
double altitudes of Polaris with a Pistor & Martins prismatic 
sextant and artificial horizon 


Sextant Clock 


79 ° 

12' 

0" 

io h 43 m 4 s 



10 

50 

43 56 



xo 

30 

45 2 



10 

5 

45 50 



9 

50 

47 45 


— 




From Nautical Almanac 

Means 79 0 

1 o' 

39" 

io h 45 m 7 s 4 

ot — i h I 5 m 6 B o 

Index correction I — 

■ I 

2 0 

A Q + 1 5 

d = 88° 41' 6" 2 

2 h! = 79 0 

9 ' 

37 " 

© = io h 45 m 8 s 9 


h' = 39 

34 43 5 

cc = 1 15 60 


Refraction — 

1 

9 7 

t — gk 30 m 2 s 9 


h = 39 

33 

38 8 

t — 142 0 30' 43" 5 


S - 88° 41' 6" 

r 2 


tan = 1 6391390 

cosec 5 = 0001 144 

t = 142 30 43 

5 


cos = 9 8995369,* 


D = — 88 57 23 

6 

tan D — 1 7396021 n 

sin D = 9 9999279* 

A= 39 33 38 

8 



sm h = 9 8040688 

q> - D = 129 33 55 

4 



cos (<p — D) = 9 8041 1 II* 

<P — 40 36 31 

8 
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In this example there is no ambiguity cos ( <p — D) being 
negative, the angle must be in the second or third quadrant 
If we had taken it in the third quadiant we should have 
found cp = 141° + As <p is never greater than go 0 , this value 
is in any case excluded 

144 Effect of Errors in the Data upon the Latitude determined by an Altitude 
of a Star 

Differentiating equation (^), Art 126, regarding h and <p as variable, and 
reducing by equation (e), we readily find 


dcp = — 


■ dh 


(238) 


From this we see that a small error m the measured altitude will have the least 
effect on the latitude when the star is on the meridian 

Again, differentiating the same equation with respect to cp and /, and reduc- 
ing, we readily find 

dcp = — tan a cos cpdt , (239) 

from which it appears that the effect upon cp of a small error, dt y m the hour- 
angle will be least when a is zero or 180 0 

It appears, therefore, that the latitude will be determined with greater accu- 
racy the nearer the star is to the meridian When the star is very near the 
meridian the method which follows will be preferable 


Fourth Method 

145 By cir cummer idian altitudes When the latitude is 
determined by the altitude of a star obsei ved on the meridian, 
the accuracy is greater than in any other position, and at the 
same time the computation is extremely simple We can, 
however, only measure one altitude when the star is on the 
meridian , and frequently at the time when the observation is 
made we shall not know the chronometer coirection with 
sufficient accuracy for determining the exact instant when 
this observation should be taken If, however, altitudes are 
measured near the meridian (how near we shall discuss later), 
the observed altitudes may be reduced to the meridian alti- 
tude by a simple computation It will thus be possible to 
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make a considerable number of measurements instead of rely- 
ing’ on one alone When this method is applied observation 
is begun if possible a few minutes before culmination, and a 
senes of altitudes measured m quick succession so as to have 
about the same numbei on each side of the meudian 

Altitudes measured in this manner are called circmnme- 
ndian altitudes 

It is not essential, however, that the senes should be 
symmetrical with respect to the mendian , the method is 
equally applicable to the reduction of one or more altitudes 
taken on eithei side of the meridian if sufficiently near 

Let h = any altitude of a star corresponding to the hour- 
angle t , 

= the altitude when the star is on the meridian , 
js 0 =z the zenith distance = 90° — h Q — cp 8 

Then 

sin h = sm <p sm 8 + cos cp cos 8 cos t 
Let us wnte for cos t its value, 1 — 2 sm 


Then the above equation becomes 


sin h = cos z 

= cos (<p — 8) - cos cp cos 8 2 sm a \t 

(«) 

Let us write 

cos cp cos 8 2 sm 3 -J/ = y. 

( 5 ) 

Then (a) becomes 
or 

cos z = cos z<> — y. 

(0 


This expression may now be expanded into a series in terms 
of ascending powers of j y, and when t is small the senes will 
converge rapidly if z 0 is not too small 

Maclaunn’s formula applied to this case is as follows 



etc (d) 
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Differentiating (o) and observing that when y = o, z = z„ 
we find the following values of the differential coefficients 

(dz\ _ 1 _ cot z t d*z 1 — |— 3 cot’#, 

\dyl ~ sin z, ’ \dy J ~ sinX ’ dy 7 ~ sin ~z 0 

Substituting these values in (d) and restoring the value of 
y, we find 


cos <p cos <5 [coscpcasSy 

-*° + ~ inr ; 0 2 Sln ** ~ v sm - — ) cot *• 2 sin< ** 

(cos cp cos ^ 
sin z n 


+i- 


5 \* 

-J -1(1 


-+- 3 cot“^ 0 )2 sin'^/ 


(240) 


In this equation 2 sin”^, 2 sin 4 \t, etc , are expiessed 111 terms 
of the radius The equation must be made homogeneous by 
mtioducmg the divisor sin 1" where necessai}- 


T , COS cp cos d 

Let = A , 

2 sin 2 \t 

m , 

Sill z 0 

sin 1 " 

A % cot z 0 = B , 

2 si 

n, 


sin 1" ~ 

A*%( 1 + 3 cot a z 0 ) = C , 

2 sin°|-/ 
sin 1" ~ 

0 


Then we have 


(241) 


<P = ± s T Am ± BnT Co . (242) 

146 This computation is made very simple by the use of 
table VIII, where in and n are given with the argument t ex- 
pressed in time (the last term, Co , is seldom used) 

As A and B will be constant for the entire series, we shall 
have, 

If z :l z„ z v etc , z M are the observed zenith distances, 
m x t w 3 , etc , the corresponding values of m taken 
from the table, 
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n v n„ n„ etc , n M the corresponding values of n, 

<p = $ ± T Am l ± Bn x , 
cp = 6 ± z, q= Am, ± Bn* , 

cp = $ zk z 11 -f Am^ ± Blip 

The mean of these equations will then be 

* . *1 + #» “1“ + Z P -r- A m ' ~l~ ± 

cp = 6 ± — T A M 

W, -4" fin — j“ / \ 

± B - 1 —^7 — ~ (243) 

n 


147 It will be observed that an approximate value of the 
latitude is lequired for computing A When the obseiva- 
tions extend on both sides of the meridian a sufficient!}’ close 
approximation may always be obtained by taking the laigest 
measured altitude and calling this the mendian altitude , 01, 
better, take the mean of this in connection with that imme- 
diately preceding and following it If the altitudes are all 
measured on one side of the meridian, or if for an) reason a 
value of cp has been used which proves to be considerably 
111 error, it may be necessary to repeat the computation of A, 
using for cp the value found from the first computation In 
that case only the coirection Am need be computed in the 
first appioximation, and only three or four altitudes reduced 

148 Let us now examine separately the terms of equation (240) in order to 
see how far from the meridian the observations may be extended without intro- 
ducing into the resulting latitude inadmissible errors 

Taking the last term, viz , 


( cos cp cos 
sin (cp — dy 


|(i+ 3 cot 2 So) 


2 sm g -U 
sin i" 


= Co, 


for any given values of cp and 8 , we can compute the value of t t for which this 
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quantity will have any value, as, for instance, i r/ We readily see that when 
the zenith distance of the star is large the observations may be extended much 
further from the meridian than when it is small The following table gives the 
hour-angle, for which this term has the value i n for different values of cp and 5 
Thus, referring to the table, we see that if cp = 40° and 6 = o, then t = 40“ , 
or, in this case, the error committed m neglecting this term amounts to i n only 
when the star us 40 m from the meridian If <p = 40° and 6 — 23 0 about the 
maximum declination of the sun, then t = 20 m 

Limiiing Hour angle at which the Third Reduction amounis ro Onf 

Second 


Latitude 

Decimation same sign as Latitude 

Decimation different sign from Latitude 


8o° 

7°° 

6o° 

50 ° 

40° 

3 °° 

20° 

IO° 


00 

,0° 

20° 

30° 

40 “ 

50 ° 

6o° 

70° 

8o° 

o° 

J 35 m 

gO m 

67“ 

51“ 

40“ 

2Q m 

20 m 

n m 

0 m 

Il m 

2C m 

2g m 

4 ° m 

Sl m 

6 7 » 

9o m 


10 

128 

82 

59 

43 

32 

21 

IX 

0 

IX 

20 

28 

37 

4 7 

59 

75 

96 


20 

zi8 

73 

5 i 

35 

23 

12 

O 

ZI 

20 

28 

37 

46 


97 

82 



30 

107 

9+ 

42 

26 

14 

O 

12 

21 

29 

37 

4b 

55 

94 

75 




40 

95 

54 

32 

ib 

0 

14 

23 

32 

40 

47 

56 

t>4 

73 





50 

82 

42 

19 

0 

16 

26 

35 

43 

5 1 

59 

67 

75 






60 

67 

27 

0 

19 

32 

42 

5 i 

59 

67 

75 

82 







70 

+5 

0 

27 

42 

54 

64 

73 

82 

90 

96 









Let us now consider the term 


( cos<pcosd\ 2 2sin 4 +* 
sin ( <p — 6)/ COt Za sin i ,r 


= Bb 


In a precisely similar manner we can compute the limiting values of t } within 
which this term is less than i n The table is computed in this way , from it 
we find that in the first of the above cases t = i6 m , in the second, t = g m 


Limiting Hour-angle at which the Second Reduction amounts to Onf 

Second 


Latitude 

Declination same sign as Latitude 

Decimation different sign from Latitude 


8o° 

70° 

6o° 

50 ° 

40° 

30° 

20° 

xo° 

o° 

IO° 

20° 

30 0 

40° 

50 ° 

6o° 

70 ° 

8o° 

o° 

6 7 m 

39 m 

27 m 

21 m 

i6 m 

I2 m 

gm 

5 m 


0 m 

5 m 

gm 

I2 m 

i6 m 

21 m 

27 m 

39 m 

67® 

10 

54 

33 

24 

17 

13 

9 

5 

0 


5 

8 

12 

15 

19 

24 

32 

48 


20 

48 

2 i 

20 

T 4 

10 

5 * 

O 

5 

8 

12 

15 

x8 

23 

29 

40 



30 

43 

20 

17 

ZI 

6 

0 

5 

9 

12 

i 5 

18 

22 

28 

37 




4 ® 

38 

22 

13 

7 

0 

6 

10 

13 

l6 

>9 

23 

28 

36 





50 

33 

x8 

9 

0 

7 

11 

*4 

17 

21 

®4 

29 

37 






60 

28 

12 

0 

9 

13 

17 

20 

24 

27 

32 

40 







70 

20 

0 

X2 

18 

22 

26 

29 

33 

39 

48 
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If we are able to choose our own times for observing, we can always make 
our measurements so near the meridian that these terms may be neglected 
As 1" is much within the error of an ordinary sextant measurement, t e 
limits may be extended somewhat beyond those of the table without serious 
error We may, in a similar manner, determine for what values of t Co or Bn 
will have the values o" 1, o" 01, or any other value 


Lower Culmination . 

149 When the star is observed near the meridian at lower 
culmination, the hour-angles should be reckoned from the 
lower branch of the meridian This is equivalent to substi- 
tuting 180 0 + t in the formula in place of t We then have 

cos z = sin cp sin 8 — cos <p cos 8 cos t. 

Writing, as before, cos t — 1 2 sin it, 

this becomes 

cos z — — cos (cp + d) + cos <p cos 8 2 sin it 

Expanding this as before, and remembering that for lower 
culmination we have, from (235). 

z , „ = 180 0 — (<p + $ )> 
and therefore cos z 0 = — cos (cp + 8 ), 


we readily obtain 


*.= * + 


cos <£> cos 8 2 sin’ it / cos cp cos £ \ ^ 

' V sin z„ / ‘ 


sm 


sin 1' 


2Sin K \t , , 

,7-, (244) 

sin 1" v J 


or = z + Am + Bn > ( 2 45) 

and <p = 180 0 — 8 — (z + Am + Bn) (246) 

This formula might have been obtained from (240) exactly 
as (235) is from (234), viz , by simply changing 8 into 180 0 - 8 . 
The hour-angle is obtained by simply taking the difference 
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between the chronometer time of observation and of culmi- 
nation.* 


Let a = star’s nght ascension = sidereal time of culmination ; 

= chronometer coirection, + when chronometer is slow. 
Then {a — At)) = chronometer time of culmination 

If then 0' is the chronometer time of any obsei vation. 


t = ©' — (a — 2/0) (247) 

Formula for Latitude by Ctrcummendian Altitudes of a Star . 

z = 9 o° - (k - r), 
t = & - (or - 2/0), 
cos cos 


-4 = 


: 


sin 

2sm*i* 


B — A* cot # 0 ; 
2 sin 4 -£2? 


« = 


sin 1 sin 1 

V = ^ ± (^ — -< 4 ^ + ito), upper culmination , 

cp = 180 0 — d — (# + + ifa), lower culmination J 


(XIII) 


Example of Latitude by Cir cummer idian Altitudes 

1873, August 20 a Aquilce observed for Latitude Observer Boss 

Instruments Sextant and Sidereal Chronoinetei 

Assumed latitude cp = 49 1 01' 

Assumed longitude / = + i h 41® t8 # 
Chronometer correction A ( H ) = — 22 50 

From ephemeris, right ascension of star a = ig>« 44m 37B 5 

Therefore chronometer time of culmination = 0; — A'*) = 20 7 27 5 

Star’s declination <5 = $ 1 32' n f 5 


* If the rate of the chronometer is appreciable it must be taken into account 
For the simplest manner of doing this see Art 152 
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cp = 49° 01' 

8 = 8 32 2 
Zo = 40 28 8 

A = 9991 

B = i 169 


cos 9 = 9 8168 
cos 5 = 9 9952 
cosec z 0 = 1876 

log ^ = 9 9996 


log A % = 9 9992 
cot Zo = 0688 


* log B—o 0680 


The observations and method of reduction are shown m 
the following tabular statement, which will be sufficiently 
explained by reference to formulas (XIII) 



Mean h = 49 0 33' 59" 8 

Index error = £/ = — 1 51 5 

Eccentricity = \E = — 10 r 

Refraction r = — 47 3 


M = 343 35 
r = 3” 9 
r 0 = I 3 


* It is easy to see in advance than the term Bn is inappreciable in this case 
Jt is introduced here to illustrate the method 
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Corrected altitude = 49 0 3I ' IO " 9 

Zenith distance z = 40 28 49 3 

Declination 8 = 8 32 ir 4 

Result, ng latitude cp = 49 1 q 5 i 3 


§ 150 


If it is not considered necessary to reduce each observa- 
tion separately, the work is abridged somewhat by the fol- 
lowing process [see Art. (146)] 


Mean of 
Index 

Eccentricity 

Corrected 


Refraction 
Corrected 
Zenith distance 
Declination 
Latitude 


2 h = 99 c 

’ 7' 

' 14" 

' 5 

/= - 

3 

43 

0 

E = - 


20 

2 

2 k ~ 99 

3 

II 

3 

h - 49 

3i 

35 

6 

Am' ~ -|_ 


22 

6 

= — 


47 

3 

* = 49 

3i 

IO 

9 

z = 40 

28 

49 

1 

* = 8 

32 

II 

4 

9 = 49 

1 

0 

5 


Mean of m = 22" 6 = m' 
Am' = 22"* 6 


150 In the formulae which we have derived for circum- 
meridian altitudes we have supposed the decimation prac- 
tically constant during the interval of observation 
With the sun this is not the case , but the same method may 
be used if we take for d the mean of the decimations corre- 
sponding to each time of observation, or, what is practically 
the same, the declination corresponding to the mean of the 
times It is, however, better to reduce each altitude sepa- 
lately for the purpose of estimating the accuracy of the final 
result and as a partial check against error of computation 
formulae (XIII) are used, the declination must be inter- 
polated for the time of each altitude , this considerably aug- 
ments the labor of reduction This additional labor may be 
avoided by the method which follows 
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Gauss' Method of Reducing Cir cummer idian Observations of 

the Sun 

151 In this method the hour-angle is reckoned from the 
point where the sun leaches his maximum altitude instead of 
from the meridian The meridian decimation may then be 
used in reducing all of the observations 


Let d 0 = the sun’s meridian decimation, 

d = the declination coi responding to hour-angle t ; 
Ad = hourly change m d given in the Nautical Al- 
manac, -J- when the sun is moving N , 
t = the hour-angle given in seconds of time 


Then 


Ad 

3600 


the change in d in one second, 


and 6 — d 0 + t . (248) 

Also, since 6 = f(t) y 

dd 

$ = 4 ~ * ^ ( 2 49 ) 


by neglecting terms of higher order than the first. Then 




dd cos cp cos d 


sin z. 


2 sm 2 it, etc (250) 


The peculiarity of the process is in the method by which 
cL$ 

the small term t -j 7 is taken into account For this pur- 
at 

pose we determine the value of t corresponding to the maxi- 
mum value of h by placing equal to zero and solving for t. 
Take the equation 

sm h = sin cp sin d -(- cos <p cos d cos t . 
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Differentiating with respect to k, d, and /, and placing: ^ 
we have 


C0S *~di ~ ( Sln ^ cos ^ — cos *P sin ^ cos t) 

— cos <p cos 8 sin t = o. (.—5 1 

As * will be very small, no appreciable error will be ii»t I « » 
duced by making cos t = i, when the above equation rentlil \ 
gives 

dS cos cp cos 8 

~di = _ T) sm * • * (.~ 5 ~ * 

In this i? is the hour-angle of the sun corresponding' to t lit* 
maximum altitude To distinguish it from the general value 
of t call it y, and as it is small we may write 

dd cos cp cos d 

~dt-—^Tz~ y - 

Substituting this value of ^ in equation (250), it becomes 


9 = z + 8 0 


cos q> cos d 
sm z n 


(2 sm ' $t — ty) . ("3 54* 


Since.* will always be small when this method is used let is 
write 


sin \t = \t, whence 2 sin 1 \t = 

Then 2 sin 3 \t — ty — _ 2 ty -)- f) — 

= K* - yf - if 

Passing back from the angles to the sines and making- the 
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terms homogeneous by introducing the divisor sin 1", equa- 
tion (254) becomes 


<p = z 4 - <? 0 + 


cos cp cos d 2 sin 9 \y 
sin «•„ sin 1" 
cos cp co s 8 2 sin 9 i (t — y) 
sin z„ sin 1" 


• ( 255 ) 


cos cp cos 8 2 sio 4 y 

1 he term * — pj is alwaj s very small, and in 

the solution of the problem as given by Gauss it was neg- 
lected Its computation only requires one additional loga- 
rithm, and is therefore \ety simple, but in reducing sextant 
work it is,perhaps an excess of refinement to retain it 
We now require a convenient formula for computings 
Equation (253) may be written 


y 15 sm 1" — 


sin z n 


dd 


cos cp cos d dt 9 


. (256) 


since y will be required m seconds of time 

If we replace dd by the number of seconds of arc which d 
increases m one hour, and dt by one hour expressed m seconds 
of arc, we have 

dd_ _ Ad 
dt ~~ 54000' 


Then from (256) 


sm z n 


cos cp cos d 


Ad 


206265 sm z 0 . _ . 

= —$.Ad 25465 

1 5 X 54000 cos cp cos 0 J 


(257) 


.7 = [9 40594 ] 


( 258 ) 
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It will frequently be accurate enough to take y 


A 


jr is added algebraically to the chionometei time of cul- 
mination, the result is the chionometer time of maximum 
altitude The difference between this and the chronometer 
time of observation is (t — y) 


Formula for Latitude by Ctrcummendian Altitudes of the Sun 

y = as = [940594] 

*X = A 2Sin (t — y) = T — (E — AT+y), 


sm r 
_ 2 sin 1 %(t — y) 
sin 1" ’ 

<P = z + 8 0 -j- x* ■ 


_ 2 Sin 4 %{t — y) 


sm r 


Am -f- Bn 


\ (XIV) 


Correction for Rate of Chronometer 

152 If the times ai e recorded by a chronometer which has 
a large rate, the hour-angle used in formulas (XIII) and (XIV) 
may require a cori ection This correction can be applied in 
a very simple manner, as follows 

Suppose first a star to be observed by a sidereal chro- 
nometer which has a daily rate 89 , -f when the chronometer 
is losing Then 24 actual sidereal hours correspond 1024*— 8(9 
as shown by the chronometei, and all hour-angles given in 
units of chronometer time will be in error m a like ratio 

Let * = any hour-angle as shown by the chronometer, 

^ — true value of the hour-angle 

* * may always be neglected without serious error when ,s not too small ~ 
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Then 



24“ 


864oo b 


24” — Si-) 86400'’— Sk)' 
1 


6k) ~| ! 

_* — 86400- 


= k 


(259) 


Then in formula (XIII) we shall have with practical accuracy 


sin \t' sin \t = t' t , 
sin 2 \t' — k sin \t 


The factor k or log k may be conveniently tabulated with 
the argument rate , and as it will be constant in any senes 
of observations, it may be combined with the factor^, which 
will then be computed by the formula 


A = k 


COS cp cos $ 
sin 


(260) 


k is given in table VIII, C 

If a star is observed with a mean time chronometer whose 
rate is 6 T, the factor Vk will convert the chionometer inter- 
vals into mean time intervals, we then lequire the factor 
p* = 1 00273791 to convert these mean time intervals into 
sidereal intervals The formula for computing A will then be 


A = k)£ 


cos cp cos <5“ 
sin z 0 


(261) 


where log p = 0011874 

If the sun is observed with a mean time chronometer the 
intervals of the chronometer corrected for rate will not 
correspond exactly to the solar intervals, as these will be 
apparent time intervals 


* See Art 93 
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If we let $E = the increase of the equation of time m 
one day, then (one apparent solai day) = (one mean solar 
day) — SE, and c 5 T — &E = the chionomctei rate on ap- 
parent time k will then be given by the formula 


" ST— dETV 1 • v 202 ) 

L 1 86400 J 

Finally, if the sun is observed with a sidereal chronometer, 
we must introduce the factor ~ to convert the sidereal mter- 
vals into mean time intervals 

The log - = 9 9988126 

The formulae for the four cases are then as follows. 


r, _ T’ 

j_ 864OO J 


~ I _ ST - $£ ~ 
S6400 

cos q> cos $ 


Star with sidereal chronometer, A = k cos g CQS g 

sin s Q ’ 

Star with mean time chronometer, A = [o 002375]/ c os E cos ^ 

sin Zq 

Sun with mean time chronometer, A = k' co s P cos g 

sin so 1 

Sun with sidereal chronometei, A = [9 997625]/' cos <P c °s 8 

Sill Zq , 

k and k' are taken from table VIII, C 

Example Determmation of latitude by circuramendian altitudes of the sun 
July 24th Dus Moines, Iowa Ob«„u r 

The dechnaf 1 ^ 1 " 1111611 ^ SeXtant and Mean Time Chronometer 

The declination equal, on of time, etc . are taken from the ephemens for the 
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instant of the sun’s meridian passage at Des Moines = i h 6 m 16* apparent 
time at Washington 


Assumed Latitude q> = 41 0 35' 5 

Longitude L = + i h 6 ra 16* 


Chronometer coirection 

A 7 = — 6 

18 

8 9 

From ephemens 

6 = 19 

46' 

16" 1 


Ad = 

— 

31 94 

Equation of time 

A= f 

6 m 

12 s 0 

Semidiameter 

5 = 

15 ' 

47' 2 

Equatorial hor parallax 

7 t = 


8 44 


Computation of A and B 

<P — 41° 35 5 cos - 9 8738 

6 = 19 46 3 cos = 9 9736 log A 2 

Zq =21 49 2 cosec = 4298 cot Zq 

A = i 893 log A = 2772 log B 

B = 8 95 

Computation of y 

Constant log = 9 4059 
log AS = x 5043,1, 

log ~ = 9 7228 

log y = 6330^ 

y = - 4 B 3 

For the chronometer time of culmination we have 

Equation of time E — o h 6 m 12 8 o 

AT — - 6 18 89 

y = - 

Chronometer time of max alt = 6 h 24™ i6 b 6 
The difference between this quantity and the observed time 7 is the quantity 

(* —y) 


Computation of x * 


2 sin^ 4 y ,, 

= or 

sin 1 


Index Error 
On arc Off arc 

29' 5” 33' 60" 

IO 40 

TO 50 

29' 8" 3 33’ 50" 

/ = -J- 2' 20" 8 


= o 5544 
= 3975 

= 9519 


* In reducing sextant observations x may always be disregarded 
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Upper limb 
Lower limb 


Sextant 

2 h 

h 

Chro- 

nometer 

r 

i6 m 25* 1 
15 44 6 
15 7 1 

T 4 5 3 
13 21 3 
12 9 6 

m 

Am 

n 

Bn 

h -f- Am 
- Bn 

i36°i 7 ' 4 5" 
20 10 

22 20 
135 23 10 

25 30 
29 30 

68° 8' 5 2" s 

10 5 

11 xo 

6 7 41 35 

42 35 

44 45 

6 h 7 m 5 i 8 5 

8 32 

9 9 5 

10 11 3 

* 10 55 3 

0 12 70 

529" 1 
486 5 

448 6 
389 6 
350 1 
290 -> 

1001" 6 
920 9 
849 2 

W 5 

002 7 

549 5 

68 

58 

48 

37 

30 

20 

6" 1 
5 2 
4 3 
3 3 
2 7 
1 8 

68*2S / 28 // 0 
20 7 

< 14 9 
67 53 49 2 

35 0 

52 7 


Mean h O = 68° 25' 21 ' 2 

Semidiameter S = — - 15 47 2 

Refraction r — — 216 

Parallax $ = -(_ 3 j 

Index cor 1 10 4 

Eccentricity \E — -j- 14 8 


2 = 67° 53' 45" 6 

+ 15 47 2 

— 21 8 

4- 32 

4- 1 10 4 

4- 14 8 


Corrected h = 68° 10' 40" 7 

Mean h = 68° 10' 40" o 

Z 0 =r 21 49 20 

S = 1 9 46 16 

Resulting latitude cp = 41 0 35' 36" 


68° 10' 39" 4 


The observations of the above series, it will be noticed, 
were all taken before the sun reached the meridian, and so 
far from the meridian that the term Bn has a very appreci- 
able value It is a little better to take the observations near 
the meridian when practicable, as then small enois in AT 
will produce less effect on the resulting latitude ("See Art 
144 ) 

The above observations may be reduced by the method 
of Art 146 if it is not considered necessary to compare the 
individual results The labor is considerably less, as will be 
seen by the following 

Mean of chronometer times = 6 h 9™ 47® 8 

AT— - 6 18 89 

True mean time — 23 51 38 9 

Longitude from Washington L — t 6 16 

Washington mean time = 0 *7 ej. o 




§ 152 CIRCUMMER 1 DIAN AL 1 ITUDES OF SUN 2C 

The declination of the sun is now to be taken from the ephemens for tl 
mean time of observation, instead of the instant of meridian passage as m tl 
previous method 

Thus $ = 19° 46' 23" 8, 

E — 6 nl i2 s o 


This value of E is now the mean time of the sun’s meridian passage F 
the chronometer time we have 

E — o u 6 m 12 8 o, 

A T — — 6 18 89, 

Chronometer time of the sun’s meridian passage = 6 24 20 9 


Chronometer 

1 

6 h 7 m 51 8 5 

i6 m 

t 

29 s 4 

in 

533" 

7 

ft 

69 

8 32 0 

15 

48 9 

491 

0 

59 

9 

9 5 

15 

11 4 

452 

9 

49 

10 11 3 

14 

9 6 

393 

6 

38 

10 55 3 

13 

25 6 

353 

9 

31 

6 12 

7 0 

12 

13 9 

293 

7 

21 


Means m -r 419" 8 n f — 44 
Am' = 794 7 £ri = 3 " 9 


The number of observations on the two limbs being the same, the sei 
diameter will be eliminated by taking the mean of the individual values 


Mean of sextant readings = 2 h = 135 0 53' 00" 8 
Index correction =/ = -(- 2 20 8 

Eccentricity E = + 2 9 7 


Corrected reading 

Refraction 

Parallax 


= 135 ° 55 ' 
h = 67 57 55 
/ = — 21 

/ = + 3 

+ Am = + 13 14 

- Bn = - 3 


Corrected altitude = 68° to' 47 , 9 

2 0 = 21 49 12 
5 = 19 46 24 
<p = 41 0 35' 36" 


Resulting latitude 
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The rate of the chronometer w.ts ft /' - » jy 

The daily increase of the equation of time tS/ {. o j 

ft 1 ft /* - I 10 

Therefore the lo# l -=. 9 (See Ait ) 

The correction for rate is tlurefou absolutely inappteuabh 


1 'ijth Method 

153 By Polarts observed at , any hour-angle Wc have aU 
ready seen (method thud) how the latitude may he obtained 
by an altitude of a star, obsci ved m any position. We have 
also applied the lonnulse deduced to a senes ol altitudes of 
Polai is. 

A more convenient foinmla than the one theie used is ob- 
tained by expanding’ the expiession ioi the latitude into a 
scries in tei ms of ascending powei s of the polai distant e The 
latter, in case of Polai is, being at piesent onl\ about i" 20', 
the series will convoigo lapulh.aud a veiy few tenns give 
an appioximation suflicicntly accuiate foi eveiy j >1 actical 
purpose 

Let p = 90° — d the polar distance; 

9 - h — x. 

Then ar is the coircction which is to be applied to the meas- 
ured altitude coirected foi left act ion — to pioduce the lati- 
tude a. can never bo gt eater than / 

Substituting these values in 

sin h — sin cp sin d cos 9 cos $ cos t, 
it becomes 

sin h = sin (Ji — x) cos/ -f cos {h --a) sm / cos t (a) 

Expanding sin {h - x) and cos (A a) by Tay lor'.s. and 
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sin p and cos p by Maclaurm’s foi mula, we have, as far as 
teims of the order / and x‘, 

sm (h — x) — sin h — x cos h — \x" sin li fa {x 3 cos h fa fax* sm h, 
cos iji — %) = cos h -f- x sin h — ix” cos h — \x 3 sin h -j- -^j-^cos h, 
sm p — p — \p s , 
cos p = 1 — ip' + fa / 

Substituting these values in (a), we readily obtain 

x = p cos t — b(x 3 — 2 xp cos t 4- /) tan h 

-f- fax 3 — 3 xp cos t fa ~ P % cos t) (b) 

fa fa^x'—Ax'P cos tfa 6 x' p l — A^xp 3 cos tfap*) tan h 

Which contains all terms in / and x, fi om the first to the 
fourth orders inclusive x must now be determined from 
(b) by successive appioximations For the first appioxima- 
tion let 

x = p cos t 00 

Substituting this value in the second term of ( b ) and retain- 
ing terms of the order p 3 , we find for the second approxima- 
tion 

= p cos t — ip 3 sin 2 t tan h - - ( d ) 

Substituting this value in the second and thud terms of {ff) 
and retaining terms of the order p 3 , we find the third ap- 
proximation, viz , 

x — p cos / — \p 3 sin 2 1 tan h + \p' cos t sin 2 1 (e) 

Similarly for the fouith and final approximation, 

x — p cos t — \p 3 sin 2 1 tan h + \ P* cos t sin 2 1 

— ip* sin* t tan Vi fafapX 4— 9 sin 2 1 ) sin 2 / tan h\f) 
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As x and p will be expressed in seconds of aic, the series 
must be made homogeneous by multiplying/" by sun'', / by 
sin” 1", and p' b} sin 1 1" 

Then the expression for the latitude is 

<P = h —p cos t -j- \p' sin 1" sm 1 tan h 

— -J/ 1 sm 1 1" cos t sm’ t -f- -J-/ 1 sinV' sin 4 1 tan 3 k 

— /j p 1 sin 1 1" (4 — 9 sin 2 /) sm 2 / tan /z (263) 

Let us now examine separately the last three terms of 
(263) in order to see when the} ma\ be neglected 
Let us wnte the last term equal to ?/, viz , 

u = p' sin’ 1" (4 — 9 sin 2 t) sin 2 t tan k 

Foinnng the differential coefficient of u with respect to t, 
placing it equal to zero in order to determine what value of 
t will make u a maximum, we find 

sin t cos t (2 — 9 sin 2 t) — o, 

from which 

sin t — o , cos t = o , sin” t = f 

The last of these corresponds to a maximum, as will be 
found by substituting this value in the second differential 
coefficient 

The maximum value of this term is then found to be 
(/ being 1° 20') 

u’ = o" 001 1 tan Ji 

It will therefore always be inappreciable 
The next tei m, viz , \p' sm 3 1" sin* t tan 3 h, is a maximum 
when sm t — 1 

1 Its greatest value is therefore o" 0076 tan 3 h 
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This term will then be only o" 01 in latitude 48°, and o" I 
in latitude 67° It may theiefore always be neglected when 
the instrument used is the sextant 


Wnting v = if sm a 1" cos t sin a t, 

forming placing it equal to zero, we readily find that v 

is a maximum when sin” t =■ \ The maximum value of this 
term will then be o" 333 If then we diop this term with 
those which follow, the error introduced in tins way will 
seldom amount to half a second, and will generally be much 
smaller as the maxima values of the diffeient terms occur for 
different values of t 

Therefoi e foi determining the latitude by Polaris by sex- 
tant observation, 


t = 9 ' - (a - A&), ) ( XVI ) 

cp = h — / cos t + [4 38454]/ sin t tan h ) 


Let us apply this method to the example solvedm Art 143 
We have given — 


From Nautical Almanac 
a = i h I5 m 6 8 o 
8 = 88° 41' 6" 2 
Therefore p — 4733 ” 8 


By Observation 

h = 39 ° 33 ' 38" 8 
© = io h 45 m 7 b 4 

4 ®= +15 

Therefore t = 142 0 30' 43" 5 


log^ = 3 675210 
cos t — 9 899537 n 


First correction — i° 2' 36" 2 log — 3 574747W 
Second correction -j- 16 6 

Therefore cp = 40° 36' 31" 6 


constant log 4 3 8 454 
log/’ 7 35042 
sm J t 9 56866 
tan h 9 91704 


log 2d cor = 1 22066 
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We find the third correction to be o" 24, which makes the 
value of cp agree exactly with the value before found (Art 
143 ) 

Tables have been prepared with the design of abridging 
this computation, but the direct application of the formula 
is so simple that tables are of no great advantage, especially 
if the third and fourth corrections are not required 


Correction for Second Difaences 


154 When a series of, say, ten altitudes is observed, if the measurements 
are made m quick succession, so that the arc of the circle in which the apparent 
motion of the star takes place does not differ appreciably from a straight line, 
then the mean of the observed altitudes will be the altitude corresponding to 
the mean of the times If, however, the deviation from a straight 'line is ap 
preciable, this mean altitude will require a correction which may be obtained as 
follows 


Let 


Then 
from (l>), 


*i» * 2 , fa, f n be the times of observation, 
hi, >&a, ^a, be the observed altitudes, 


, _*. + fr+ +t 

0 


(«) 

^0 = the altitude corresponding to the time f 0 . 


Ah — 1 0 — fi, from which 

to tl -|— At\y 


At 2 == /q fa» 

to = h “l - Ato } 

(i) 

1 

'♦S’ 

II 

fo = f n -f- At n ^ 


11 

• 

! n' 

II 

O 

k; . 

= f[t^) , 



h x -fto - Ah) . h* = f{t 0 - At n ) (c) 


Expanding these expressions by Taylor’s formula, we find 


r * dflfy j I X d^ flo > 3 

hx = *• ~ IT, Au + 5 Hu h ’ 

j . r dh Q A , I d~/lQ-J-Z 

h '~ h '~dT, Ah + 2 W Ah • 


z. t dh o I d?ho -r-a 

K = h '~du 2,< ‘ + SST^» 


A„ = A 1 + §^ 

dh 2 dt 0 

— h dh * At 1 

- h + dfo 


2 dto 


. . dh 0 1 d*h 0 -r—s 


(<0 
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The mean of these values will be 


26l 


hi + hi + + K , dho At 1 + Ah± ± At* 

n dt 0 n 

_ 1 ^£g! jl + (264^ 

2 aT/o ^ V 


From the values At ,, kf*,, etc , by (b), the term multiplied by -- will be zero, 

but as the quantities ~At? , It?, etc , will all be plus, the term multiplied by 

— will not be zero It should always be taken into account when large enough 
dt 1 

to be appreciable 

d*h 

To determine -r-r we differentiate the equation 
dt * 

sin h = sin cp sin 8 + cos cp cos 8 cos t y 
when we readily find 

^ /cos cp cos S\ / cosy cos g y sm , tan h (a6 j 

du 1 \ cos ho J V cos h 0 J 

And since cos h — sin z } this equation becomes 

= — A cos U + A* sm 2 t 0 tan h 0 . (266) 


The quantities At i} A to, etc , will be expiessed m seconds of time , they must 
be reduced to arc by multiplying by 15 Also, 15 At?, etc , must be multiplied by 
sm 1" in order to make foimula (264) homogeneous The last term will there- 
fore be multiplied by £(15)° sm 1", the logarithm of which is 673673—10 
Therefore formula (264) becomes 


h\ -f- ho -f- 4“ 7in 


- [6 73673 ] 


At? + At? + + At a 

dU n 


(267) 
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As an example, we may apply formula (267) to the observations of Polaris 
given m Art 143, where we have 


At 1 = 123 s 4 
At* = 71 4 
At z — 54 
At 4 = — 42 6 

Ah = - 157 6 


= 15227 6 
2 ft? — 5098 o 
Ah = 29 2 

A 7 ? = 1814 8 

2 / 7 ? = 24837 8 


Mean = 9401 5 log = 3 9732 

cPh 

By formula (265), with the data given in Art 143, log ^ = 8 2898 

constant logarithm = 6 7367 


Correction = — o" 10 log = 8 9997 


We may in a manner precisely similar derive the correction to be applied to 
the mean of the times to obtain the time corresponding to the mean of the 
zenith distances this may be more convenient in certain cases 

The necessity for applying a correction for second differences may generally 
be avoided by dividing a long senes of observations into two or more parts, 
neither of which shall embrace an interval of time long enough to require such 
correction This proceeding has the advantage that in reducing the two halves 
of the series sepaiately they will mutually check each other 

x 55 The methods of determining- time and latitude which 
have been gi\ en in this chapter are especially adapted to 
the requirements of the explorer The observations can 
geneially be obtained more conveniently at night, and both 
time and latitude will be required From the observed time 
the longitude will be obtained, as will be explained more 
fully hereafter As we have already shown, the time will be 
best determined by observing two stars, one east and one 
west of the meridian, both as near the prune vertical as prac- 
ticable 

The latitude will generally be most conveniently deter- 
mined 111 the northern hemisphere by observing Polaris 
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north, and another star south, by circummendian altitudes 
Then with the best attainable approximation to the latitude, 
the time can be computed by the method of Art 125 With 
this value of the time the correct value of the latitude may 
tnen be determined by (XIII) and (XVI), and if this diffeis 
much from the assumed latitude the time must be recom- 
puted In extreme cases it may be necessary to lecompute 
the latitude, but with proper caie this need not often occur 

As a survey of the line of travel is generally made by 
means of a compass and odometei (which is a little instru 
ment for recording the number of revolutions of a cait- 
wheel), the observer always knows his position approxi- 
mately The same process, essentially, is followed at sea, 
where the approximate place of the vessel is always known 
from the “ dead reckoning,” which is the course as indicated 
by the compass and log 

The methods of this chapter aie those which are most con- 
venient and useful in piactice On land, where the observer 
has a certain degree of choice as to time of observation and 
methods, and where the results must have a considerable 
degree of accuracy to be of any value, it will seldom be de- 
sirable to employ otheis At sea, howevei,the case is some- 
what different It sometimes happens that the determina- 
tion of the place of the vessel is of the greatest importance 
when, from cloudy weather or other causes, obseivations 
cannot be obtained which aie suitable for the employment 
of the methods of this chapter Fuither, a high degiee of 
accuracy is not requned for puiposes of navigation Vari- 
ous methods of determining the place of a vessel are there- 
fore given m works on navigation, in older that the manner 
may be in a position to utilize any data which he may obtain 

It can readily be seen that by \arying the conditions a 
great vanety of solutions of the problem may be obtained 
Some of these are exceedingly elegant from a mathematical 
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point of view Such, for instance, is the method given by 
Gauss for detei mining both the time and latitude from obser- 
vation of three stais at the same altitude Thus it h is the 
common altitude, 8 , 8 ', 8 " the declinations, t, t -f- A, t -f- V 

the hour-angles of the thi ee stars respectively, we have 

* 

sin h = sin cp sin 8 cos <p cos 8 cos t , \ 

sin h — sin cp sm S' -j- cos cp cos 8 ' cos (t + /L ), t (268) 

sm h = sin cp sm 8 " -f- cos cp cos 8 " cos \t -)- V) ) 

Three equations from which t and cp may be found Further 

than this, as theie are three equations, we can also determine 
h from them, so that the altitude need not be measured at 
all, but only the instant of time observed when each star 
reaches the altitude h If, howe\ er, the altitude is measured 
by the instrument, this piocess shows the error of the instru- 
ment, thus giving us one equation for determining the eccen- 
tn city by Art 116 

If thiee altitudes of the same star are measured, a similar 
piocess gives us three equations for determining the latitude, 
hour-angle, and declination of the star 

Also, it is evident that two measured altitudes either of the 
same star or of different stais will give two equations of the 
lorm of (268), fiom which the latitude and hour-angle may 
be detei mined * 

A variety of cases may also be considered in which the 
measured quantity s the azimuth of a star, or three different 
altitudes of the same star and the differences of the azimuths, 
or the data may be varied in many ways , but thejse solu- 
tions are of little practical value 


* For a solution of this problem graphically, see Captain Sumner’s New 
Method of Determining the Place of a Ship at Sea 
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Probable Error of Sextant Observations 

156 In all instrumental measurements the error of the result obtained con- 
sists of two parts Jii f t, that due to the observer and second ’ that due to instru- 
mental and other sources with which the observer has nothing to do When the 
instrument employed is the sextant, the latter consists for the most part of the 
various undetermined errors noticed in Articles 114-117 In any given series 
of observations these affect all alike, and therefore nothing is gamed m this 
direction by increasing the number of individual measurements 

With the first class, however, the case is different These form the accidental 
errors of observation, and, as they occur in accordance with the law of least 
squares, their effect diminishes with an increase in the number of measure- 
ments 

Let Rq = the probable error of the mean of a series of observed altitudes, 

Ri = the error due to the observer not including personal equation, 

A J a = the error due to instrument and causes other than the observer 

Then, by Art 16, A*o. == V , A , i'-{- Rf (269) 

Thus if the observer could do his part perfectly, he could never diminish the 
probable error of a single series below A* a 

The values of R 0 , A\, and R 9 for a given instrument and observer may be 
determined by methods which we have aheady employed 

Thus (Art 132) we have found for the probable erior of the time determined 
by a series of ten double altitudes of the sun, AV = ± 8 14 The coi responding 
error in the double altitude 2 h is found by the differential formula, viz , 

Azh — ——At, 
dt 

and for this case we have found = 640 

dlh ^ 

Therefore A%h — = 3" 2 = Rf 

('49 

From the latitude observations (Art 149) we have found 2" 6 = RP 

By a discussion of the ninety individual measurements of altitude employed 
m the investigation of the eccentncitv of the sextant (example, Art 116) Prof 
Boss finds the prob ible error of a single measurement of double altitude to be 
± I4 // , and of the mean of ten measurements ± 4" 4 = From the solu 
tion of the equations of condition of the same example we found for the probable 
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error of a single equation R a = 5 n 9 Therefore by equation (269) R a — 3" 93 
Thus the instrumental probable error is nearly equal to the observer’s probable 
error of a mean of ten measurements 

If now we assume the probable error of a single measurement to be ± 14" 
as above, we have for the observer’s probable error of the mean of m measure- 
ments, by equation (25), 


Ri 


and the total probable error R 0 


14^ 

Vm 




196 


+ 15 45 


If m — 1, Ro = 14" St m — IQ . ^0 = 5 9» 

vi — 5, Ro = 7 4, m = 20, Ro = 5 o, 


m — 50, ^0=44, 

m = 100, Ro = 42 


Thus it appears that with a skilled observer almost nothing is gained by ex 
tending the number of observations of a given series beyond ten Instead, 
therefore, of multiphing observations in the same circumstances, when accuracy 
is desired, the circumstances must be varied with a view to eliminating the in- 
strumental errors 

Thus for good results a determination of time or latitude should ne\er depend 
t,r a single series, no matter how carefully made or how elaborately the instru- 
mental errors have been investigated Latitude should be determined by both 
.north and south observations, giving both equal weight, no matter whether 
determined from an equal number of measurements or not In like manner 
time should be determined from observations both east and west combined with 
equal weights (See also Harkness, Washington Observations, 1869, Appendix I, 
page *1 } 
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THE TRANSIT INSTRUMENT 

157 When the time is required with extreme accuracy, 
as in a careful deteimination of longitude, the methods of 
the preceding chapter aie not adapted to the purpose The 
instrument used will then be the tiansit 

The common foi m ot transit insti ument consists essentially 
of a telescope attached to an axis perpendicularly As it 
revolves with the axis the line of collimation produced to 
the celestial sphere descnbes a great cncle The instrument 
is geneially mounted so that this great circle is the meridian, 
and it is used in connection with the sideieal clock or chro- 
nometer for determining the instant of a star’s transit over the 
meridian If our clock is accurately regulated to show side- 
real time, such an observed tiansit gives us at once the star’s 
right ascension, the lattei being, as we have seen, the same 
as the sidereal time of culmination If, however, we observe 
a star whose right ascension is already known, this process 
gives us the enorof the clock The field-transit mounted 
m the meridian, with which we are at present more par- 
ticularly concerned, is always used for this latter purpose 

Theoietically the instrument may be used in any vertical 
plane It is sometimes used in the plane of the prime ver- 
tical for finding the latitude, or m a fixed observatory for 
finding the declinations of stars When speaking of the 
transit instrument simply we understand it to be mounted 
in the meridian 
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Description of the Instrument 

158 The ransit instrument designed for a fixed observa- 
toiy, where it is permanently mounted, is much larger and 
more complete than one designed for use in the field, where 
it tnust be tiansported from place to place The transit- 
cucle of the Washington observatory, for instance, has a 
telescope of twelve leet focal length, the aperture being eight 
and one half inches , it is mounted on massive piers of mai ble, 
which rest on a foundation of masonry extending ten feet 
below the surface of the ground 

Figs 26, 27, 28, and 29 show different foims of the field- 
transit used by the coast and other government surveys 
Fig 26 is a very common foim The telescope is 26 inches 
focal length and 2 inches aperture It is provided with a 
diagonal eye-piece for observing transits of stars near the 
zenith, the magnifying power being about 40 diameters’ As 
may be seen fiom the figure, the frame folds up so that the 
entire instrument may be packed in a single box of compara- 
tively small dimensions The frame lests on three foot- 
screws by means of which it is levelled, the final adjustment 
in this direction being made by a fine screw at the right end 
of the axis, as shown in the figuie At the opposite end is a 
screw, or pair of screws acting against each othei, by means 
of which the final adjustment in azimuth is made The two 
lamps at opposite ends of the axis are for illuminating the 
field The axis being perforated, the light enters it, falling 
on a small mirror at the intersection with the telescope, by 
which it is reflected down the tube to the eje-piece The 
threads of the reticule then appear as dark lines in a bright 
field With some instruments there is only one lamp with 
two the unequal heating and consequent expansion of the 



2/0 


PRACTICAL ASTRONOMY. 


§ 159 



Fig 27 


§ l6o THE TR4NSI7 INSTRUMENT 271 

two pivots is to a great extent avoided, also the inconvenience 
of changing the lamp from one side to the other when the 
instrument is reversed 

The two small cncles attached to the telescope below the 
axis are called finding-circLs , they aie used lor setting the 
telescope at the proper elevation The) are about 6 inches 
in diameter The alidade caines a level, as shown in the 
figure The index is generally adjusted so as to read zero 
when the telescope is horizontal If then the vernier is set 
at the meridian altitude of a star and the telescope 1 evolved 
until the bubble stands 111 the middle of the tube, the star 
will be seen in the middle of the field when it passes the 
meridian One cncle could be made to answer every pur- 
pose, but it would lead diffeiently in the two positions of 
the axis, and this would be likely to prove a fruitful source 
of annoyance The instrument is leveised by lifting the 
axis up out of the supports by hand, turning it around and 
carefully leplacing it 

159 Fig 27 shows a larger and more complete mstiu- 
ment designed for longitude woik The focal length of the 
telescope is 46 inches, apeituie 2f inches Magnifying 
powers varjing from 80 to 120 diameters aie used A 
special apparatus is provided for reversing the instiument, 
which will be undei stood by leference to the figure The 
cam woiked by the crank below the frame laises the axis 
out of its supports, when it is turned ai ound and again low- 
ered into its place One of the findcis has two levels at- 
tached, one the ordinarv finding-level, the other a much finer 
one for use m determining latitude, as will be explained 
hereafter 

160 Fig 28 is a somewhat common foim of transit, one 
end of the axis being made to take the place of the lower 
half of the telescope A reflecting pi ism is placed at the 
intersection of the telescope with the axis, which bends the 
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Fig 28 
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rays of light at an angle of 90°, the eye-piece being at the 
end of the axis 

The instrument shown m the figure may be used as a 
transit, zenith telescope, or azimuth instrument, and is very 
convenient for use in positions where it *s not practicable to 
have two or thiee separate instruments It has, besides, the 
advantage that, for stars of all zenith distances, the observer 
occupies the same position with the common form of instru- 
ment the position of the observer is sometimes uncomfort- 
able, which is piejudicial to accuracy 

161 Fig 29 shows another form of instrument, made for 
the Coast Survey by Fauth & Co of Washington This 
form was fiist proposed by Steinheil ( Astronomische Nach- 
nchten , vol xxix page 177) Here a separate tube for the 
telescope is dispensed with entirely, the axis being made to 
serve this purpose by placing the object-glass at one end and 
the eye-piece at the other The reflecting pi ism is placed 
m front of the objective, as shown in the figure, and almost 
m contact with it The tube is placed horizontally and m 
the prime vertical When the reflecting surface of the prism 
is adjusted at the pioper angle, the image of any star may be 
made to transit across the threads of the reticule, precisely 
as in the other forms of instruments 

The instrument shown in the figure has a focal length of 25 
inches, and 2 inches aperture It is fitted with the appliances 
necessary to adapt it to use as a zenith telescope It is very 
compact and portable, and is therefore particulaily adapted 
for use in a rough country where transportation is difficult 

The portable tiansit instiument is mounted when practi- 
cable on a piei of brick or stone, set into the ground deep 
enough to insure stability Wheie such a foundation is not 
available a log sawed off square and firmly planted m the 
ground answers a very good purpose The observatory may 
be a shed made of boards or a canvas tent 
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The Reticule 

162 This consists of a number of spider-lines arranged as 
shown m the figure The middle line is 
placed as neaily as may be so that a line 
joining it with the optical centre of the 
object-glass shall be perpendicular to the 
axis 

In field-instruments a very thm piece 
of glass ruled with fine lines is often used, 
and is found more satisfactory in some 
respects than the spider-threads In the larger instruments 
intended to be used with the chronogiaph there aie some- 
times as many as twenty-five lines , in the smaller instruments 
there are usually five or se\ en — always an odd number The 
two hoi izontal lines are for maiking the centie of the field 
The mstiument should alwajs be set so that the stai will 
pass across the field midwai between them 

The Level 

163 Eveiy tiansit instrument is provided with a delicate 
stnding-level It is suppoited by two legs, the bottoms of 
which are V-shaped The length is such that these V’s rest 
on the pivots of the axis when the level is placed 111 the posi- 
tion shown in Figs 27, 28, and 29 The tube which is 
neaily filled with alcohol or sulphunc ethei is apparently 
cylindrical, but in leality has a curvature of laige radius 
The bubble of an which is allowed to lemain in the tube will 
<lwa\s occupy the highest point, and so any change in the 
relative elevation of the two ends will cause a change in the 
position of the bubble It ma\ r theiefore be used not only 
for detei mining when the axis is hoi izontal, but, by ascei tam- 
ing the angle corresponding to a motion ovei one division of 
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the graduated scale, we may by reading the two ends of the 
bubble determine the small outstanding deviation from per- 
fect adjustment The level when so used is a very delicate 
instrument for angular measurement 

164 To find the value of one division of the level This is 
most easily accomplished by the use of a little instrument 
called a level-trier, which is simply a bar of wood one end of 
which rests on two pivots, while the other is supported by a 
micrometer-screw. 

the distance between two consecutive threads of 
the screw , 

the length of the bar between the points of sup- 
port , 

the angle corresponding to one revolution of 
the screw 

_ d 

r ~ L sin 1" * ( 2 7°) 

Suppose the scale of the level to read from the middle in 
both directions Call the two ends of the level E and W. 
The readings m the direction W. may be considered + , 
those 111 the direction E , - Let the level be placed on the 
bar of the tuer, and both ends of the bubble read, then let 
the micrometer-screw be turned so as to cause the bubble to 
move from its first position, and the two ends read again 

Let e and w be the readings of the bubble in the first 
position , 

e 1 and w' be the readings of the bubble 111 the second 
position , 

d . the value of one division of the level , 
v, the true angle through which the bar has 
been moved, as given by the micrometer- 
screw 


Let d — 
L = 
r = 

Then 
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Then — e) will be the reading for the middle of the 
bubble in the first position , 
i(w' — e') will be the reading for the middle of the 
bubble in the second position 

d 

v = J [(w' — e') — iw — *)] , 


from which 


d = 


2V 

(w f — e') — [w — e) 


(271) 


The operation should be lepeated many times m different 
parts of the tube to insure greater accuiacy 111 the final re- 
sult, and to test the tube for lnegulanties 

The following example of detei mining the value of one 
division of a level is given by Schott, of the Coast Survey , 
for bievity only one half of the series is given lieie 

Coast Survey Office, December 8, 1868 Determination of value of one division 
of level B, belonging to Transit No 6 Value of one division of level-trier 
= o" 99 



Level- 

trier 

Level B 

Chanj?e«for 
10 divisions 
of Trier 

Tempera- 

ture 
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I2 b 39 m 

52 h I2 m 
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260 
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91 5 

80 5 
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47 5 
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29 0 

20 0 

11 0 

90 
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3 i 5 
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69 5 
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12 00 

11 25 

9 2 5 

9 00 

9 2 5 

8 75 

8 75 

62° 5 
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The numbers m the last column but one show that the 
level is not uniform, but there appears to be a giadual change 
of curvature from one end towards the othei With such a 
level the extreme divisions ought never to be used If we 
take the mean of the quantities in this column we find 

10 divisions of level-trier = 9" 9 = 9875 divisions of level 
Therefore 1 division = 1" 003 

The determination should be repeated at different tempera- 
tures to ascertain whether change of temperature affects the 
cuivature of the tube 

All fine levels are furnished with an air-chamber for 
regulating the length of the bubble When using the level 
this should be kept at about the length which it had when 
the value of the scale was being determined 

The value of the level ma} also be determined by placing 
it on a finel} -graduated cucle and leading the cncle with the 
bubble in different paits of the tube Thus by means of the 
mural circle of the Washington observatory I found the 
value of one division of the le\el of a zenith telescope to be 
1" 059, with a probable error of o" 018 
165 Adjustment of the Level of the Transit Instrument 
The level is used for testing the honzontality of the axis , 
therefore when it is placed on the axis the tube should be 
paiallel to the latter If such is the case — 

First The bubble must be m the middle of the tube when the 
axis is horizontal Place the level on the axis, and bring the 
latter approximately horizontal, read the scale, reveise the 
level and again read the scale. If this adjustment is peifect 
the reading will be the same in both positions, otherwise onq 
half the diffeience of the two readings must be coirected by 
raising or lowering one end of the tube The screws for this 
puipose are shown on the right in Fig 27 Repeat the pro r 
cess until the adjustment is satisfactory 
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Second The veitical plane passed through the axis must be 
parallel to that parsed through the tube Let the level be le- 
volved or locked in both directions aiound the pivots of the 
axis If the leading changes in consequence of this motion 
the adjustment is not peiltct I he dnection in which the 
adjusting-sci ews must be moved will readily appear from the 
motion of the bubble The hist adjustment should after- 
wards be examined, as it may have been disturbed by this 
operation 


Adjustment of the Instrument 

166 First The threads of the ? ctituL must be in the common 
focus of the object-glass and eye-piece First adjust the eye-piece 
by sliding it in and out of the tube until the position is found 
where the threads are most distinctly seen (A mark should 
then be made on the ti^be of the eje-piece so that it may be 
at once set to the proper focus, 01 a collar may be fitted to it 
so that when it is pushed “ home’' it will be in focus ) The 
instrument should then be tuined to a distant terrestrial ob- 
ject, or a star, and the tube cairymg the threads set so that 
the image will remain constantly on one of the threads when 
the eye is moved to one side or the othei of the eye-piece 
In some small instruments the threads are fixed at the princi- 
pal focus of the objective by the makei, with no provision for 
fuithei adjustment ' 

167 Second The threads must be parallel to a plane pei pen- 
dicular to the axis of the instrument Direct the telescope to 
a distant well-defined point, and bisect it with the middle 
thread, move the telescope up and down through a small 
angle (the axis having been previously levelled) If the 
thread is vertical it will bisect the object thioughout its en- 
tire extent 

With some instruments there is an arrangement for revoly- 
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ing the reticule and consequently foi perfecting this adjust- 
ment, with others there is none In any case care should 
be taken to observe all transits over the same part of the field 
when a small deviation from true vertically will not be a 
source of erroi 

168 Third To adjust the line of collimation Direct the 
telescope to a distant terrestrial point, and bisect it with the 
middle thread, then carefully leveise the telescope, and if 
the thread does not then bisect the object, bring it half way 
by means of the adjusting-sciews found on each side of the 
tube which contains the reticule The operation must be 
repeated until the adjustment is satisfactoiy 

Instead of a distant terresti lal point various instrumental 
devices have been used, particularly m fixed observatories. 
One of these is the collimating telescope, or collimator as it is 
called This is a small telescope placed north 01 south of 
the transit instrument, so that when the telescope of the latter 
is honzontal the observer may look through the eye-piece 
into the object glass of the collimatoi A thread in the prin- 
cipal locus of the latter will then appear precisely as if seen 
fiom an infinite distance, since the rays of light coming fiom 
the thiead through the object-glass will all emerge in paiallel 
lines A sharply-defined image of this thread will theiefoie 
be found at the principal focus of the transit telescope, and 
as the thread itself is onlj a few feet distant, tins image will 
not be disturbed by atmosphenc undulations as in the case 
of a distant mark By using two collimatoi s, one noith and 
one south, the adjustment may be made without reversing 
the instiument, this process, however, cannot be conven- 
iently applied to a field-instrument 

The mercuiy collimator is also much used with the fixed 
instruments of observatories This is simply a basin of 
mercury placed directly under the telescope, so that when 
the latter is placed vertical with the objective down the 
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obseiver can look thiough the eye-piece into the mercury. 
The thieads will then be seen m the field, together with their 
images reflected from the mercury The axis having been 
carefully levelled, the thread and its 1 effected image will co- 
incide if there is no erior of collimation If the collimation 
has been pieviously adjusted by the collimating telescope, 
this process may be employed for measuring the inclination 
of the axis, it is not, however, a suitable method to employ 
with the portable instrument 

169 Fourth To adjust I hi instrument m the plane of the 
meridian The transit is used in connection with the sideieal 
chronometer The observations will be made for determining 
the erior of the chronometer, this is, therefore, presumably 
not known with any degree of accuracy 

If nothing whatevei is known of the chronometer error, 
it may in certain cases be advisable to determine it approxi- 
mately by the sextant, or by the altitude of a star measured 
with the vertical cncle of an engineer’s theodolite Such a 
preliminary determination will very seldom be necessary 

As the appioximate time may theiefoie be known by some 
process, we first take the best value available Suppose, for 
simplicity, the chronometci to be set for this approximate 
time — or, in other words, that to the best of our knowledge 
the time shown by the chronometer is coriect We then 
take from the Nautical Almanac the right ascension of a close 
circumpolar star, and as this is equal to the sidereal time of 
culmination, we direct the telescope to the star, level the axis, 
and at the instant when the time shown by the chronometer 
equals this right ascension bring the middle thread of the 
reticule on the star, using the fine-motion screw at the end 
of the axis foi the final adjustment The insti ument will now 
be approximately m the meridian We next level the instru- 
ment carefully by the fine-motion sciew at the end of the 
axis, and select from the almanac a star which culminates 
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near the zenith for determining a more correct value of the 
time, 01 of the chronometer correction As all vertical cir- 
cles pass thiough the zenith, by selecting a star which passes 
as near as possible to this point we deteimine a very close 
approximation to the true chronometer coirection, even 
when the instrument has a large azimuth error It is better 
to use two stars for this puipose, one culminating noith ot 
the zenith, and one south (as it will very seldom be possible 
to find a star culminating exactly in the zenith) If the 
operations already descnbed have been carefully attended 
to we shall now know our chionometer correction within a 
second, which will be accuiate enough for perfecting the 
adjustment in the meridian by anothei circumpolar star 

Let A0 = the value of the chronometer correction just 
determined , 

a = the light ascension of any star 
Then a — A0 = the chronometer time of culmination 

When the chronometer indicates this time, the star must be 
carefully bisected by the middle thread, the axis having been 
previously levelled It the observer does not yet feel suffi- 
cient confidence in the adjustment, the opeiation must be 
repeated for a closer appi oximation 

The cncumpolar stars most suitable for this adjustment 
are the four standard stars of the Nautical Almanac, viz , 
a, S, and h Ursae Minons and 5 1 Cephei Besides these the 
ephemens for 1885 and following years gives a number of 
other stars near the pole reduced to apparent place for inter- 
vals of ten days 
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Methods of Observing 

170 The immediate aim of the observei is to obtain as 
accurately as possible the instant of time, as shown by the 
clock or chronometei, when the star ciosses each thread of 
the reticule These times may then be reduced by a method 
to be explained hereafter to the time over the middle thiead 
If then r is the probable eiior of a Transit observed over a 
single thiead, and n the numbei of thieads obseived, the 

r 

probable eiror ot the mean u ill be — = 

There aie two methods ot observing tiansits, viz, the eye 
and tar method and the chrono graphic method The latter ^ 
method is more accuiate except with an observer of long 
experience, an.d is now used almost universally m fixed obser- 
vatories It is also employed in the held when the time is 
required with great accuracy for longitude woik 

In other cases, when the portable insti ument is used, the 
obseivations will be made by the eye and car method , which 
is as follows A few seconds befoie the stai to be obseived 
reaches the thread the observer takes the time from the 
chi onometei and watches the stai as it approaches the thread, 
at the same time counting the beats of the chionometer 
When the star crosses the thread the exact instant is noted , if 
the thread is crossed between two beats, 
the fractional pait of a second is esti- 
mated to the nearest tenth This esti- 
mation is made more by the eye than 
the ear, thus, suppose when the obser- 
ver counts 10 s the star is at a, and when 
II s at b , the distance from a to the 
thiead will be compared with the dis- 
tance fiom a to b, and the ratio will be expressed m tenths In 
this case the time will be 10 9 4 A skilful observer will seldom 
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be in error by so much as ^ of a second in estimating the 
time over a single thread for a star near the equator 

By the chronographic method the observer registers the 
instant when the star is on the thread b} simpl} pressing the 
key which closes or breaks, as the case may be, the galvanic 
circuit * This instant is recorded by a mark on the cylinder 
of the chronograph, and may be read off at leisure As the 
observe: is not obliged to count the seconds as in the other 
method, the threads may be placed much closer together 
and a largei number of leadings taken A piactical limit 
will, however, soon be leached beyond which nothing will 
be gained m accuracy by increasing the number of thieads 
Formerly the large transits of the Coast Sui vey were pro- 
vided with twenty-five threads arranged in five gioups, or 
tallies of five threads each Of late this number has been re- 
duced to thirteen, the central tally containing five threads, the 
two on each side three each, and the two extreme tallies only 
one each The middle threads of the tallies are at equal dis- 
tances and may be used for eye and ear observation, while the 
middle tally is convenient for observing close circumpolar 
stars, which maj be best observed by the eye and ear method 


Mathematical Theory of the Transit Instrument 

171 We have shown how to adjust the instrument and 
place it m the plane of the meridian With whatever care 
these adjustments are made, there will always remain small 
outstanding enors, the existence of which will affect the 
observed time of a star’s transit The amount of these errors 
must then be determined, and the necessaiy corrections 
applied to the observed time to reduce it to the tiue time of 
meridian passage 


* See Art 121 
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We shall call aline passing thiough the centres of the 
pivots and produced indefinitely the rotation axis Also, 
the line drawn through the optical centre of the object-glass 
and perpendicular to the rotation axis is the colhmation axis . 
When the instrument is revolved this line describes a gieat 
circle of the celestial sphere, the poles of which are the points 
where the rotation axis pierces the sphere When these 
poles are known the position of the circle itself is known 

Let 90° — a — the azimuth of the point where the west 
end of the axis pierces the sphere , 
b — the altitude of the same poim 

Then a will be the deviation of the axis fi om the true east and 
west position, plus when the west end deviates to the south ; 
and b is the deviation from the true honzontal positioi, plus 
when the west end is high 

Let 90° — m = the hour-angle of this point , 
n — the declination 

Let x y y, z be the lectangular co-ordinates of this point 
leferred to the horizon 

Then A, 90° — a, and b will be the polar co-ordinates, and 
we have * 

x — A cos b cos (90° — a) = A cos b sin a , \ 
y = A cos b sm (90° — a) = d cos b cos a , v (272) 
z = A sin b ) 

Let z r be the rectangular co-01 dinates referred to the 
equator 


*See equations (no) 
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Then A, (90° — m), and n aie the polar co-ordinates, and 

x f = A cos n cos (90° — in) = A cos n sin m , \ 

y = A cos n sin (90° — m) == A cos n cos m , > (273) 

z f =• A sin n ) 

1 

The formulae for transformation of co ordinates will be * 


x' = x sin cp -f- z cos <p , \ 

/ = y , [ 1274) 

z' = — x cos cp -|- z sin cp ) 

Substituting for x,y, 2 and y, y\ 3' their values, and dropping 
the common factor A , we have 


cos n sin m = cos b sin a sin cp -f- sin b cos cp , 1 

cos n cos vi = cos b cos a , >■ (27 5) 

sin 11 — — cos £ sin <2 cos cp -f- sin b sm ) 


Equations (275) gi\e m and n when a and b are known 
No limit has been placed to the values of a, b , m, and n, which 
may therefore be of any magnitude, and consequently the 
instrument in any position By careful adjustment, how- 
ever, these quantities may always be made very small, and 
there will therefore be no appreciable error in writing the 
quantities themselves for their sines, and wilting loi the 
cosines unity Therefore 
For the transit instrument m the meridian , 


m = a sm cp b cos cp , j 
n = — a cos cp -f- b sin cp j 

From these we readih derive 

a — m sin cp — n cos cp , ) 
b = m cos cp -|- n sm cp \ 


(276) 


(2 77) 


* See equations (112 ) 
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172 Now let t = the east hour angle of a stai when seen 
on the middle thiead , 
c — the erior of collimation , plus when the 
stai leaches the thread too soon * 

Now let the stai when on the middle thiead be referred to 
a system of rectangulai co -01 dinates, the plane of x,y being 
the plane of the equator, the axis of * being perpendicular 
to the rotation axis 

Then 8 = the stars declination is the angle formed with 
the plane of x, y, by the radius vector , 
r — m =. the angle formed with the axis of by the pro- 
jection of the 1 adius vector on the plane of x, y 

Then x = A cos 8 cos (r — m ) , ) 

y = A cos 8 sin (r — in) , >■ ( 2 7%) 

z = A sin 8 , ) 

y being reckoned towards the east 

Let the star be now referred to a new system of co-ordi- 
nates in which the axis of ^ coincides with that of the last s} s- 
tem, the axis of y being the lotation axis of the mstiument 

Then c = the angle formed with the plane of x, z , by the 
radius vector , 

= the angle formed with the axis of * b\ the pio- 
jection of the radius vector on the plane of x, z 

Then x r = A cos c cos 8 x , ) 

y = A sin c , >■ ( 2 79) 

z f = A cos c sin 8 X ) 


* The star is supposed to be observed at upper culmination 
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In these two systems the axes of ^ coincide, tne axes of 
y' and z r make the angle n with those of y arid z Therefore 

* = *, \ 
y = y cos n — z sin n, V 
z r — y sin n -f- z cos n ) 

Combining (278), (279), and (280), we ha\e 

cos c cos 8 x = cos 8 cos (r — in), 

sin c = cos 8 sin (r — m) cos n — sin 8 sin n, 

cos c sin = cos S sin (r — ;^) sin n -|- sin d cos n 

With these equations, as with (275), no restrictions have 
been placed on the quantities nnolved, and they will sei ve 
for computing r when n, and c are known When these 
quantities ai e small, as with the instrument adjusted in the 
meridian, the second of (281) becomes 

c = (r — 111) cos 6 — 11 sin S, 

from which r = m + n tan £ -j- c sec d . (282) 

This is Bessel's formula for computing the hour-angle of the 
star when it passes the middle thread of the reticule In ap 
plying it, the unit in which in, n , and c are expressed must be 
the second of time 

If we substitute in (282) the value of m from the second of 
(277), viz , 


(280) 


(281) 


m = b sec cp — n tan cp , 

we have r = b sec cp + n (tan d — tan cp) + c sec 8 (283) 

This is Hansen's formula for computing r We see from it 
that when < 5 = (p, the term in n vanishes and r depends on b 
and c alone Fiom this it follows that those stars are best 
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suited for determining r — and the: efore the clock correction — 
which culminate near the zenith 

Substituting in Bessel’s formula the values of m and n 
from (276), we readily find 


t — a 


sin (y — d) f cos (9 — 8 ) 


cos £ 


+ *- 


COS $ 


+ 


cos $ 


(284) 


Which is Mayer’s formula, and is the one best adapted for 
use with the portable transit 

We adapt these formulae to the case of lower culmination 
by changing 8 into 180 0 — 8 

Now let a = the apparent right ascension of any star, 

© = the observed clock time of the stars passing 
the middle thiead, 

A© = the clock correction 

Then a =© + zJ© + r,l .... (285) 

ZQ = a — (©-|- t ) ) 

In which r may be computed by either (282), (283), or (284) 
If the star is observed at lower culmination, a becomes 
I2 h + a • 

Correction for Diurnal Aberration 

173 Aberration is the apparent change in a star’s posi- 
tion caused by the progressive motion of light combined 
■with the motion of the eaith itself The displacement is in 
the direction of the earth’s motion, and the tangent of the 
angle of displacement is equal to the component of the veloc- 
ity of the earth perpendicular to the line of sight divided by 
the velocity of light 

Aberration is considered under two heads, viz , annual and 
diurnal aberration, the former resulting from the earth’s an- 
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nual motion in its 01 bit, and the lattei from the 1 evolution on 
its avis The subject will be tieated in asubsequent chapter as 
fully as will be neccssaiy foi our pui poses At present we 
shall only consider the diurnal aberration 

Let k — the diuinal aberration of an equatorial star at the 
tune of transit The velocity of light is 186,380 miles per 
second A point on the earth’s equatoi has a linear motion 
of o 2882 mile per second, in consequence of the diurnal rev- 
olution of the earth Therefoi e the linear velocity of a point 
whose latitude is cp will be o 2882 cos cp Then 


V 


k = 


2882 


186380 sin 1 


, cos cp~" 319 cos^= s 021 cos cp (286) 


If the star’s declination is d, the effect upon the stai’s 
hour-angle being k\ we have, by applying Napier’s 
first 1 ule for right-angle triangles to the triangle shown 
in the figure, 


sin k = sin k! cos d, 

or k' = k sec d = s o2i cos cp sec d (287) 

As this will cause the star to appear too far east, the ob- 
seived time of culmination will be too late and the correc- 
tion must be subtracted 

The coriection for diurnal aberration maybe combined 
with the collimation constant by making 

d = c — 8 021 cos cp (288) 

As observations are made m both positions of the axis, it 
is necessary to distinguish between them This may be done 
by noting the position of the clamp, whethei it is east or west 
If then the sign of c is determined for clamp west, the, alge- 
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brnc sign must be changed when the position is damp east 
It must be lemembered that the algebiaic sign of the abei- 
ration does not change when the instrument is reversed, so if 
this correction has been combined with c, c will m one case 
be the sum of the two, and in the other case the difference 


Equatorial Intervals of the Threads 

174 When the ti ansit of a star over one of the side threads 
is observed, we may legard the distance of this thread from 
the collimation axis as its error of collimation, and pioceed 
with the reduction precisely as in case of the middle thread. 
It is simpler in practice, however, to determine the angular 
distances of the side thieads fiom the middle thread, when 
the times may all be reduced to the time over this thiead 
This angular distance when expressed in time is evidently 
the time required for an equatorial star to pass from the side 
thread to the middle thread 


Let * = the equatorial interval for any thread, 

I = the interval for a star whose declination is 8 
Thenz+c = the collimation enor for this thread, 

T _|_ / = the hour-angle of a star when seen on this thread. 


The second of equations (281) may be written 

sm (r — m) — sin c sec n sec 8 + tan n tan 8 , 
and for the side thread 

sin ( r -| - I — m ) = sin(z + c ) sec n sec 8 + tan n tan 8 
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By subtraction, 

sin (r -|- / — in) — sin (r — ;«)=[sm(^ + ^) — sm sec 72 sec , 
which becomes 

2 cos Ql Jf. r — m) sm i/ = 2 cos (i* + c) sin £2 sec n sec d 

Since r — m and n are very small quantities, the above 
may be written 

sm I = sm 1 sec d (289) 

For all stars not nearer the pole than io°, 

/ = 2 sec £ ( 2 89)i 

When ./is observed and 2 is required, the equations become 

sin 2 = sin I cos £ , . . (290) 

i — I cos 6 . (290)* 

When the star is nearer the pole than io°, formulae which 
are practically exact are obtained as follows 2 may always 
be written for sm 2, and (I — -J/ 3 ) foi sm I Therefore 

2 — /(i — -J-/ 3 ) cos 

But cos / = 1 — £/ a and (cos I )* = 1 — \P y 


therefore we have 

2 = I cos 6 V cos I (291) 

/ = 2 sec 6 V sec / (291)! 
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The following table gives log V cos/ and log V sec / with 
the aigument / in time 


I 



I 



1 

log V cos I 

I 

log y C 06 J 

log V sec / 

log V cos / 

log V sec / 

log V sec 1 1 

x m 

9 99999 

0 00000 

x6 m 

9 99965 

0 00035 

3 i m 

9 99897 

0 00133 

2 

99 

01 

17 

960 

040 

32 

858 

142 

3 

99 

OX 

18 

955 

045 

o 3 

849 

151 

4 

98 

02 

19 

950 

050 

34 

840 

160 

S 

97 

03 

20 

945 

055 

3 o 

831 

169 

6 

95 

05 

21 

939 

061 

36 

821 

179 

7 

93 

07 

22 

933 

067 

37 

811 

189 ; 

8 

9 * 

09 

23 

927 

073 

38 

800 

200 

9 

89 

11 

24 

921 

079 

39 

789 

21 1 

xo 

86 

14 

25 

914 

086 

40 

778 

222 

XI 

83 

17 

26 

907 

093 

4 i 

767 

233 

12 

80 

20 

2 7 

899 

IOI 

42 

756 

244 

*3 

77 

23 

28 

892 

108 

43 

744 

256 

i4 

73 

27 

29 

884 

xx6 

44 

732 

268 

*5 

9 99969 

0 00031 

30 

9 99876 

0 00124 

45 

9 99719 

0 00281 


175 Suppose the reticule to contain five threads 

Let T = the time of a star’s passing the middle thread, 
t x , t„ i t , /„ = the times of passing the separate threads , 
z„ t it z 3 ,* z 4 , = the equatorial intervals 

The star is supposed to pass the threads in the above order 
when the clamp is west When the position is clamp east, the 
order will be reversed, becoming z„ z 4 , z 3 , z 3 , i. At lower 
culmination the older will be the reverse of that of upper 
culmination 


We shall have T = t,-\- i, sec <5 
= t, + ** sec ^ 
= sec S* 

= t t {- z 4 sec d 
= t t + z, sec 8 


*When the reduction is to the middle thread, ia = o 
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T = *> + *. + *» + *« + *» + h±l h±hl±L±h S ec 6 ; (292) 

or T = T q + sec £ for clamp west, 

T = T c — At sec $ for clamp east 

Instead of reducing the obsei ved times to the time over 
the middle thread, we may reduce them to the time over an 
imaginary thread, the time over which is the mean of the 
times over the fi\e threads, or T 0 of the above formula 
The equatorial intervals and error of collimation are then 
determined with reference to this mean thread instead of the 
middle thread This method is more convenient than the 
preceding, as At then vanishes and the equatorial intervals 
are not required when all of the threads are observed 

Reduction of Imperfect Transits 

176 A transit is imperfect when the time over one or more 
of the threads has not been observed Formula (292) applies 
equally to such a transit, by simply dropping the terms 
corresponding to the threads which were not observed Thus 
suppose the first two threads were not observed, the formula 
will then be 

T = £■_ +*«+ £ » + *? ■ +-«« . + *> S ec <? 

3 3 

Correction for Rate 

177 If the rate of the chronometer is large, it may be 
necessary to take it into account m reducing imperfect 
transits 


* When the reduction is to the middle thiead, z 3 = o 
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Let <?T= the hourly rate of the chionometer 
Then if i is given in seconds, we shall have 

T=t + ,stos{i-~) ( 293 ) 

Thus if a star is obser\ ed with a mean time chronometer, 
ST = 9’ 830 and (293) becomes 

T=t + zstcd X o 99727, \ _ . ( 294 ) 

or T = t + 1 sec d [9 99881] ) 


Determination of the Constants 

178 We may deteimme the time of the stars passing the 
meridian, and consequently the clock correction, fiom for- 
mulae (284) and (285) when we know the values of a , b , and c , 
or from foimulae (282) and (285) when we know in, n, and c 
The determination of these quantities wnll therefore now 
be considered 


The Level Constant , b 

Place the stndmg-level on the axis and read both ends of 
the bubble, leverse the level and lead again 

Let w and e be the leadings of the west and east end in 
first position, 

w and e f , the readings of the west and east end m sec- 
ond position, 

d, the value of one division of the level expiessed m 
time, 

x, the error of the level due to any want of perfect ad- 
justment 
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Then if there were no error the inclination would be equal 
to the reading of the middle point of the bubble, or 

b — \d{w — e) + x, 
b = \d{w' - e') - x, 

the mean of which is 

b = -[(» + wO-fc + O] ( 2 9 S) 

4 

The level is often reversed two or more times for greater 
accuracy Whatever the number of revet sals, the inclination 
is given by the formula 

b = d -\W - E], (296) 

where W and E are respectively the means of the east and 
west readings 


Inequality of Pivots 

179 The above expression for b is obtained by applying 
the level to the outer surface of the pivots, it therefore gives 
the true inclination of the rotation axis only when the diam- 
eters of the pivots are equal If they are unequal this value 
of b requires a correction determined as follows 

Fig 34 b is a cross section of one of the pivots, with the V 
of the level B, and of the instrument A Suppose the clamp 



west Formula (295) gives the inclination of the hne B'B, 
that of C'C is required Suppose the V of the level to have 
the same angle as the V of the instrument 
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Let B and B' be the inclinations as shown by the level for 
clamp west and east respectively, 
b and b', the true inclinations of C'C , 
yd, the constant inclination of A' A, 
p, the angle ECC' = C'CF 

For clamp west, b — B + b = j3 — p) , . 

For clamp east, b' = B' — p, V = fi p ) ' a ' 


By subtraction, b' — b — B’ — B — 2 p — 2 p, 


P = 



(297) 


Which determines the value of p In order to be reliable it 
must be derived from a large number of readings of the level 
m both positions of the axis It will then be a conection to 
be added algebraically to the inclination as given by the level 
for the position clamp west , or 

b = B + / for clamp west, \ 

b' = B' — p for clamp east ) ^ 


If the angle of the level V is not equal to that of instrument V, the angle ECC 1 
will not be equal to C’CF and we proceed as follows 


Let 


2 1 = the angle of the level V, 

2 i x = the angle of the instrument 
r and r' = the radii of the pivots, 
d = BC in the figure, 
d x = A Cm the figure, 

L = length of level = C'C, 
p = angle ECC ' , 
pi = angle C'CF , 


V, 


the notation in other respects remaining as before 
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Then for end next the clamp 


^ sin t' 

y' 

Then for end remote from clamp d = , d\ — 

sin t 

therefore p = 


sin/ = 


d' - d r' - r 


sm/i = 


L Z. sin 1' 

di—di r' — r 

L Z.sin*i’ 

Dividing (d) "by (c) we have 


pi _ sin 1 


sin ii 


sin t\ 

r ' 
sin 


/ — r 




L sin 1 sin 15" 
r' — r 

Zsin ii sin 15" 


Then 


b — B + /, b = — pi> 

b f = B f -p, b' = fiJrpi, 

V — b = B r — B — 2p = 2 \piy 

B’ - B 


w 

id) 

w 


Substituting the value of pi from (e) and reducing, we readily find 


/ = 


B' — Bl sin ti \ 
2 \sin i + sin hi 




Example The following- readings of the level were made 
for determining the inequalities of the pivots of the transit 
mstiument of the Sayre observatory 


Direct, 

Reversed, 


Clamp East 
E w 


144 ISI 

12 7 167 


Clamp West 
E w 

12 8 162 

14 6 14 9 


(e + e') 27 i 318 ~ w w' 274 31 I 

By formula (295), B' = + i 175, B = + 925, 

B and B’ being expressed in terms of one division of the 
level. 
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The angle of the level V was equal to that of the transit, 
therefore, by (297), 

B' - B , . 

p — — —1— 062 

y 4 

By a-considerable number of readings made at different 
times the following values of p were obtained The first 
and thud columns show the angle of elevation of the tele- 
scope, the second and fourth the corresponding values of/ 


o° 

+ 0 56 

125 0 

042 

10 

0S0 

130 

059 

20 

068 

140 

052 

30 

056 

150 

076 

40 

077 

160 

069 

50 

60 

046 

062 

170 

064 


Mean of 13 values / = T 062 j 

The value of one division of the level is d = • 174, therefore /• = * on 


180 The diameters of the pivots may not only be unequal, 
but the forms may be 11 regular This is tested by reading 
the level with the telescope placed at different zenith dis- 
tances If inequalities are found to exist, a table of correc- 
tions for different zenith distances from zero to 90° on each 
side of the zenith may be formed in case it is necessary to use 
the instrument in this condition If the corrections are large 
enough to be appreciable, however, the instrument should 
be put into the hands of an instrument-maker for lepairs 

181 A little instrument designed by Prof Haikness, and 
called by him the “ spherometer-caliper,” is very conven- 
ient for measuring the inequalities and irregularities of pivots 

Fig 35 a is a front and 35^ a side elevation The same 
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letters refer to both figures The foundation-plate b carries 
two cylindrical guides, dd \ which aie connected at their lower 
end by the bar e Into the foundation-plate is screwed the 
brass piece in, to which is cemented the thick circular glass 
plate c The two V’s, aa, aie also firmly screwed to the foun- 
dation-plate The brass plate /slides fieelyup and down 



3 $a Fig 35 5 


The Spherometer caliper 

between the guides dd, being kept in place by three loops, 
two of which pass around the right-hand guide and one 
around the left, as shown in the figure The brass rod g, 
which passes through the piece m and the plate c without 
touching either of them, is firmly attached to the upper end 
of the plate/, and moves with it, while to the lower end of 
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f is attached a second short brass rod which passes freely 
through the bar e and carries the nut h 

In using the instrument, the plate f is depressed by means 
of the nut h until one of the pivots whose irregulaiity is to 
be measured passes freely under the V’s aa Then the V’s hav- 
ing been pioperly adjusted upon the pivot, h is loosened and 
the flat edge of the aperture in f is pressed against the under 
side of the pivot b}^ the spring t The elevation of the lod 
g above the glass plate is then measured by means of the 
spherometer This consists of the micrometer-sciew shown 
in the figure, which is supported by the small tnpod s, the 
legs of which rest on the glass plate By means of this screw 
small differences in the elevation of the rod g, and conse- 
quently of the size of the pivots, may be readily measured 

Let 2v = the angle of the V’s aa , 

n = the difference between the readings of the screw 
on the two pivots, 

R — the linear distance between two consecutive 
threads of the screw, 

L — the distance between the V’s of the transit instru- 
ment, 

p = the inequality of the pivots expressed m seconds 
of time, 

r = the radius of the pivot to be measured, 

C — the distance from the upper surface of the glass 
plate to the angle of the V’s 

Then the vertical distance from the upper surface of the 
glass plate to the flat surface of the apertuie in /will be 

C -f- T — C — f~ T ( J (298) 

1 ' sin v \ sin v * J 

Similarly for the other pivot 


,(i + sin v 
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The difference is ( r — • • ( 3 °°) 

This is evidently the difference in the elevation of the end 
of the rod g when the second pivot is substituted for the 
first, that is, the difference between the two micrometei 
readings Therefore 


v ' \ sin v J 
, nR sin v 

r — r = — j . • 

1 sin v 


(301) 


Then from c , Art 1 79 

p — ( — ^ — - — jj .... (302) 

r \i + sm v/L sin 15" w 1 

This instrument is especially to be recommended in ex- 
amining the pivots for irregularities, as by measunng 
different diameters of the pivot the exact form may be 
determined If lnegulaiities exist they may be detected 
by the level, but it will not show which pivot is irregular 


The Colhmation Constant , c 

182 A transit instrument of the better class is provided 
with a micrometer,* the movable thread of which is parallel 
to the threads of the reticule and so nearly in the same plane 
that both are m the focus of the eye-piece at the same time 


* For description of micrometer see Art 97 
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With this arrangement the error of collimation may be 
measured directly as follows 

By means of a distant terrestrial object The position being 
clamp west — suppose — direct the telescope to a distant ter- 
1 estrial point, and by means of the micrometer measure the 
distance of its image as seen in the field from the middle 
thread, then reverse the instrument and measuie the distance 
again. If the object appears on the same side of the thread 
in both positions, the error of collimation will be half the 
diffeience of the measuied distances, if on opposite sides, 
half their sum 

In determining c m this way care must be taken not to 
mistake its algebraic sign This sign may be determined 
practically by remeinbenng fiom which side of the field a 
star at upper culmination appears to enter If then for 
clamp west the thread appears nearer that side of the field 
than for clamp east , c will be plus for clamp zuest, and minus 
for clamp east 

183 By the collimating telescope * The thread or cross- 
threads of a collimating telescope may be used in the same way 
as a distant terrestrial object foi measuring the collimation 
constant, and with the advantage that there will be no appre- 
ciable atmosphenc distuibance, the mark being only a few 
feet distant With two collimating telescopes, one north and 
one south of the instrument, the error may be determined 
without reversing the instrument As this method is only 
of practical value with the large instruments of an obseiva- 
tory, it will not be explained further hei e 

184 By the mercury collimator * If the telescope is 
directed vertically downwards, the middle thread may be 
seen directly, together with its 'image reflected from the 
mercury If the axis is horizontal the constant c will be one 


* Art 168 
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half the distance between the direct and reflected images, 
which may be measuied as before 

If the axis is not horizontal, 

Let b = the elevation of the west end , 

M = the micrometer distance of the thread from its 
image, positive when the thread itself is on the 
side from which a star at tipper culmination 
appeal s to enter 

Then \M = c — b, 

c — \M + b . . . . (303 ) 

By reversing the instrument and again measuring the 
distance of the thiead from the reflected image we can 
detei mine both b and c , or if c has been determined by the 
collimating telescopes we can determine b without leveising 
the instrument 

185 By a close circumpolar stcr With the poi table in- 
strument it will be found more convenient to dctennine the 
collimation constant by observation of a star in both posi- 
tions of the axis, as follows 

Observe the transit of a slow-moving star over one or 
more threads — including the middle thiead or not — then re- 
verse the instrument and observe the tiansit over the same 
thieads, now on the other side of the field With one of the 
foui circumpolar stais of the Nautical Almanac theie wull be 
plenty of time to leverse the instrument dining the intei val 
over two consecutive threads It is advisable to read the 
level for each thread 

The times observed are then to be reduced to the times 
over the middle tlnead (or the mean thiead, as the case may 
be) by means of the equatorial intervals, which must be well 
determined. 
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Let T = the clock time over the middle (01 mean) 

thread lor clamp west , 

T — the clock time over the middle (or mean) 
thread for clamp east , 

b and b' = the level constants in the two positions, 
AT& nd AT = the clock conections at times T and T , 
AT 0 = the clock conection at time T 0J 
ST = hourly rate of clock 

Then AT = AT 0 + ST{T - T 0 ), 

AT = AT 0 + ST{T - T 0 ) 

Then applying Mayei’s formula, (284) and (285), 

Cl W a= T+AT 0 +ST(T-T 0 ) + asin{<p- tf)sec<T 
4 b cos (cp— S) sec S 4 - c sec S — s 021 cos cp sec S, 

^ (3°4) 

Cl E * ^ T+AT 0 +ST(T-T 0 ) + asin(<p-S)secS 
-j- b f cos ( cp —S) sec S — c sec S — 8 021 cos <p sec S ^ 

Subtracting the fiist of these from the second, we readily find 

c = i(T - T) cos S + i(T - T) ST cos S 

+ i(b' — b) cos {cp — S) (305) 

This formula is applicable to lower culmination by chang- 
ing S into 180 0 — S as usual In most cases the term in ST 
will be inappreciable 

The Azimuth Constant , a 

186 This can only be detei mined by observation of stars. 
Let two stars be observed which diffei as widely as possible 
m decimation 
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Let Jand T' be the times of observation reduced to the 
middle (01 mean) thiead, 
d and S', the declinations of the stars, 
a and a', their 1 lght ascensions 

Then equations (304) will apply to these stars, except that in 
the second we shall have a' and S' in place of a and d, and 
the sign of c is not changed 
Let us write 

t = T + ST(T — T,) + b cos (cp — S ) sec S -f- c sec S 

— s 02i cos cp sec S , 

t' — T' + ST(T'— T 0 ) + V cos {cp — d') sec d'-f- c sec S' 

— s 02 1 cos cp sec S'. 

That is, we place t and t' equal to the sum of the known 
quantities in the second members of the equations Equa- 
tions (304) then become 

a — t AT, + a sin {cp — S') sec d ; 
a! = f 4- d ^*0 “h a sin \*P “ d 7 ) sec S' 

From which 

( r / — a) — (t' — t) 

a sm {cp — S') sec S' sin (<p — d) sec d * ' 

which reduces to 


K — g ) - y - 0 

cos cp (tan d — tan S') 


(30 7) 


The greater the denominator of this fraction the smaller 
will be the effect upon a of errors of observation If two 
circumpolar stais are observed, one at upper and one at 
lower culmination, the denominator of (307) becomes 

cos cp [tan d — tan (180 0 — d 7 )] = cos cp (tan d + tan S') 
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This combination is therefore most favorable for the pur- 
pose If the rate of the clock and the stability of the instru- 
ment can be relied on for twelve hours, the same star may 
be observed both at upper and lower culmination This will 
not be practicable, however, with a portable instrument If 
two stars are observed at upper culmination, one should be 
near the pole and the other near the equator 

If in and n are required, they may now be computed by 
(2 76), or we may proceed as follows 


To Determine n Directly 

187 Using the same notation as m the determination of a, 
and applying Bessel’s formula, (282), 

a = T + AT, + ST (T — T„) + m + n tan S + c sec S 

— ‘ 021 cos cp sec S, 

a' = T + AT t + ST (T - T a ) + m + 11 tan S' + r sec S' 

— , 02 1 cos <p sec S', 

placing the known teims of the second members equal to 
t and t' respectively, viz , 

t = T + ST{T — T a ) c sec £ — " 021 cos cp sec S, 

t' = T + ST{T — T 0 ) 4- c sec S' — 8 021 cos q> sec S', 

the above equations become 

a = t 4- AT, 4 - *0 4 - « tan S, 

a' = t' 4- 4 T^ 4- 4“ n t an S'. 

From these we derive 

_ ~ ~ (^ ~ f ) 

n ~ tan S' — tan S 


• (308) 
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Then m is given by the second of (2 77), viz , 

m = b sec <p — n tan <p (3°9) 

The conditions favoiable for an accurate determination of 
n are evidently the same as in the case of a 

Recapitulation of Formula for Transit Instrument in the 

Meridian 

Equatorial intervals i = I cos 8 \ cos/, 

* = / cos 8 

Reduction to middle / = z sec 8 / , 

(or mean) thread, / = z sec 8 

Level constant, b = - [ IV — E\ 

Collimation constant, c = K 7 ' — 7 ) cos 8 + •*( 1 ' — 7 JS'/cos 8 ______ 

+ '{b -/>) cos (cp - J) r (XVII) 

(a' — n) — (/ — /) 

Azimuth constant, « = — — r-- “ rt , 


COS cp(t m 0 — ld.ll 0 ) 


Clock correction, AT — cx • 


7 +« 


(<p — 8) cos(< p—8) 

cos o ‘ cos 6 


For reduction by Bessel’s formula we have the following 


(«' - a)- <f - t) 

11 ~ tan 6' — tan £ ’ 

m — b sec ep — n tan <p , 

AT — a — \_T + m + n tan $ c sec S 

—'02i cos £>sec<J] 


(XVIII) 


Tj a 7i sj t Obst iva/iont 

To illustrate the application of (XVII) let us i educe the following observa 
tions, made at the Sayre observatotv 1883, October 16 The ti insit is a sm ill- 
sized instrument of 26 inches focal length, aperture 2 inches, magnifying 
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power 40 diameters The reticule contains five threads, numbered consecutively 
from 1 to 5 for clamp east As will be seen, the level was generally read two 
or more times in each position 


1883, October 16 


Polaris * 

Level 

Level 

S = 88° 41' 23" 8 

Clamp West 

Clamp East 

Clamp west V o h 53 m 34* 

E w 

E 

W 

IV 1 5 31 

14 9 14 5 

13 O 

16 7 

III 1 17 25 

13 0 16 6 

15 3 

14 5 

Clamp east IV 1 29 3 

14 6 14 7 

13 0 

16 8 

V 1 40 55 

13 0 16 5 

14 7 

15 0 


14 7 14 7 

13 I 

16 8 

Mean clamp W i h 17 111 23 s 4 

12 9 16 6 

14 8 

149 

clamp E 1 17 72 

13 0 16 8 



cc = 1 17 28 83 

15 2 14 3 




Mean = 13 912 15 588 

13 983 

15 783 


t/? = + 838 

p = 

+ 900 

0 Arietis 

y Andromedae 



8 = 20° 14' 5 

8 = 41 0 46' 1 



1 45 ■ 

I 9‘ 3 



II 2 5 

II 31 2 



III 19 8 

III 52 9 



IV 37 1 

IV 14 5 



V i h 48™ 54 b 5 

V i h 57 m 37* 



T = 1 48 19 78 

T = 1 56 53 °4 



a = 1 48 15 35 

a = 1 56 48 81 



a Arietis 

£' Ceti 



6 = 22° 54' 8 

£ = 8° 18' 2 

Level 

I 8 B 9 

I 23 s 9 

E 

w 

II 26 2 

II 40 9 

14 7 

15 3 

HI 43 9 

III 56 9 

12 5 

17 9 

IV 1 9 

IV 13 4 

14 7 

15 7 

V 2 h I m 19® 2 

V 2 h 7 m 29 s 9 

12 7 

178 

T — 2 0 44 02 

T = 2 6 57 00 

13 65 

16 675 

<2 = 2 0 39 54 

a = 2 6 52 35 

/S = + r 512 


* Instrument reversed for the purpose of determining the value of c 
+ 0 = \\W- £] b = d 0 
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5 Ursze Minoris, s p 


y Tnanguli 


6 = 103 ° 

47' 

8' 

I 

52 s 


V 



II 

II 

9 

IV 

3 S® 

4 

III 

31 

i 

III 2 h 27 m 

47 B 

3 

IV 

5o 

8 

II 

54 

9 

V 2 h 

n m 9® 

9 

I 

3 

5 


7=2 IO 31 x 4 

T = 2 27 46 85 



a = 2 10 26 83 

a: = 14 27 40 14 



8 Cell 

7 Ceti 



8 = — 0° I0'6 

<5 = 2° 44' 8 

Level 

I 5 * 3 

I 

E 

w 

II 21 8 

II 6 a 9 

12 6 

17 9 

III 37 9 

III 23 

15 0 

15 7 

IV 54 

IV 39 4 

12 6 

17 9 

V 2 U 34 m io® 9 

V 2 h 37 m 55 “ 9 

15 1 

15 8 

T = 2 33 37 9 8 

T = 2 37 23 12 

13 825 

16 825 

oc = 2 33 33 35 

a = 2 37 18 54 

p' = + 1 500 

<r* Arietis 

47 Cepliei 



8 = 14° 35' 9 

S = 78° 57' 18" 

Level 

I 37 “ 2 

I 2 h 4 S m I 8 

B 

w 

II 54 2 

II 49 27 8 

15 0 

15 4 

III 10 9 

III 50 51 5 

13 6 

*7 3 

IV 27 8 

IV 52 18 

15 0 

15 3 

V 2 1 45“ 44 * 9 

V 2 h 53 m 42* 

13 7 

17 0 

T — 2 45 11 00 

T *= 2 50 52 06 

14 325 

16 25 

a = 2 45 6 57 

a = 2 50 50 41 

/S' = 

-f- 962 


The values of the apparent right ascensions and declinations are taken from 
the American Epbemens, and are written down in connection with the observed 
transit of each star a must be taken from the ephemens with extreme accu- 
racy, but generally 6 will be sufficiently accurate if given to the neaiest minute 
of arc 

Let us first compute the values of the equatorial intervals of the threads by 
the first of formula (XVII), taking for this purpose the observations on 47 Cephei 
The numbers in the first column of the following table are obtained by subtract- 
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ing the observed time of transit over each thiead from the mean of the times 
over all the threads The quantities in the following columns will require no 


further explanation 


cos 5 =g 28235 


/ 

log/ 

log y' cos I* 

log l 

2 

+ 171 s 06 
-f- 84 26 
+ 56 

- 85 94 

— 169 94 

2 23315 

I 92562 

9 74819 

1 93420 

2 23O29 

9 99999 

9 99999 

9 99999 

9 99999 

I 51549 

I 20796 

9 03054 

1 21654 

1 51263 

+ 32’ 77 

i 16 2 

— 16 46 

- 32 56 


From a considerable number of transits the following values of the equatorial 
intervals were finally obtained 


Clamp east + 32 s 628 
z 2 -j- 16 226 
2a — 080 
*4 - 16 357 
16 — 32 588 


log = i 51359 

I 21021 
8 90309 
1 21370* 
1 5i3 0 5* 


We can now use these values for reducing the incomplete transits of Rolans, 
5 Ursa Mmons , and y Ceti 

In cases where the transit is observed over the five threads the arithmetical 
mean is taken 

Let us compute the reduction of Polaris in full 

cos 5 = 8 35913, 
log sec 5 =i 64087 


log z 

log ^sec / * 

log / 

/ 

Time reduced to 
Mean Thread 

Clamp west 





I 5 T 305 

00078 

3 I 547 I 

+ 23 m 47 * 9 

l h I7 m 2I B 9 

I 21370 

00020 

2 85477 

+ 11 55 8 

17 26 8 

8 90309,1 


54396.. 

- 3 5 

17 21 5 

Clamp east 


2 85477 

— 11 55 8 


I 2 I 370 n 

00020 

1 17 72 

I 5 I 305 n 

OOO78 

3 15471 

- 23 47 9 

1 17 71 


Clamp west, mean i h I7 m 23 11 4, 
Clamp east, mean 1 17 72 


* bee table, Art 174 
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The value of I used in taking Vsec I from the table is obtained by subtract- 
ing the times of transit over threads F and IV respectively from the time over 
the middle thread Thus we have from the observation 


/„ = 23“ 41*. 


= u” 54‘ 


The quantity marked P or (S\ in connection with the observations, 
inclination of the axis in terms of one division of the level, uncorrected 


is the 
for m 


equality of pivots 

From the first level-reading we have 


Corrected, 

Therefore 


/3 = + a 8 3 8, 

* = -J- 062 

j5 = + 900 , d = 8 174 

b = 4- 157 


The value of 6 used for those stars in connection with which the level is not 
directly read is obtained by interpolating between the observed values Thus 

we have — 


Star 

P 

j 3 corrected 
for / 

b 

Polaris, clamp west 
Polaris clamp east 
ft Anetis 
y Andromedse 
a Anetis 

Ceti 

^ Tnanguli 

5 Ursse Minoris, s p 

6 Ceti 
y Ceti 

d 2 Arietis 

47 Cephei 

+ 838 

-j- 900 

+ 1 512 

+ 1 500 

+ 962 

900 

838 

1 450 

1 438 

9OO 

r^vO r-e*> OO m ei ^ O 

+ 


For computing the error of collimation c we have, from the observed transits 
of Polans , 


Clamp east 7" = i h I7 m 7“ 2 

Clamp west T = 1 17 23 4 

7 T/ — t = — 16 2 


b’ = “146 <P = 4 ° Q 36 ' 24" 

$ - 4. 157 6 = 88 41 24 

V — b = — on <p — <5 = — 48 5 0 


* Example, Art *79 
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log-KT' — T) = o 90849* 
cos 6 = 8 35913 
sum — 9 26762** 
Nat No — 1852 


log \{b' — b) = 7 74036** 
cos (9 — d) = 9 82481 
7 56517* 
Nat No — 0037 


Therefore c — - F 8 1889 clamp -j j 

In applying the formula of (XVII), the term ^(7 ' — T) 8 T cos S has been 
disregarded, as in this case it is inappreciable It is convenient to combine the 
correction for diurnal aberration with c 


Thus, if we write c = c — 8 021 cos cp , 

we have in this case c' = + 8 173 clamp east, 

c = — * 205 clamp west 

The last but one of (XVII) will now give us the azimuth constant a 
We have seen that the best result is to be expected when we use the observed 
transits of two circumpolar stars, one at upper and the other at lower culmina- 
tion We therefore determine this constant from 5 Ursa Mmons and 47 Ccphn 
Referring to the derivation of the formula for a (Art 186), we have for / and t' 

t— 7’ + b cos (cp — S ) sec d + c sec S , 
t' = T -j- V cos {cp — 6') sec 6' -j- c> sec d', 

the term in ST— the rate — being inappreciable 
The computation is then as follows 


5 Urs^t Minoris, s p 

6 = 103° 47' 8" 

log sec = 0 622go« = log C 

<p = 40 36 24 


(p — 8 = — 63 10 44 

log cos = 9 65438 


Sum = 27728// = log B 

b — o 8 252 

log b — 9 40140 

c ' = + 173 

log c f = 9 23805 

Bb= - 477 

log Bb = 9 67868// 

Cc = — 726 

log Cc ' = 9 86095 n 

T — 2 U 27 m 46® 85 


Bb + Cc = — 1 20 


t = 2 27 45 65 


47 Cei iiei 

d' = 78° 57' 18" 

log sec = 0 71765 = log C 

cp — 40 36 24 


<p — 6 ' = — 38 20 54 

log cos = 9 89446 


Sum = 61211 = log B 
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log b = 9 * 959 ° 
log c — 9 23805 
log = 9 80801 
log Cd = 9 95570 

a' = 2 h 5o m 50 8 41 
a = 2 27 4° x 4 
a' — a — 23 10 27 

t' — t = 23 7 9 6 

(a' - a) -(/'-*) = + 2 31 

log = o 96373* 
cos 9 = 9 S8036 
log denominator = o 84409* 
log [(a' - a) - (*' - *)] = 36361 

a = __ B 33I log 0 = 9 51952W 

We may now compute the clock correction A T from the last of formulae 
(XVII), using for this purpose the observed transits of the zenith and equatorial 
stars We require first the values of the coefficients 


b = 0“ 157 

d = + 173 

Bb- + 643 

Cd = + 903 

y' = 2 h 5o m 52 s 06 
Bb + Cd = +1 55 

*' = 2 50 53 61 
Nat tan 6' = -f* 5 *231 
Nat tan 8 = — 4 0758 
tan 5 - tan 5 ' = - 9 * 9^9 


A = 


sin (9 — 5 ) 
cos 6 


„ cos C <P — 5) 

Jj — ]? > 

cos o 


and C = 


cos 5 


If the instrument is to be much used at any one place, as m an observatory 
for determining the local time, it will be very convenient to tabulate these 
quantities with the argument 5 On pages 220-227 of the U S Coast Survey 
Report for 1880, Schott gues tables of these factors to two decimal places, with 
the double arguments S and 2 = 9 - 8, by means of which the factors may be 
found for any latitude and declination within the limits of the table If such 
tables are not at hand, a computation with four place logarithms will give the 
necessary degree of accuracy The work may be arranged as follows 


Star 0 Anetis 


5 = 20° 14' 5 
9 = 40 36 4 
tp—d = 20 21 9 
A=+ 371 

B = + 999 
C = -+• i 066 


sin (9— 5 ) = 9 54 x 6 
cos 5 = 9 9723 
cos (9—5) = 9 9720 
log A = 9 5693 
log .5 = 9 9997 
log C = 0277 


Andromedoe 


5 = 4i°46' i 
9 = 40 36 4 

9— 5 = —197 

A — — 027 

£ = + 1 341 

C = + 1 341 


sin (9—5) = 8 307* 
cos 5 = 9 8726 
cos (9— 5 ) = 9 9999 
log A = 8 434* 
log 7 ? = 1273 
log C = 1274 
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The determination of A T is then as follows 


| Star 

A 

B 

C 

/ 4 a 

Bb 

Cc’ 

T 

a 

A/ 1 

1 V 
— 

0 Anetis 
y Andromedae 
a Anetis 
£' Ceti 
y Tnanguh 

6 Ceti 
y Ceti 
o- 3 Arietis 

H 

- 37 

- 03 
r 33 

- S 4 

- i 5 

- 65 

- 61 

- 45 

1 00 

1 34 

1 03 
85 

1 X % 
76 

79 

93 

1 07 
* 34 
x 08 

T Of 

I 20 

I OO 

I OO 

i 

— 12 

4 - 01 

— 11 

— iS 

— 05 

— 22 

— 20 

— 15 

+ 17 

2 5 

22 

20 

30 

19 

20 

19 

+ 18 
23 
19 
17 

21 

17 

17 

18 

i h 48 m ig B 78 

1 56 53 °4 

2 0 44 02 

2 6 57 00 

2 10 31 14 
2 33 37 98 
2 37 23 12 
2 45 11 00 

i h 40“ is 8 35 
x 56 48 81 

- 0 39 54 

2 6 52 35 

2 xo 26 8 0 
2 33 33 35 

2 37 18 54 

2 45 6 57 

- 4 66 - 8 

— 4 72 — 2> 
4 78 + 4 
4 84 +10 
4 77 + 3 
4 77 + 3 
4 75 + 1 
4 65 - 9 


Mean A / = —4 s 744 ± 


The column headed v contains the residuals from which the probable error 
is found by formula (27) or (28) 


Application of Formula (XVIII) 

These formulae will not often be used for reducing observations made with 
an instrument of this class, but for illustration we may apply them to the above 
observations 

Computation of n We use the transits of 5 Una Mmons and 47 Cephn 

( = r +<'sec« = 2 h 27 M 46" 85 - ’ 73 5 = 10 3 ° 47 ' 8" 

f = T ' + c' sec S' = 2 50 52 06 90 S' = 78 57 18 

a r = 2 11 50 m 50” 41 tan ^ = 5 I2 3 I 

a = 2 27 40 14 tan 8 ’ = — 4 075 $ 

o' - a =• 23 io 27 

^ = 23 7 96 tan 5 — tan <$' = + 9 * 9 8 9 

(o' _ a)-(/' - t) = + 2 31 

Therefore » = + B 373 

For fi Anetis 3 = + 167 Therefore m = £ sec cp — » tan 9 = - 8 100 
Then we have, 

fi Anetis, T - i h 48* 19 8 78 

m — IO 

« tan 5 + r 4 

c' sec S +18 

1 48 15 35 AT-- 4*65 


a 
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Personal Equation 

188 When the results of transit observations made by dif- 
ferent observers are compared, it is found that they differ 
generally by small but nearly constant quantities One 
observer perhaps acquires a habit of noting the transit too 
early by a fraction of a second, while another will note it 
uniformly too late This difference is called the personal 
equation It is customary to speak of the lelativc and the 
absolute personal equation, the formei being the constant 
difference between the right ascensions, or clock corrections 
deduced from observations made by two different observers, 
and the latter the difference between the absolute value of 
the quantity and that obtained by an observer who notes the 
time uniformly too early or too late When lesults obtained 
from observations of two different observei s are to be com- 
pared, as in the determination of longitude, the personal 
equation should always be determined and the necessary 
correction applied 

The existence of a large personal equation is not an indi- 
cation of a poor observer, but perhaps the contrary Thus 
the noted observers Bessel andStiuve found that in 1814 
their relative personal equation was zero, in 1821 it was 
o a 8, while m 1823 it amounted to an entire second thus indi- 
cating the gradual formation of a fixed habit of obsei ving on 
the part of both Also in 1823 the relative personal equa- 
tion between Bessel and Argelander was i 8 2, a surprisingly 
large quantity 

The personal equation also depends to some extent on the 
instruments employed and the method of obsei vation It is 
generally much smaller when the chronograph is used than 
when the eye and ear method is employed Bessel found 
that when he used a chronometer beating half-seconds he 
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observed transits o’ 49 later than when he employed a clock 
-■ beating seconds 

There are various methods of determining the personal 
equation, those most commonly employed being the follow- 
ing 

First Method Let one observer note the transit of the star 
over the first two or three threads, and the other observer its 
tiansit over the remaining threads The observed times are 
reduced to the middle (or mean) thiead by means of the 
equatorial intervals, and the difference of the reduced times 
will be the relative personal equation 

A considerable number of stars should be observed in this 
way, each observer leading alternately Among the various 
methods used, this is considered one of the most reliable 

Second Method The two observers may each use a diffei ent 
instrument and determine the clock coriection separately, ob- 
serving the same list of stars When the instruments which 
the observers are accustomed to use differ consideiably in the 
arrangement of the threads 01 in other lespects, this method 
may be supenor to the foimer, as each observer may use his 
own instrument and make his obscivations deliberately and 
in his usual manner 

Third Method By a personal-equation apparatus V arious 
mechanical devices have been constructed for measuring 
both the relative and absolute personal equation Prof Hil- 
gard describes two machines of this kind m Appendix 17, 
Coast Survey Report 1874 An instrument designed by 
Prof Eastman has been in use at the Naval Observatory for 
a number of years, for a description and drawing of which 
see Appendix I, Washington Observations, 1875 These all 
consist of a mechanical device for causing an artificial star 
to pass across a field of view arranged to appear as nearly • 
as may be like that of the transit instrument The observer 
notes the time of transit across the threads either by the 
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cbronographic or the eye and eai method, while the machine 
by an electric arrangement records the time automatically, 
constant differences between the actual time of transit and 
that recoided b> the machine being eliminated by causing 
the star to cioss the field in both dnections The diffeience 
between the automatic lecoid and that of the observer is his 


absolute personal equation 

Prof Eastman gives the following examples of the relative 
peisonal equation deduced on the same night by this instru- 
ment and by method first 


October 25, 1875, Professor Eastman — Assistant Skinner 
November 5, 1875, Professor Eastman— Assistant Paul 
December 6, 1876, Professor Eastman — Assistant Paul 
December 31, 1S77, Professor Eastman — Assistant Fnsby 
March 13, 1878 Professor Eastman — Assistant Fnsby 

March 23, 1878, Professor Eastman — Assistant Paul 


By By Ap 
Stars paruus 

o 8 251 o B 227 
174 173 

035 052 

052 044 

052 054 

107 092 


This close agreement between the results obtained by two 
methods so entirely different must be regarded as exceed- 
ingly satisfactory 

The observer’s physical and mental condition is sometimes 
found to exert a marked influence upon his personal equa- 
tion It is therefore very desirable that while prosecuting 
observations where great accuracy is essential he should main- 
tain as far as possible his ordinary habits of mind and body 
In the more accurate longitude work of the Coast Survej 
the effect of personal equation is eliminated by the observers 
exchanging stations when the woik is about half finished 


Probable Error and Weight of Transit Obseivations 

189 The probable error of an observed tiansit consists 
• practically of two parts first, the probable error of the 
observer m noting the time of the stars passing the threads, 
independent of his personal equation , and secondly , the van- 
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ous errors which together form what is known as the lulnn 
nation error Among these latter are those due to atmos 
pheric displacement, outstanding instrumental errors, meg- 
ularities of the clock late, and changes in the peisonal equa- 
tion The culmination error is not diminished by increasing 
the number of threads of the reticule 

The fiist part of the probable enor, which for piesent 
purposes we may call tjae personal error, may be detei mined 
by comparing togethei the individual values of the equa- 
torial intervals deduced from a laige number of obsei vations, 
using for the purpose the formula 

*■ = 3 ?? ■ 

m being the whole number of determinations 

Let e = the probable cnoi of the observed time of an 
equatorial star over one thiead 
Then, since the equatorial interval is the difference of two 
observed quantities, each of which has the probable error e t 
we shall have (Eq 29) 



from which 


e = 7J = 6745 


[yv ] 

2 (in — 1) 


As the result of the discussion of a large number of obser- 
vations made with the different instruments of the Coast 
Survey, Schott gives,* for the larger instruments, 

i 

e = V{ 063 y -(- ( 03 6) J tan J <? , . . . (311) 


* Coast Survey Report for 1880, p 236 
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and for the smaller instiuments, 


e — 080)' + ( 063)' tan“ d 


§ 190 


( 312 ) 


From these equations the probable ei ror for a star of any 
decimation may be computed, and consequently the weight, 
by (33) The following table is from the Coast Suivey 
Report, the weight of an equatorial star being unity 



5 

For large portable transits 

F01 small portable transits 

e 

P 

Vi 

e 


V? 


0 / 




6 




0 

± 0 06 

1 

I 

±0 08 

1 

I 


10 

06 

X 

I 

08 

0 98 

I 


20 

06 

0 g8 

I 

08 

92 

0 96 


30 

07 

91 

0 95 

09 

83 

91 


4 ° 

07 

82 

90 

IO 

T 

83 


45 

07 

76 

87 

IO 

62 

79 


5 ° 

08 

09 

83 

II 

53 

73 


55 

08 

61 

78 

12 

44 

66 


60 

09 

51 

71 

14 

34 

59 


65 

10 

40 

63 

l 6 

26 

5 i 


70 

12 

29 

54 

19 

18 

42 


75 

15 

18 

43 

25 

TO 

3 * 


80 

21 

09 

30 

37 

05 

22 


85 

42 

02 

15 

72 

OI 

11 

5 Ursae Minoris 

86 36 

0 61 

0 on 

0 103 

1 1 

O 006 

0075 

51 Cephei 

87 14 

0 75 

0 007 

0 084 

1 3 

O 004 

0 061 

a Ursae Minors 

88 39 

1 5 

0 002 

0 041 

2 7 

0 OOI 

0 030 

A Ursae Minoris 

88 56 

1 9 

0 001 

0033 

34 

0 OOI 

0 024 


In the application of the multiplier Vp it generally suffices 
to employ but one significant figure 


Relative Weights of Incomplete Transits 

190 Let e = the probable error of the transit of an equa- 
torial star over a single thread , 
f, = the piobable culmination erioi , 
r = the probable enor of the transit observed 
over n threads, both sources of enor being 
considered 
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£190 

Then r ' =e * + L (313) 

Schott concludes, from the examination of 558 individual 
values of the right ascensions of 36 stars observed at the 
U S Naval Observatory, that for the larger instruments of 
the Coast Survey r = 0 s 051, and for the smaller instru- 
ments r = o 8 o6o When assigning to £ the values o 3 o63 and 
o 8 080 fiom (3 11) and (312), it is found that e x = ± **049 and 
± 8 056 respectively Then let 

N = the whole number of threads , 
p = the weight of an observation over n threads, 

Unity = the weight of an observation over all of the W threads 


Then, (33), 


P~- 




( 314 ) 




Substituting the above values for e and £„ we have 


For the larger instruments p = 


1 1 6 

1 + 7 ? 

, l6 ’ 

1 H 

1 n 


• • • ( 315 ) 


For the smaller instruments p = 


. 20 
1 + 17 


1 + 


20 


• • 1316 ) 
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Let N= 25 m (315) and 9 in (316; respectnely , we find 
the following values of p for the values of n indicated 


n 

P 

I 

4 i 

2 

61 

3 

73 

4 

82 

5 

87 

6 

92 

7 

95 

8 

98 

9 

1 00 


n 

P 

n 


1 

41 

13 

95 

2 

59 

14 

96 

3 

69 

15 

96 

4 

76 

16 

97 

5 

81 

17 

97 

6 

84 

18 

98 

7 

87 

19 

98 

8 

89 

20 

98 

9 

90 

21 

99 

10 

92 

22 

99 

11 

93 

23 

99 

12 

94 

24 

1 00 



25 

1 00 


It appears, thei efore, that the gain in accuiacy obtained by 
increasing the number of threads soon becomes practically 
insignificant Bessel thought that no piactical advantage 
lesulted fiom the use of more than five threads 

Reduction of Transit Observations by Least Squares 

191 When the time is to be detei mined by a senes of 
observations with the portable transit instiument, the method 
of least squares may be applied with advantage m case the 
lesultsare required with extreme accuracy This will be 
the case paiticularly where the time is requued for longitude 
determination, and where the clock coirection, the azimuth 
and colhmation constants, and sometimes the rate, are all to 
be determined from the same series of obseivations 

An obsei ving list should be piepared beforehand, embrac- 
ing stars adapted to the determination of these quantities 
We have seen that stars which culminate near the zenith are 
best adapted to the determination of AT , also that circum- 
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polar stars observed at upper and lower culmination are 
best for the determination of a One half the stars should 
be observed m each position of the axis for the purpose of 
determining c 

It is a very good arrangement to divide the stars into 
groups of about five or six' stars, each group to contain 
two circumpolar stars, one at upper and one at lower 
culmination, the remaining three or four stars being near the 
zenith or between the zenith and equator It is not advis- 
able to include the close circumpolar stars in such a group 
The instrument having been carefully adjusted, the observa- 
tions will be conducted as follows 

1st Read the level 

2d Observe the first group of five or six stars. 

3d Read the level 

4th Reverse the instrument 

5th Read the level 

6th Obsei\e the second group of five or six stars 

7th Read the level 

This may be regarded as a complete series, as it contains 
everything necessary for determining all of the unknown 
quantities If considered desirable, a third and fourth group 
raa] be observed in the same manner If theie is time be- 
tween the stars of the gioup, more level-readings may be 
taken, but if the mounting is reasonably firm, the level 
corrections for the individual stars may be interpolated from 
those at the beginning and end 

If there are no imperfect tiansits, a knowledge of the 
equatorial intervals will not be required , otherwise they may 
be determined from the suitable stars of the series just ob- 
served It must be remembered that in transporting the 
instrument from one station to another the relative position 
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of the thieads is liable to be disturbed This difficulty is 
avoided by the use of the glass reticule, the distances of the 
lines of which may be detei rained once for all 
The reduction is then as follows 


Let A = sm ( <p — 8) sec 8 , 

B — cos \cp — 8) sec 8 , 

C = sec 8 , 

AT„ = the clock correction at time T a , 

8T = the hourly rate , 
a = the stars’ apparent right ascension 

We can always infer from our observations a value of A T„ 
which will be very near the true one, and as the labor of 
computation will be diminished by making the numerical 
values of the unknown quantities as small as possible, we may 
assume an approximate value of this quantity, and determine 
a. correction to this assumed value 

Let S = the assumed value of the clock correction , 

AT„ = S + * 


Then x is a small unknown correction to S 

Introducing this notation into Mayer’s formula, it becomes 

T+$-\-x-\- 8T{T — T t )-\-Aa-\-B8-\-Cc — 8 02 i Ccoscp— a 

In which x, 8T, a, and c may be considered unknown quan- 
tities 

Writing / = T + S + Bb — " 021 C cos <p — a, 
viz , the sum of the known quantities, we have 

Aa + Cc+ 8T{T- T t ) + x + / = o (317) 



325 


§ 191 REDUCTION OF TRANSIT OBSERVATIONS 

Every observed transit furnishes one equation of this form 
for determining the four unknown quantities a , c, 8 T, and x 
Foui pei feet observations would be sufficient As a much 
larger number will be taken, the most probable values must 
be detei mined by the method of least squares (Ait 21) 

If 8 T is known, the number of unknown quantities will be 
reduced to thiee If in addition c has been detei mined by 
some other method, there will only be two 

If there is a suspicion that the azimuth has changed dur- 
mg the progress of the obsei vations, an additional azimuth 
constant may be introduced as another unknown quantity. 

The reduction will be facilitated by tabulating the factors 
A, B, and C Such a table has been published by the U S 
Coast Survey, m which A and B are given with the double 
argument 8 and z = (<p — 8 ) C is of course given with the 
argument 8 

When many observations are to be 1 educed at one place, 
or in the same latitude, a special table is more conveniently 
computed for the latitude of the place The only argument 
will the n be 8 

It will be convenient to make the computation of l directly 
in the book used for recording the tiansits The means of 
the times over the threads being taken, this will be T, which 
is written below In case of incomplete transits, the time 
ovei the mean thread is computed as already illustrated, a 
and 8 are taken from the Nautical Almanac and written in 
thesamebook The small corrections B b and — "02100591 C 
are applied directly to T Subtracting a from thealgebiaic 
sum, we have l — S', in which S will be assumed of such value 
as to make / small An example follows. 
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Reduction of Transit Observations made at the Sayre Observatory, 1883, October u 
An observing list was first prepared, of which the following is a specimen 


Star 

Magnitude 

a 

$ 

Setting 

H Aquaru 

4 7 

20 h 

46 ra 21 s 

- 9° 

25' 3 

140° 

1' 7 

v Cygm 

40 

20 

52 

49 

40 

43 

0 

89 

53 4 

Ursae Majons, s p 

5 0 

21 

0 

5 

112 

23 

5 

18 

12 9 

C C\gni 

30 

21 

7 

57 

29 

44 

8 

100 

5i 6 

r Cygm 

40 

21 

10 

7 

37 

32 

8 

93 

3 6 

a Cephei 

2 7 

21 

15 

47 

62 

5 

4 

68 

31 0 

e Pegasi 

2 3 

21 

38 

26 

9 

20 

3 

121 

16 1 

7 r° Cygm 

4 3 

21 

42 

28 

48 

46 

1 

81 

50 3 

79 Dracoms 

6 3 

21 

5i 

25 

73 

8 

9 

57 

27 5 

a Aquarn 

3 0 

21 

59 

46 

— 0 

53 

3 

131 

29 7 

32 Ursae Majons, s p 

6 0 

22 

9 

3i 

114’ 

18 

5 

16 

17 9 

rt Aquarn 

4 7 

22 

19 

18 

+ 0 

47 

0 

129 

49 4 


The two groups are intended to be observed one m each position of the axis 
The right ascension and declination are taken from the mean values of the 
Nautical Almanac The column headed ‘ ‘ Setting” gives the setting of the finding 
circle In this case the circle reads zero when the telescope is directed to the 
north point of the horizon, the latitude being 40°36'24", the circle will read 
i30°36 / 24 // when the line of collimation of the telescope lies in the equator 
Therefore the setting for any star will be 130° 36' 4 — 8 

Below is the copy of the recorded transits of the above stars as observed on 
the night of October 11, 1883 


Level 

E W 

12 O 99 

9 2 13 I 

12 O 99 

96 13 0 


10 70 11 475 


a- 2 Ursae Majons, s p 

V 

49 9 

IV 

31 2 

III 

14 8 

II 

— 

I 

21 1 40 


T = 21 o 14 62 
a = 90 7 86 


Clamp East 


ju. Aquarn v Cygm 


I 


57 


I 



144 

II 


13 9 


II 



363 

III 


30 


III 



57 5 

IV 


46 7 


IV 



T 9 

V 

20 

47 3 1 


V 

20 

53 

404 

T 

= 20 

46 30 14 -f 02 

T = 

= 20 

52 

57 52 + 

a 

= 20 

46 24 07 


a = 

= 20 

52 

5i 77 



i Cygm 



r Cygm 



I 

28 

9 

I 



— 


II 

48 


II 



56 


III 

6 

8 

III 



16 1 


IV 

25 

8 

IV 



369 


V 

21 8 44 

1 

V 

21 

10 

57 6 

01 

T 

= 21 8 6 

72+ 05 

T - 

= 21 

10 

16 36 + 


a 

= 21 8 0 

69 

a : 

= 21 

10 

xo 56 
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The small quantities added to T above inch de the corrections for level and 
diurnal aberration viz , Bb — B 021 C, cos <p b is computed from the level- 
readings as already explained, the value of one division of the level being » 174, 

and the correction for inequality of pivots being =F 062 Cl j ^ j- , expressed 
m terms of one division of the level 
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We now take from the tables the values of the coefficients A, £, and C, or, if 
tables of these quantities are not at hand, we compute them by the formulae 
For illustrating the application of the proper weights to the equations of con. 
dition, the value of fp is taken from the table of Art 189 for the smaller instru 
ments All these quantities are conveniently tabulated as follows 


Star 

a 

A 

£ 

C 

Level 

b 

Clamp East 








1 u. Aquarn 
v Cygni 


S4 /2 
43' 6 

78 

00 

65 

1 32 

1 01 

III 

+ 326 

4 8 °57 

059 

061 

<r 2 UrsaeMa3ons,s p 

112° 

24/ 0 

2 49 

— 82 



063 

£ C>gm 

K 

45', 4 





065 

t Cygni 
a Cephei 

37 

62° 

33,4 

6' 0 

°7 
— 78 

I 99 

2 14 

4* 388 

068 

Clamp West 
e Pegasi 
t r" Cygni 

79 Dracoms 
a Aquarn 

32 Urfa£eMajoris,s p 
it Aquarn 

9° 

48 o 

_ 7 ^ 

so' 8 
46' 7 

9 5 
52 8 
39' 0 
47' 5 

53 
— 22 
-1 86 

66 

2 64 

87 

1 50 

2 91 

75 

- 68 

77 

— 1 01 

— 1 52 

— 3 45 

— 1 00 
+ 2 43 

— 1 00 

+ 437 

+ 562 

+ 712 

076 

087 

098 

106 

“5 

124 


Star 

Bb 

Aberration 

Sum 

VA 

/ - & 

/ 

Clamp East 







fi Aquarn 
v ( ygm 

<r 2 Urs3eMa]ons,s p 
£ Cygni 
r Cygni 
a Cephei 

+ * 04 

08 

7 °5 

+ 07 

08 

*4 

ssrsss* 

1 14-1 1 1 

-I- 02 

4 06 
— 01 

4 os 

T OO 

82 

46 

Is 

56 

- 6 B 09 

- 5 81 

- 6 75 

- 6 08 

- 5 86 

- 5 6 4 

7 °9 
4 19 

- 08 

tit 

Clamp West 
« Pegasi 

7 r 2 Cygni 

79 Dracoms 
a Aquarn 

32 UrsseMajons,s p 
ir Aquarn 

07 

13 

2 oS 

— 08 

10 

— 02 

— 02 

— 06 

— 02 

4 04 
— 02 

1 3 
til 

- 04 

7* 08 

I OO 

7 i 

36 

1 00 

50 

1 00 

— 6 09 

— 6 25 
-6 S 3 

— 6 37 

— 5 9 ° 

— 6 is 

— 09 

— 25 

— 53 

— 37 
+ 10 

— IS 


Assumed £ = — 6* 


The quantity in the column headed l — £ is obtained by adding algebraically 
to the quantity T of the above observations the sum of the corrections, viz , 
Bb — ■ 021 C cos q>, and subtracting from the result a We now have all the 
quantities entering into the equations of condition, each of which has the form 

Vp[Aa +Cc + x]=V} l 
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The rate is here inappreciable, and the terra <5 7 (T — To) has accordingly been 
dropped 

The coefficient c, as will be seen, has its sign changed for clamp west 
Our twelve equations, written out in full, will then be as follows 


1 78 a + 1 01c + 1 ooj; = — 09 

2 00# -j- 1 08c + 82* = — 16 

3 1 15 a — 1 21 c + afax = — 35 

4 20 a + I 05 c gix = — 07 

5 06a 4~ 1 °i c + 85.# = 4- 12 

6 — 44 a 4- I 20£ 4" 56* = 4“ 20 

7 530 — 1 oi<r 4“ I oox = — 09 

8 — 16# — 1 I2<r 4- 74^ = — 19 

9 — 67 a — I 24^ 4- 36.* = — 19 

10 66# — 1 00 c 4- I oox = — 37 

11 1 16# + 1 21c 4“ Sox =4-05 

12 64# — 1 00c 4 - 1 00.3: = — 15 


These now have the general form of the equations of condition (36), viz , 
a x x 4- 4“ d x w = »i, 

there being in this case the three unknown quantities #, c f and x , correspond- 
ing to the x , 0, and w of the general form The term corresponding to y has 
disappeared here, as we have assumed the rate of the clock to be inappreciable 
for the short time over which the observations extend 

We have now to form the normal equations (see Eq 41) In order that no 
confusion may arise fiom the difference of notation, the general form of these 
equations is here given in full, viz 

\aa~\a 4“ [4 4 - [ad]* = [#«] , 

[ac]a 4" [cc\c 4” [ cd]x — [< cii\ , 

| \ad~\a 4- [cd]c 4“ \dd~\x = [ dn ] 

We shall give the solution of these equations in full with the various checks on 
,the accuracv of the computation as an illustration of the method Practically, 
however this part of the woik will generally be more or less abridged by ex- 
perienced computers when the number of unknown quantities does not exceed 
that of the above equations 

We shall require, besides the quantities already indicated, the sums of the 
coefficients of each equation, viz 

■fi = 4“ ~\~ d\ — fi\ , 

So — #2 4 ” Co do — 
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Also, we compute the quantities 

[as], [cs] [ds], [nn\ [ns] 


The computation will first be made by the use of Crelle's table 

We therefore prepare the scheme for computation given below containing 19 
columns, 5 for the quantities a, c, d - », on , which we rewrite for the sake of 
convenience, and 14 for the squares and products 


a 

c 

d 

— n 

s 

aa 

ac 

ad 

— an 

as 

cc 

1 0201 
x 1664 

I 464* 

I 1025 

I X449 

1 4400 

X 0201 

i 2544 

1 5376 

1 0000 

1 4641 

1 0000 

78 
00 
1 15 
20 
06 
— 44 

-3 

1 16 
64 

1 01 

1 08 

— 1 21 
1 05 
1 07 
1 20 

— I ox 

I 12 

— I 24 
I OO 

4* I 21 

I OO 

I OO 
82 
46 
91 
85 
56 

X OO 

7 i 

36 

I OO 

50 

X OO 

+ 1 + +++ 1 1++1 + 

fi.8ai.Ha.8 8S-3S&a 

2 88 

1 74 
75 

2 23 
x 86 
t 12 

61 

- 35 

— 1 36 

1 03 

2 82 
79 

6084 

1 3225 

0400 

0036 

1936 

2809 

0256 

4489 
4356 
1 3456 
4096 

+ 7878 

— i 39 r 5 

+ 2x00 

+ 0642 

— 5280 

— 5353 

1 + 8308 

— 6600 
+ 1 4030 

— 6400 

+ 7800 

+ 5290 
+ 1820 
+ 0510 
_ 2464 
+ S3°o 

— 1184 

— 24x2 
4- 6600 
4- 5800 
■r 6400 

+ 0702 

— 0000 

+ 4025 

+ 0140 

— 0072 
+ 0880 
+ 0477 

— 0304 

— 1273 
+ 2442 

— 0580 
+■ 0960 

+ 2 24C4 

— 0000 

+ 8625 

+ 44(0 

+ xxi6 

— 4928 

+ 3*33 

+ 0560 

+ 9112 

4- 6798 

+ 3 2712 
+ 5056 




1 


5 XI 43 

[ aa ] 

— 2792 

[ ac ] 

+ 3 346° 

[ ad ] 

+ 7397 

— [ an ] 

8 9208 
8 9208 

[«l 

14 6142 

[ cc ] 


1 > 

cd 

1 

— cn 

1 

cs 

dd 

— dn 

ds 

7171 

- ns 

V 

w 

+ I 0X00 

+ 8856 

— 5566 

+ 9555 

+ 9095 

+ 6720 

— 1 0100 

— 8288 

— 4464 

— 1 0000 

+ 6050 

— x 0000 

+ 0909 

— 1728 

— 4*35 

+ 0735 

— 1284 

— 2400 

— 0909 

— 2x28 

— 231.61 

— 370° 

— 0605 

— 1500 

+ 2 9088 
+ I 8792 

— 9°75 

+ 2 3415 

+ 1 9902 
+ 1 3440 

— 6x6 1 

4 * 3020 

+ 1 6864 

— x 0300 
+ 3 4 * 2 * 

— 7900 

1 0000 
6724 
21x6 
8281 
7225 

3 X 3 ° 
1 0000 

5476 

1296 
i 0000 
2500 
X 000c 

+ 0900 

— 1312 
+ xfixo 
+ 0637 

— 1020 

— 1120 
+ 0900 
+ 1406 
+ 0684 
4 3700 

— 0250 

1 + 1500 

+ 2 8800 
+ 1 4268 
4 345 ° 
4 2 0293 
+ 1 5810 
+ 6272 
+ 6100 

- 2590 

- 489 5 6 
+ 1 0300 
+ 1 4100 
+ 790 ° 

0o8l 

0256 

X225 

OO49 

OI44 

O4OO 

0O8l 

O361 

O36X 

1369 

0025 

0225 

+ 259'’ 

— 2784 
+ 2625 

+ 1561 

— 2232 

— 2240 

— 2584 

+ 38** 

— 14x0 
4 T185 

+ 09 

— 07 
+ °5 
+ 13 

— 04 

— 03 

— 15 
+ 02 | 
+ 07 
+ 12 

— 04 

— xo 

0081 

49 

A S 

*x6 

9 

225 

4 

49 

*3 

100 

+ 1958 

[ cd ] 

— x 9201 

— [ cn ] 

12 6ro7 
12 6107 
[cs 1 

7 6754 

[ dd ] 

\ + 7635 
j - [ dn ] 

XX 9807 
XI 9807 
ids ] 

4577 

[«»] 

+ 0408 
+ 0408 

— M 


0887 

M 


[vv] = 0887 


The agreement of the values of [<w], [cs], and [ds] proves the accuracy of this 
part of the computation 

The normal equations are then 


5 11430 — 2792c + 3 3460* = — 7397 » 

— 2792# + 14 6142c + 1958JC = I 9201 , 

3 34600 + 1958c 4 7 6754 * “ “ 7635 
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These equations are now to be solved, following the method and. notation ex 
plained m Art 28 We shall therefore require the following auxiliary coeffi 
cients, viz , 

[cc 1], [cd i], [cn 1], [cs 1] [dd 1], [d/z i], [ds 1], [nn 1], [»ji], 

[dc/2], [^22], [nn 2], [»J 2 ] 


1], 1], etc , being computed for checks on the accuracy of the work 

The computation will then be made according to the following scheme 


a 

c 

X 

n 

f 

Proof 

**\ 5 1143 

log 70879 

[ ac ] - 2792 

log 9 4459211 

[ad] 3 3460 

log 52453 

\aii\ - 7397 

log g 8690611 

L«iJ 8 9208 

log 0 95040 

8 0208 ( 

, M 

log [S] 8737130 

[cc] 14 6142 

[«] M 0152 

[«*] *958 

[«] M - 1827 

[cn] x 9201 

M r -I 

[ 55 ] [< * k] 0+o+ 

[cc] 12 6107 

|«] M - 4870 



[cci] 14599° 

log I 16432 

[«* 1] 3785 

log 9 5/807 

[c« l] I 8797 

log O 274C9 

| cs 1] 130977 

log I 1 1719 

I 3°978 

1 |W] 0 

log T 55 ] 481574 


[<&n 7 6754 

2 1891 

[dn] - 7635 

[ad] r , 

[55] M - 4840 

[ds] xi 9807 

[ 55 / M 5 8363 


1 [cdi] 

log l^ii 8+1375 

[<** 1] 5 4863 

£rri [ “* l]o ° 98 

[cT«iJ - 2795 

[C( 3 f l] . 

0+87 

[ds 1] 6 1444 

[cd l] r T 

l«TI] [ “ I] 3396 

6 1443 


[<*/2] 54765 

log 7385° 

2] — 3282 

log 9 5 i 6 i 4 n 

[ds 2] 5 8048 

log 76379 

58047 < 


log X 8 7776411 

= ~ °5993 


£ 

1 

H 

O 

III 

I 1 

[nn] 4577 

[an] r n 

[ 55 ] M 1070 

[«c] — 0408 

[an] r 1 

[ 55 ] [ “ ] " 1 2902 


1 [cwi] 

log i^r 910977 

[»« l] 3507 

l cn *1 r 1 

LSTj- [OTl] 2+20 

[«c ij i 2494 

T J- [cc 1] I 6864 
Lee 1] * 

12495 

, [dns] 

log i^f 87776+0 

[»» 2] 1087 

[aT»2] r , 1 

\dd 4 n * 0197 

[ns 2J - 4370 

[flT»2] r , T 

l^]^- 3+79 

- 4309 


[«« 3] 0890 

[«c 3] — 0891 

[vv] 0887 
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The accuracy of the work at d'fferent stages of progress is shown by the 
manner in which the proof equations are satisfied Those referred to by the 
numbers in the last column above arc as follows 

(1) [as ] = [aa ] -{- [ac ] -{- [ad] — [#»], 

(2) [cs i] = [cc 1] + [cd 1] — [cn 1], 

(3) \ds 1] = [dd 1] + [cd x] — [dn 1], 

, (4) [dr 2] = [dd 2] - [dn 2] 

(5) [ns 1] = [cn 1] -f [dn r] — [nn 1], 

(6) [ns 2] = [dn 2] — [nn 2] , 

(7) [ns 3] = — [nn 3] = [vv] 

We now determine c and a by the equations 


[cc i]^ 4* [cd i]x 

= [«* i]> 

[aa]a + [ac]c 

+ [ad]x = [an] 

\cn 1] = 1 871)7 

[an] - - 7397 

— [cd i]x = 0227 

— [ad]x = ■+ 2005 

, = + _L_ 9°?4 

— [ac] c = + 0364 

14 5990 

c = + 1303 

* = 5028 
5 1143 

a = — 0983 


The Weights and Probable Errors 
The weights of a , c t and x will be given by formulae (76), viz 


In which 


px — [dd 2] 

V* ,], - [*] - jjjj [rf] 


Therefore p a — 5 476, log [cc 1] = 1 16432 

log [ddd] = 73850 

log e^T] = 926 ° 72 

log- Pc = I 16354 


\ = 14 573 , 
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$$ XQT 


Nat No 0026 
[cid] =. 7 6754 

\dd ija = 7 6728 


pa ~ 3 646 


log [riy = 8 58362 

*° S I«] = 8 83522 

7 41884 


log t^Ai; = ^ n 5°4 
1<>g [rP\ = 8 83522 

log [aa] =5 70879 

log [u 1] ss 1 16432 
log [tM 2] = 73850 

log/ a — 56187 


The mean error of a single observation of weight unity is — see equation (88)— 



In this case m ss 12 , 

*»= it* = 

r c st \f t r 

*<* — 'f 


= 3 r 

\vv\ — 

0887 

029, 

t*r B? 

e 

V/>* 

017, 

as 

e 

Va 

035 * 

*a = 

e 

y/fla 


Therefore s = .10a 
043 > 

026 , 

052. 


We now have AT $ + x Therefore 

AT z.s —6" 060 £ 029 
<■ “ + 130 £ 017 

* — — 098 £ 035 

Formation oj the Normal liquations by a Table of Squares 

We have seen in Art 26 that all of the multipluations necessary for denv- 
mg the normal equations fiom the equations of condition can be performed by 


* hec equations (.47) 


+ Ste equations (80) 
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means of a table of squares with little, if any, more labor than by the use of 
Crelle’s table For the purpose of illustrating the method it will be applied to 
the present example 

By referring to the formulae and explanations of Art 26 the details of the 
computation which follow will be sufficiently clear 


{a + c) 

a 4 - d 

a — n 

c + d 

c — n 

d—n 

aa 

cc 

dd 

x 79 

X 08 

— 06 

X 25 
1 

76 

— 48 

— x 28 

— T 91 

— 34 
+ 2 37 

— 36 

x 78 
82 
1 61 

I XX 

9 i 

12 

'll 

x 66 
1 66 
T 64 

— 16 
* 50 

2 l 

— 06 

— 64 
62 

— 3 

x 03 
I IX 

79 

2 ox 
I 90 

— 75 
1 96 

1 K 

1 76 

— 01 

— 38 

— 88 

0 

1 71 
0 

1 10 
92 

— 86 
x 12 

95 

I 00 

— 92 

— 93 
-x os 

— 63 
1 16 

— 85 

1 09 
66 
81 
98 

7 | 

36 
x 09 
93 
55 

1 37 
45 

1 15 

6084 

1 3225 

0400 

0036 

:o 3 6 

2809 

0256 

4489 

4356 

1 3456 
4096 

X 0201 

x 1664 
x 4641 
x 1025 

I 1^49 

1 4400 

X 020T 

X 2544 

I 5376 

X 0000 

X 4641 

I 0000 

1 0000 
6724 
2Tx6 
8281 

7225 

3136 

I 0000 

547 6 
1296 
x 0000 
2500 

1 0000 







5 ii 43 

M 

14 6x42 

[cc] 


tin 


G* + ')= 

(a + d) 2 

{a — *) 2 

(fi + d )» 

<F ~ *) 2 

(d — ») a 

0081 

0256 

1225 

0049 

0144 

0400 

0081 

0361 

0361 

1369 

0025 

0225 

8 2944 

3 0276 

5625 

4 9729 
3 4596 
x 2544 

3721 
1225 
x 8496 
1 0609 
7 9524 
6241 

3 2041 
1 1664 
0036 
x S625 
x 2769 
5776 
2 3°4 
i 6384 
3 6481 
1x56 
5 6169 
1296 

3 1684 
6724 
2 5921 

1 2321 
8281 
0144 

2 3409 
3364 
0961 

2 7556 
2 7556 

2 6896 

7569 
0256 
2 2500 
0729 
0036 
4096 
3844 
0009 
2304 
1 0609 
1 2321 
6241 

4 0401 
• 3 6100 

' 5625 

1 3 8416 

: 3 6864 

3 0976 
0001 

1444 

7744 

2 9241 

1 2100 
8464 
7396 
X 2544 
902s 
X 0000 
8464 
8649 
I 1025 

3969 

X 345 * 
7225 

1 1881 

6561 

9604 

5329 

X2Q0 

i x88x 
8649 
3025 

I 8769 
2025 

I 3225 

4577 

[*»] 

33 5530 

[ss] 

19 1701 

19 7285 

~ 5584 

— . ?792 
[ac] 

19 4817 
12 7897 

6 6920 

7 0514 
5 572 C 
x 4794 

-[if 

22 6812 
) 22 2896 

3915 
t I 95 E 

[cd] 

xx 23x7 
» X 5 07x9 

) 3 840a 

\ — x 920J 

-0 cm] 

9 6601 

8 1331 

x 5270 

-tiff 


The proof formula becomes in this case 


M + 2 l[aa] + [cc] + [dd] + [nn]\ = [(a + e)*] + [{a 4- d)*] 4 - [{a — n)*] 

+ [b + d)*\ + [fc — «) a ] + {{d — nf\ 


which is completely verified, as may be seen by substituting the above values 
Of course the resulting normal equations are the same as those obtained before 
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Comet ion for Flexure 

192 The second form of transit instrument, that m which 
the eye-piece is at one end of the axis (see Fig 28), requires 
a special coircction foi flexure of the horizontal axis The 
amount of this flexure or bending is assumed to be the same 
111 all positions of the telescope, as it will be if the material 
of which the axis is composed is homogeneous The effect 
will be to bung the reflecting prism lower down than it 
would be otherwise without changing the direction of the 
leflecting suiface When the eye-piece is east this will 
cause the star to reach the collimation axis too late by a 
small quantity , which is a maximum in the zenith and nothing 
m the horizon Suppose WE to 
repiescnt the lotation axis bent as 
shown in the figure, CO being the 
collimation axis of the telescope 
Let L be the eye end of the axis. 

The effect on the obscived time of 
a star’s transit will evidently be the same as that produced 
by elevating the end marked E, and when the proper co- 
efficient is found it may be combined with the level correc- 
tion 

Let / = the coefficient of flexure 

/ will be the maximum displacement of the transit thread, 
and will be the value of this displacement when the tele- 
scope is directed to the zenith 

The clamp being on the end of the axis opposite the eye- 
piece, we must add to Mayer’s formula the term 

cos (<p - <?) ( clamp west ) , 

cos* (clamp east 1 * ^ 


O 



Fig 36 
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Tf we wnte {cp - 6 ) = z, the terms of Mayer’s foimula, 
which give the conection of the observed time of a stai ’s 
tiansit for collimation, flexure, and inequality of pivots, may 
be written as follows 

(/ cos z — / cos z + t) sec 6 , (319) 

in which p is determined bj (297) 01 (29 7),, and which we see 
is involved 111 the same manner as f 

These instruments are geneiallv provided with micro- 
meters, which 111a) be used for detei mining / and c at the 
same time, as follows 

In order to make a satisfactory determination, and at the 
same time to test the accuracy of the assumed law of change 
expressed by the formula / cos z, a collimating telescope is 
necessary, mounted in a fiame in such a manner that it may 
be placed vertically over the tiansit telescope and at dif- 
ferent zenith distances fi 0111 zero to 90° The collimation 
error is then measured, as explained in Articles 182-184, with 
the telescope pointed at various zenith distances This 
measured value will include the term /cos z, which will be 
zero when z — 90°, tiud a maximum when z — o It will 
therefore be possible to separate c from / 

It will be advisable to make a considerable number of 
measurements, fiom which c and /can then be derived by 
the method of least squares If the resulting values satisfy 
the equations within the limit of the probable error of meas- 
urement, the assumed law of change expressed by the for- 
mula / cos z will be verified 

In some cases there is found to be a correction lequired 
depending on the temperature This may be detected by 
making the measui ements for collimation and flexure at 
different temperatures If th'en different values aie found 
vaiying with the temperatuie according to any law, the 
necessary correction may be determined 
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In Vol XXXVII, Memoirs Royal Astronomical Society y 
Captain Claiko, R E , gives an example of the investigation 
of the llc\uie coelhuent with an apparatus of the kind just 
dcscnbed In addition to the movable collimatoi, another 
was used which was fixed in the honzon The collimation 
measured on this was fiee from the effect of flexuie, so that 
by taking the diffeiencc between the quantity (/ cqs z -f c ), 
measuied at a zenith distance z by means of the movable 
collimator, and thequantity c, measured at the same time with 
the fixed collimator, a dnect measuiement of the quantity 
/cos z was obtained Twelve measurements made at zenith 
distances from o° to 55 0 gave the following lesults 


8 

Difference 

V 

% 

Difference 

V 

z 

Difference 

V 

O” 

2 80 

4 - 22 

20° 

2 72 

+ 09 

40° 

2 46 

- 15 

s 

268 

4- 33 

25 

2 98 

- 24 

45 

I 98 

+ *£ 

10 

3 II 

- 13 

30 

2 40 

+ 22 

50 

2 02 

— 08 

15 

3 04 

— 12 

35 

2 90 

- 43 

55 

I 69 

4 - 04 


The column headed z gives the zenith distance of the upper 
collimator ; the next column gives the difference between the 
collimation dctei mined on the upper and lowei collimators, 
and the column headed v gives the residuals 

Referring to equation (319), we see that the quantity called 
“difference” is equal to (/ — p) cos z Fiom the twelve 
measured values of this quantity it was found that 

(f-~p)=z 3 021 ± 050 expressed in divisionsof the micrometer 

From level-readings, 

p = 779 zh 026 expressed in divisionsof the micrometer; 


therefore 


/= 380° 


/'A'K/tlU A S/'A'OV <>,»M *‘/4 

One division of the* inicioinetci o" 8345 , 


theiefore J 3 " 171 o' Jit. 

193. The use* of sue han appatalus as we* have dt*s< Jibed 
will not generally he 1 piaetie*ablt*in the licit! The inefficient 
J may them be detei tinned horn the observed tiausits by 
adding to the equations of condition 1317) the* term 


I J 


eos {<(> 
cos 


4 




The complete equation will then bo 

Act 1 lif | (< | <U\ V 7.) 1 1 f / o. . ( t-'O! 

«,/, (, rV/\ anti .1 hems? unknown quantities. 

11 tST is known, as it oitlmaiilv will he, the nunibet of 1111 
known quantifies will be* foui 


Tht Tt aitsit l m.t mint nt out of the .Meridian. 

194. Equations (J75) and (J.Si)aie stiutlv general, ami ate 
applicable to the ie*due;tion of tiausits with the instiutnont 
111 any position wliateu*!. We have seen that when the in* 
stnunent is so neat the* meiidinn that the squat es and highei 
poweis of a, b, in, and n may be negleited* these lottuuhe 
i)e*come veuy simple*. Bessel, Hansen, and otheis have given 
more geueial methods of solving the equations iutended foi 
use in those cases wlietc the obseivet m the* field tanimf af 
fold the tune for ad|ustmg his instillment aceutateh in the 
meiidinn. When, hmvevei, the observer is piovhled with a 
good list of stats reduced to appaient place, like that given 

* rii.it 1 1, \vi tn.ty wrilt* a, />, m, .tml n fur sin a, sin 6 , «r< , .mil unity ft 11 
< oh ( os /' 
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in the American Ephemeris, this adjustment is made so 
readily, and the labor of reduction is so much less than with 
the more general methods, that the latter have not found 
much favor, especially in this country Therefore, however 
interesting some of these may be from a mathematical point 
of view, we shall not give their development here 


Transits of the Sun , Moon, and Planets 

19S In the field, transits of the moon will be observed for 
the determination of longitude when no better method is 
available The sun and occasionally a planet will be observed 
for time. 

In case of the sun and moon the method of observing 
is to note the instant when the limb is tangent to the thread. 
With the sun the transit of both limbs may be observed, 
with the moon this will not be practicable except when the 
transit is obseived very near the instant of full moon In 
observing a planet, the tiansits of each limb may be ob- 
served alternately, or when a chronograph is used both 
limbs may be observed, as in case of the sun With any of 
these bodies, when both limbs are observed, the time of tran- 
sit of the centre will be the mean of that of the two limbs. 
It may, however, be desirable to reduce the limbs sepa- 
rately for the purpose of companson 

When the moon s limb is observed on a side thread, the 
hour-angle is affected by parallax the time required to pass 
from the thread to the meridian is affected by the moon’s 
motion in right ascension The reduction is as follows 

Let d' and t' be the apparent decimation and east hour-angle 
of the moon’s limb when observed on a side thread, 

6 and t, the geocentnc declination and hour-angle, 
z and z\ the geocentric and apparent zenith distance 
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We can reduce the observation by either of the equations 
(282), (283), or (284) Taking the latter, viz , Mayer’s for- 
mula, we have 


sin (<p — 8 ') , ,c os ( <p_—_8J 1 cf + * 
cos 8 ' ' cos S’ cos 8 n 


(321) 


i being the equatorial interval of the thread. 

Having f, t may be detei mined as follows 
In Fig 37, let P be the pole, Z the zenith, O the geocentric 
place of the moon at the instant of obsei vation, O’ the ap- 
p parent place 



Angle MPO — t , 


ZO — z\ 
ZO ’ = s’ 


MPO' = t\ 

From the mangles MZO and M'ZO ' , 

sm MO sin M'O' . . 

sm MZO = --- = -557T- ( 3 M) 

o'Fiom triangle MPO, sm = sin t cos <? , ) 

Fig 3, From triangle MTO', sm M'O' = sm t ' cos J 


Substituting these values m (322), we have 

sin t cos 8 _ sin cos S' 
sm z ~ sin z' 


As t is small, 


.cos 8 ' 

t =t' * 

cos 0 


sin z 
sin z' ’ 


( 324 ) 


the required value of t in terms of t' 

Let A. = the increase of the moon’s 1 ight ascension in one 



TRANSITS OF THE MOON 


§ 195 


341 


sidereal second , then t being expressed m seconds, the time 
required for the moon to pass over this interval will be 


t 


1 — A’ 


( 325 ) 


i — A representing the velocity with which the moon ap- 
proaches the meridian 

There remains the correction for the moon's semidiameter 


Let S = the geocentric semidiameter of the moon at the 
time of transit, taken from the ephemens, 

S' = the hour-angle of the centre when the limb is on 
the meridian. p 


Then, from Fig 38, 


sin S' = 


sin 5 
cos d’ 


Writing 5 and S' for their sines and dividing by 15 
to reduce to time, 


S' = 


S 

15 cos d* 



Fig 38 


The time required for the moon to pass over this space 
will be 


S' _ S 

1 — A ~ 15(1 — \) cos $ 


(326) 


From (321), (324), (325), and (326), we have for the right 
ascension of the moon's centre when the limb is observed on 
any thread of the transit instrument, 


L_ cos sing / sin , , cos Qft- SQ , c'+*\ , S 

” 1 1 -A cos 5 sm«'\ cos S' cos S' + cos S'/ * 15(1 — A) cos S 


(327) 
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The geocentric declination, 8 , and the equatorial horizontal 
parallax, jt, are taken from the ephemens Then from (XI)„ 
Art 85, we have with sufficient accuracy for this purpose 

S' = 8 — itp sin (<p' — 8 '), . (328) 

where generally 8 may be substituted for 8 ', and <p for cp', in 
the second member 

Then p being the parallax in zenith distance, we have 
S' = 8 + /, 

and the factor in equation (327) becomes 


sin z sin z 

sin z ' — sin z cos p -|- cos z sin / 


= cos p — 


cot z sm p 


approximately And from (VII)„ Art 82 with sufficient ac- 
curacy for this purpose. 


sin z , , 

— 1 — p sin 7 t cos (<p 

sin z 1 ^ 




If then we write A, = 1 — p sin n cos (tp' — 8 ), 



F = A 1 B l sec 8 , 


( 329 ) 


A j may be tabulated with the argument log p sm tt cos(9> / — d) 
as in table XIII of Bessel’s Tabtila Regiomontanm , B x may 
be tabulated with the argument A a = moon’s change m right 
ascension in one minute, Aa being given m the ephemens 
5 

The term —7 5 may be taken from the table of 

15 (1 — K) cos 6 J 

“ Moon Culminations” of the ephemens where it is given 
under the heading “ Sidereal time of semidiameter passing 
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the meridian ” The complete formula; for the moon’s right 
ascension are then as follows * & 


8' — 8 — np sin ( cp' — d), 

A l = i — P sin it cos {cp' — d), 



P = A l B l sec 6 , 

• T+AT+2F+la^A±=3D + i 921<tz. S Jl4. c ' 

\ cos 6' ' cos S' ^ Zos 


KX ix) 


The use which will be made of this value of « m the de- 
termination of longitude will be explained hereafter A 
series of stars will be observed m connection with the moon 
for determining the clock correction AT and the constants 
* and r Sometimes the clock coi i ection is made to depend 
exclusively on about four stars whose declination is nearly 
the same as that of the moon , two of these precede the moon 
and two follow 


Correction to the Moon’s Defective Limb 

196 The transit of both limbs of the moon can only be 
observed when the culmination occuis very near the time of 
full moon If one limb is defective it may still be used if it 
is sharph defined, and a con ection applied for defective 
illumination 

For this purpose we may regai d the moon as a sphere, and 
we may considei the ra}s of light from the sun to the moon 
as parallel to those from the sun to the earth The cui ve ©f 
contact of the surface of the moon with the cone of lays tan- 
gent to its surface will separate the light from the daik part 
of the moon When the defective limb is obseived, the 
point whose contact with the thread of the reticule is noted 
is a point on this curve, and instead of the semidiameter 5* 
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we shall require for this limb the perpendicular from the 
centre of the disk upon the hour-cncle, of 
which the transit thiead may be regarded 
as forming a small arc Thus aa! being the 
position of the thread at the instant of the 
L obseived transit of the defective limb L, 
we shall require the distance CL = 5, in- 
stead of S Fig 40 may be regarded as 
a section foimed by the plane passing 
a through the rotation and colhmation axes 

of the instrument, and Fig 39 a section formed by the plane 
perpendicular to the colhmation axis 

£ is the point on the earth’s surface from which the obser- 
p vation is made 

£2 and K2 are the projections on the 
plane of the instrument of rays of light 
coming fiom the sun These lines are 
practically paiallel 

Let x — the angle formed with the plane 
of the mendian by the line 
drawn from the sun to the 
moon 

This will be practically the same angle 
as that formed by lines joining the sun and 
earth 

CK will be perpendicular to this line. 
Also, KN is perpendicular to the plane of 
the meridian Therefore 

S x = S cos x . (330) 

Fig o x is now the angle which a line drawn 

from the sun to the earth forms with the lower branch of the 
mendian 





196 

Let 
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a — the moon’s right ascension at the time of 
culmination , 

a ' = the sun’s right ascension , 

** ** angle formed b\ the hour-circles drawn 

o through the moon and sun , 

180 0 - (V — a) = angle formed by sun’s hour-circle with 
the lower blanch of the meridian 
S' = sun’s decimation 


In Fig 41, E is the earth, P the pole of the heavens, and 5 
the projection of the sun on the celestial 
sphere PR is the lower blanch of the 
meridian SR is the arc of a great circle 
perpendiculai to the meridian 

Therefore SER = jr = arc SR 

The right-angle triangle SPR there- E 
fore gives fig 4 i 





sin jr = cos 6 ' sin («' — a) 


(331) 


(330) and (331) therefore give the lequired value of S', and 
the coirection to be applied will be of the same form asm 


case of S, viz , + — ; — j + I j first ) , , 

IS (1 - A) cos tf | - f when | second hmb 

is defective 


Example 1883 October 15, the moon was observed with the portable transit 
instrument of the Sayre observatory as follows 


Cl cast 


First Limb 


I 

II 

III 

IV 


Second Limb 


21* 2 

l 

43 s I 

38 8 

II 

0 1 

55 1 

III 

iC 9 

12 5 

IV 

34 

29" 

V i 1 * 

i8 m so 8 8 


Level 

f w 

X2 9 12 9 

11 5 14 2 

12 9 12 9 

II 3 144 


r = i 15 55 32 


I 18 16 98 


12 rs 1360 
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From the table of moon culminations (page 379 of the ephemens) we find, for 


the time of the moon’s transit at Bethlehem 

Apparent declination 

= 8 = 

9 0 14' 18" 

Equatorial horizontal parallax 

= 7t = 

3681" 

A 

Sidereal time of semidiameter passing the meridian = 

0425 
70 8 76 

We also have 

<p' = 

40° 25' 2" 

Correction for inequality of pivots 

log/ 3 = 

9 99939 
— 062 


The computation by formula (XIX), Art 195, is now as follows 


9' — 8 = 31 0 io' 44” sin (9' — 8) = 9 7141 . 

log 7£ = 3 5660 

log p = 9 9994 

cos (9' — 8) = 9 9323 
sin % = 8 2515 
log p = 9 9994 

Sum = 3 2795 

Sum = 8 1832 

Nat No 1903" 

0x525 

8 ' = 8° 42’ 35" 

98475 

i-l=o 9575 


log (1 — A) = 9 9811 


log Bx = 01S9 


cos d' = 9 9950 



log F — 0179 

log i?cos 8' = 0129 Fcos S' = 1 030 

The above level-readings m connection with p give b = -J- ■ 115 
We have derived from transits of stars c' = + 154, 

a = ~ 065, 
4T= - 5* 47 


We now apply the last of formula (XIX) 


sin (9 
a 

-S') 

a 

035 

cos 

S' 



5 cos (9 
cos 

- S') 
S' 

= + 

O99 

cos d' 

— + 

156 


sum 

= + 

220 

(Sum) F 

cos d' 

= +‘ 

* 227 
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First Limb 
T = i h 15“ 55* 32 

AT= - 5 47 

Corrections + 23 

Right ascension of limb i h I5 m 50 8 08 


Second Limb 
I h l8 m 16 s 98 
- 5 47 

+ 23 

i h i8 m ii* 74 


The right ascension of the centre will be obtained from either of these by 
applying the correction for semidiameter, which is the same as the stdeieal time 
of the semidiametei passing the mendian The illumination of the second limb, 
however, was defective, and therefore the correction given by formulae (330) and 
(331) should be applied 

From the ephemens we have 


Sun’s right ascension = cd = 13* 23“ io* 

Sun’s declination = 8 ' = — 8° 45' 18" 

Moon’s right ascension = a = i h I7 m i* 

Applying formula (331), a' — a = I2 h 6 m 9* 

= 181 0 32 15” 


Corrected value = 70* 74 


sin (a! — a) = 8 4286 
cos 8 ' = 9 9949 
sin x = 8 4235 
cos x = 9 99985 
log 70 8 76 = I 84979 
log = I 84964 


Therefore , 

Right ascension moon’s centre from observation of first limb = i h 17“ o* 84 
Right ascension moon’s centre from observation of second limb = 117 I 00 

Transits of the Sun and Planets 

197 Formulae (XIX) derived for the moon apply equally 
to the sun and planets As, however, the parallax in these 
cases will always be small, we can write without appreciable 
eri or z == z f and 6 — 8 ' 

Then A x — 1, B x = ■ F — B : sec d, 

*,/ sin (4> — fi) , £cos(<ft 5) , „ j S 

« — cos $ "h cosS ”^cosfi) 1 ± i5(i-A)cos3 
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The last term can be taken directly from the ephemeris, 
where it is given under the heading “ Sidereal time of semi- 
diameter passing the meridian ” The object of such an ob- 
servation will be to determine the clock coirection AT 
If the sun is observed with a mean time chronometer, the 
rate of which is small, A may be neglected, as then the motion 
of the sun will practically correspond with that of the chro- 
nometer If the chronometei has a large rate on apparent 
time, this rate may be placed equal to A, + w hen the chro- 
nometer is gaining, — when losing 

Let E = the equation of time for the instant of 
transit , 

S" = the mean time of semidiameter passing the 
meridian , 

T— chronometer time of observation reduced 
to middle (or mean) thread , 

AT — the chronometer correction on mean time 
Then I2 h -[- E — mean time of sun’s transit 


Therefore 


sm(y— <?) , t cos ( cp— 6 •) c 


rt+E=T+AT+a-^+b-^+— d ±S" (333) 


S" is -f for preceding limb, and — for following limb , 
when both are observed it vanishes from the mean AT 
will then be given by (333) 


The Transit Instrument m the Prime Vertical 

198 The transit may be employed for determining the in- 
stant of a star’s passing the prime vertical, in a manner simi- 
lar to that already explained for determining its passage over 
the meridian Such observations furnish a very accurate 
method of determining the latitude of the place of observa- 
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tion, or, in a fixed observatory where the latitude is known, 
for determining the declinations of the stars observed The 
practical application of the transit to these purposes is due 
to Bessel, although a prime vertical transit was used by 
Roemer more than a hundred years earlier 

This method of determining latitude has been considerably 
used by the astionomeis of Europe, and to a less extent m 
America It is now almost en- p 

tirely superseded by the use of 
the zenith telescope, so that a 
complete presentation of the 
theory is lelatively much less im- 
portant now than it was thirty or 
forty years ago 

The pi mciple is as follows Let 
P be the pole, Z the zenith, and 5 
a star which crosses the prime Fig 4 * 

vertical at 5 and S' Suppose the instant of the star’s passing 
the prime vertical to be observed with a transit instrument 
perfectly adjusted in this plane , then if the rate of the clock 
is known, the difference between the two times of transit 
will be the angle SPS one half of which is equal to SPZ = t 
Then from the right-angle triangle SPZ or S' PZ we have 

tan cp = tan 8 sec t, (334) 

from which either cpov 8 may be determined when the other 
is known In the field it will of course be cp which is to be 
determined 

The process is then analogous to that employed with the 
instrument mounted in the meridian , viz , the adjustments 
are made as accurately as may be, and the corrections to the 
final result determined for outstanding deviations As we 
shall see, the value of the method consists largely in the 
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facility with which the effect of instrumental errors may be 
eliminated It is evident that only those stars can be ob- 
served on the prime vertical which culminate between the 
equator and the zenith, that is, whose decimations are be- 
tween o and <p 


Adjustments 

199 It is only necessary to explain the method of placing 
the instrument in the prime vertical, all the remaining ad- 
justments being the same as when the instrument is in the 
meridian F01 this puipose a star is selected whose decima- 
tion is small, and the clock time computed when the star will 
be on the prime vertical Triangle PSZ of Fig 42 gives 


cos t = 


tan d 
tan <p 


(335) 


The clock time of the star’s passing the prime vertical will 
then be 

(336) 

When the clock time is that given by this formula, the 
middle thread of the reticule must be brought on the star by 
the fine-motion azimuth screw 

It will be observed that a knowledge of the latitude is 
necessary for computing t, but from (335) it appears that 
when a stai is chosen whose declination is neai lv o, a small 
error m the assumed value of <p may exist without mate- 
nally affecting the value of t The adjustment should be 
tested by stais both east and west of the mendian, as an 
error in the assumed value of <p will affect the computed 
times for east and west stars with opposite signs 
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Some instruments are piovided with azimuth circles like 
that shown in Fig 28, m which case the simplest method of 
pioceeding will be to first adjust the instrument m the plane 
of the meridian and then turn it in azimuth 90° by the circle. 


Method of Observing 

200 A list of stars to be observed should first be pre- 
pared, for which the time of passing the prime veitical, both 
east and west, must be computed, also the zenith distance or 
setting of the finding cncle Formulas (335) and (336) give 
the required time The zenith distance is given by 


cos z = 


sin 8 
sin <p 


( 337 > 


If the star is near the zenith, the time required to pass the 
thread intervals will be comparatively large, so that it will 
be convenient to compute approximately the time of passing 
the first thread 


Let 1 — the equatorial interval of the first thread , 

/ = the coi responding star interval 

Then 7 = siiT^i cos 8 sm t = ^TTrTz ' approximately (338) 

The proof of this formula will be given hereaftei /will 
be subtracted from the time given by (336) for a star either 
east 01 west 

As the star moves obliquely across the field, it will be 
necessary to change the zenith distance of the telescope for 
every thread in order to have the transits take place between 
the two horizontal threads 
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Mathematical Theory 

201 The equations (275) and (281) apply to the transit in- 
strument in any position whatever, and consequently may be 
used in this case It will perhaps be better to derive the 
foi mulae directly 

Let us consider the point where the north end of the axis 
produced pierces the celestial sphere This we shall call the 
north end of axis 

Let this point be leferred to a system of rectangular axes, 
the horizon being the plane of xy, the positive axis of * being 
directed north, the positive axis of y east, and the positive 
axis of z to the zenith 

Let a = the azimuth of the north end of axis, reckoned 
from the north point towards the east , 
b = the altitude 

Then x = cos b cos a, y = cos b sm a , z — sin b ( 339 ) 

In the second system let the equator be the plane of xy, 
the positive axis of z being parallel to the eaitlis axis, the 
positive axis of a- being directed to the point where the lower 
branch of the meridian intersects the equator, and the axis 
of y coinciding with that in the first system 

Let n and 180 0 + m = the declination and hour-angle of 

the north end of axis 

Then x' — cos n cos m, / = cos n sin in, z' = sm n (340) 

The formulae for transformation of co-ordinates give 

cos n cos m = cos b cos a sin cp — sm b cos q>, 
cos n sin in = cos b sin a , 

sin n = cos b cos a cos <p + sin b sin cp 


( 341 ) 
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If the instrument is carefully levelled and adjusted ,in the 
prime vertical, we way write 


cos b = i , cos a = i , sin b = b , sin a = a ; 

when the above equations may be written 

cos n cos m — sin (cp — ■ b ) ; 
cos n sin m — a , 

sin # = cos (9 — b) 


• (342) 


We shall find these formulae useful in subsequent transfor- 
mations 


202 Let 90° + c = the angle between the clamp end of 
the rotation axis and the object end 
of the collimation axis, 

t and d = the hour-angle and decimation of a 
star observed on the m ddle thread 

Let the star be referred to a system of rectangular axes, 
the equator being the plane of xy, the axis of x being directed 
to the point where the hour circle through the north end of 
the rotation axis intei sects the equator 

Then the angle formed by the radius vector with the plane 
of xy will be d, and the angle between the projection of the 
radius on the plane of xy and the axis of x will be 

180 0 + (t — m) 

x—— cos d cos (t—m), y = —cos d sm ( t—m), z = sin d (343) 

In the second system, let the axis of x coincide with the 
rotation axis, the axis of y coinciding with that of the former 
system Then the position of the instrument being clamp 
north, — c will be the angle formed by the radius vector and 
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the plane of yz Let d, be the angle formed with the axis of 
y by the projection of the ladius vector on the plane of yz 

Then 


sine, / = cose cosd,, s' = cost sin d, (344) 


The angles between the axis of * and being n, we have 
*'= *cos«-l-*sinH, y=y, z'=-xsmn + zcosn (345) 


We theiefore have 

sin t = cos d cos (t — m) cos n - sin d sin n, J 
cos c cos dj = — cos d sin ( t in), r (34^) 

cos c sin d, = cos d cos [t — m) sin n 4- sin d cos 11 ) 

* Equations (341) and (346) express in the most general 
form the relations between the quantities w Inch deteimine 
the position of the instrument and the quantities <p, d, and t 
203 The adjustments may always be made accurately 
enough so that the first of (346) may be written 

c — CO s d C ° S — — — sin (<p — b) — sin d cos (<p b), (347) 

c— wo C0S7W 


where the values of sm n and cos n given by (342) have been 
substituted 


Let 


h sin <p 1 = sin d , 

cos d cos ( t — m) 
h cos <pf = cos m 


( 348 ) 


Then (347) becomes c = h sin (<p — cp' b) 
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From the first of (348), h = and therefore when d is 

not too small we may write 


sm (g> - cp' - b) = <p - cp' - b = — ^ 


<p = <?>'+*+-: 


csm cp 


• (349) 


Dividing the first of (348) by the second, we obtain 

tan cp' = tan 8 sec (t — m) cos m (350) 

When c, in, and b are known quantities, (349) and (350) 
will give the latitude, as 8 is the known declination of the 
star, and t is obtained by observation 

204 b is determined as in pievious discussions by the 
stnding-level This should be done with caie, as we see from 
(349) that an error in b will affect the latitude by its full 
amount t and in are determined as follows 

Let t' and t = hour-angles of the star at east and west tran- 
sit respectively , 

T and T — observed clock times at east and west tran- 
sit respectively, 

AT and^T = corresponding clock corrections , 

2 S' = elapsed time between east and west ob- 
servation , 

a = star’s right ascension =side real time of cul- 
mination 

Then t’ == T + A T - a, 

t = T +AT -a, 

S=i[(T' + AT)-{T+AT)], 

m = i[(T+AT) + (T + AT)]-a. . (351) 

Therefore S ■ = t — in = — (t' — m) 
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For determining S we see that the clock late must be 
known, but neither the clock correction noi the star’s right 
ascension is required For detei mining m a knowledge 01 
both these quantities will be essential 

With the portable instrument c may most readily be 
determined by observation in the meridian, as ahead} ex- 
plained,* but on account of the facility with which an erroi 
in this quantity may be eliminated its exact determination is 
not very important 


Effects of Errors in the Data 

205 Let us now investigate the eSect upon the latitude of 
uncorrected errors in the quantities b, c, ft, and S' t m 
Suppose the same star observed both east and west on two 
different nights, first with the instrument in the position 
damp north, second, clamp south 

Let b and b' = the inclination given by the level for clamp 
north and south , 

p = the (unknown) correction for inequality of 
pivots , 

c = collimation constant, -f- for damp north, 
q = the unknown error in determining c 

Then ( b + p) and (b’ — p) = the true inclination of axis for 

clamp north and south respec- 
tively , 

c 4- q = true value of collimation con- 
stant 


* See equation (305) 
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357 

the latitude given by (350) from transits 
of the same star clamp north and south 
respectively 


~ V' + b “t~/ + (f + 7) ~ clamp north , 

*P = <p" b' — p — {c -j- q) clamp south 


The mean is 

cp = >'+ ?>"+ b'+ b"] + (r+y)- n ^~ n SI "^ (352) 

Unless the errors of adjustment aie very large the last 
term of this equation will be inappreciable, so that practi- 
cally constant errors of colhmation and level are eliminated 
by combining observations on the same star in different 
positions of the axis 

Errors m S may result either fiom errors in the clock rate 
or they may be simply the unavoidable enors of observation 
To asceilain their effect upon cp we diffeientiate (350) with 
respect to cp and S, by which means we derive 

dcp ■= \ sin 2 cp tan S dSr (nearly) . (353) 

From this equation it appears that an error m S will produce 
the less effect upon cp the smaller S is Also, that the alge- 
braic sign when the star is cast is the opposite of that when 
it is west Therefore 

The effect of a small error in S will be eliminated by ob- 
serving the stai both east and west of the meridian 

Differentiating (350) with respect to cp and 6, we find 


, sin 2 cp 

dep = j- dS 

7 sin 26 


( 354 ) 
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As the declination cannot be greater than <p, we see that 
when <p is less than 45 0 an erroi 111 $ will pioduce a largei 
error in <p For <p greater than 45 0 , d<p < dS for all stars 
whose 8 is between <p and 90° — ( p In any case the effect 
upon <p will be less the nearer the star is to the zenith 

The best result will therefore be obtained by observing at 
both the east and west tiansit a stai which culminates near 
the zenith and m both positions of the axis The observa- 
tions may be made 011 the same star on two diffeient nights, 
the clamp being north in one case and south in the other 
Or they,may all be made on the same night if the star passes 
quite near the zenith, as follows First, observe the east 
transit over the first half of the threads of the reticule, 
second, reverse the instrument and observe the transit over 
the same threads, now in the reverse position , third, ob- 
serve the west transit over the same threads , then, fourth, 
reverse the instrument again and finish the observation of 
the west transit over the threads, now in the same position 
as at fiist This method is due to Struve It will not gener- 
ally be followed in the field owing to the danger of disturb- 
ing the instiument m reversing so frequently 


Reduction to the Middle or Mean Thread 

206 In formula (349), c is the error of collimation of the 
middle or mean thread In reducing the obs<?i vations over 
a side thread we may replace c by c -f- 1 (1 being the equa- 
torial interval of the thread), and reduce each thi ead sepa- 
rately It will, howeyer, be simpler to fiist reduce all obser- 
vations to the times ovei*the middle or mean thieads This 
process is less simple than in case of meridian observations, 
since the mean of the times over the several threads will not 
in this case be the time over the mean thiead 

The reduction may be made in either of two ways first, 
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by reducing each thread separately to the middle (or mean) 
thread , second, by applying a correction to the mean of the 
times over the diffeient threads to reduce it to the time over 
the mean thread 

First The thread intervals should be determined by meri- 
dian transits as already explained * 

Let 1 — the equatorial interval of any thread from the 
middle thread , 

/ = the corresponding stai interval, 
t — the hour-angle ot the star when on the middle (or 
mean) thread , 

t — / = the hour-angle when on the side thread, 
c + 1 may be regarded as the collimation error of the side 
thread 

Then, from the first of (346), 

sin (c + 1 ) = — sin n sin d -(- cos n cos $ cos (t — / — m ) , 
sin c = — sin 11 sin S + cos n cos S cos (t — m) 

Subtracting, we readily find 

* 2 cos (it + c) sin \i = cos n cos £2 sin T t — m — 4 /) sm \I 

Since c will be very small, the first term of this may be writ- 
ten sm 1 without appreciable eiror Then 

1 r sm 1 _ 

2 sm il = * 77 (355) 

4 cos n cos 0 sin (t — m — \I ) 

From (342) we may write cos n = sm (cp — b ) Also, 

(t — m) = S' sm 1 may be written 1 

2 sm \I = /( 1 — s^/ 3 ) = /(cos /)* 


* Art 174 
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Therefore (35 5) may be written without appreciable error, 


1 ~ sin (9 - b) cos 6 sin (2 - 4/) (cos /)* ’ 
and with accuracy sufficient for most cases, 

I ~ sin cp cos 8 sin (ly — 4/) (357) 

Log (cos /)*■ might be tabulated, but it will be required 
so rarely that it will hardly repay the labor The value of 
I required m the second member of the above formulae 
may be found directly from the observations themselves, by 
taking the difference of the observed time ovei the side 
thread and middle thread 

Care must be taken to give the proper algebraic signs to 
t, I, and 5 ,— 1 and I being plus for north threads and minus 
for south ones ; S', plus foi west, minus for east ti ansits 
207 Second This method of 1 eduction is due to Bessel, 
and is more convenient when many stais are to be reduced 
Resuming the first of (346), and wilting c +1 instead of sin c 
and t — /for t, 

c _|_ t = — sin n sin 8 + cos n cos 8 cos if — / — m) (358) 

Such an equation is given by each thread observed If /1 
threads are observed, the mean of the resulting equations 
1 will be 

c t a = — sin n sin 8 4- cos n cos 8 - 2 cos (t — m), (359) 

where is the mean of the equatonal intervals, -2 is the sum- 
mation sign, / represents the hour-angle corresponding to 
any thread 
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Let T — the arithmetical mean of the times observed on 
the individual threads (supposed corrected for 
clock error and rate) , 

T ~ I = the time over any thread 

Then {t - m) = {T - a - m) - I, 

and 

—22 Cos it — in) — cos (T — a — m) —2 cos / 

+ sm (T — ot — m) 1-2 sm I . . (360) 

r" 


Now let 


k cos k = - 2 cos I, 
M 

k sin x = - 2 sin / 
M 


. (361) 


Then — cos (? — m) — k cos (T — a — x — m) (362) 

A* 

(319) then becomes 

^ »„ — sin » sm ^ £cos 7. cos d cos (T—a—x — m) (363) 


Now let 


y cos d, = k cos 8 , 
y sin d, = sin 8 


Then (363) becomes 


— — sin n sin £,•+■ cos n cos <?,cos (T — a — x — m) (365) 


Thus, by computing the auxiliary quantities y, 8 V and x, 
the foim of the equation for the mean of the threads is the 
same as that for the middle thread 
Practically y will seldom differ appreciably from unity. 
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and x may very readily be computed by the aid of tables 
A and B, page 365 These tables are computed as follows 
Since 21 = o {T being the mean of the observed times, 
and / the difference between T and the time on any thread), 
(361) may be written 


k cos x = 


-2 sin a £/, 
F 2 


1366 ) 


k sin k = 


-Il2(/-sin/) 


From these it appears that k sin n is of the order I\ and 
that k cos x only differs from unity by a quantity of the order 
P. There will then be no appreciable error in writing 


k = 1 — -2 sin’ il, 

F 

h = — \-2{T— sin/). 

H' 


. (367) 


And since, from (364), we have 


tan < 5 , = j tan < 5 , .... (368) 


the method of Art 74 for expanding a function 
form gives 

. * . (1 —k\ sm 2 8 x ( 1 - k V sin 48 

1 — \i + kt sin 1" 2 \i - 4 - k) 


ki sin 1' 


of this 

(369) 


This becomes, by substituting for k its value, 

1 ^ sin 8 jZ 

8 1= 6 + * Sin --~ sm 28. . . (370) 

1 — — 2 sm" \I 
M 

For computing < table A, page 365, gives the value of 

2 IT 

sin i F/ 9 being the difference between each ot> 
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served time lespectively and the mean of all, expressed m 
minutes and seconds of time for convenience The arith- 
metical mean of these quantities will be the numerator of the 
coefficient of sin 26 in (370) The denominator differs very 
little from unity When desirable, this small diffeience may 
be corrected by table B, the argument of which is the numer- 

x 1 sin" £/ 

ator, viz , — 2 T . 

y sm 1" 

The fourth colum n of table A gives the quantity (/ — sm I), 
the arithmetical mean of these quantities being equal to x 
If y is requiied, we readily find, from (364), 

1 — (1 — k) cos’d 

^ cos (d, — d) 

The denominator does not differ appreciably from unity, and 


1 - k - - 2 sin ’£/ 

M 

Therefore y = I — cos’d 2 sin’ (371) 

Since this only appears as the divisor of the small quan- 
tity c -|- z 0 , it will very rarely be required 

The quantity z 0 will vanish when the star is observed over 
all of the threads, and the equatorial intervals reckoned from 
the mean of the threads 

Having shown how our fundamental equation which ap- 
pl es to the time over the middle thread may be reduced to 
a like form when the time is the mean of the times over the 
different threads— see equation (365)— we may now solve this 
equation for 9 as before 

Formulae (349) and (350) will then have the form 

tan <p ' = tan d, sec [T — a — x) cos m, 

sm cp' 

9 = <p' 4 - b + (* + *•) 


(372) 
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Preliminary Computation ‘'l 


COS t = 


’ sin <p* 
tan 6 
" tan <p f 


1 = , 

sin cp sin z 

Clock time of passing first thiead 

= a ± t — AT — / 

Reduction to Middle or Mean Thread 


(XX) 


sin (cp — b ) cos d sin (S' — £/)’ 

Z = it{r + JT')-(T- f- AT)], 
m = i [T + AT + T+AT] - a 
tan <p' = tan $ sec £ cos m , 

/111 sm ¥ 

9—9 + b + c — 7t 


(XXa) 


Bessel’s Method of Reduction 


x = — -2 (f— sin /), 

r 1 




I 2 sin a -^/ 
p sin 1" 

■ ■■ 5 

1 - - 2 sin a £ / 
P 2 


sm 2<y , 


tan cp' = tan <?, sec (T — a — h ) cos *«, 
/111/ 1 v sin 9' 

9 - 9 + b + 0 + *.) - S 7HX 


(XXb) 
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TABLE A 

For reducing transits over several threads to a 
common instant 



209 As an example of the determination of latitude by this method, the fol- 
lowing observations have been selected from Pierce s Memoir on the Latitude 
of Cambridge, Mass (Memoirs of American Academy of Sciences, v ol u p 183) 
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Star 

Date 

1884 

Clamp | 

Transit | 





Times 

OF 

Transit ovirR Threads 



Error of 
Level 

N end 
high 

*1 


*3 

*4 



*7 

a Lyrae 

Dec 23 

S 

E 

i6 h 38* 

5 * 

8 

36® 57* 2 

35 n 

49 “ 

0 

34 ° 

42* 

0 

3 f 

‘ 34 " 

5 

32“ 28 s 2 

31 m 22 8 

5 


fc ‘ 


S 

W 

20 

21 

45 

0 

22 54 0 

24 

1 

5 

25 

9 

0 

26 

16 

2 

27 22 5 

28 28 

X 


a Lyrae 

Dec 29 

IT 

"e 

16 


22 

3 

32 28 s 

33 

34 

3 

34 

4 i 

2 

35 

47 

1 

36 55 2 

37 5 

5 

99 K 


u 

N 

W 

20 

28 

28 

3 

27 22 5 

26 

18 

4 




-4 

2 

0 




SSI 

|3 Persei 

Dec 25 

N 

E 

X 

26 

29 

0 

27 57 0 

29 

25 

0 

30 

55 

5 

32 

27 

8 

34 1 5 

35 36 5 

+ ’5 

*■* 

tt 

N 

W 

4 

26 

17 

8 

24 49 5 

23 

21 

4 

21 

50 

8 

20 

19 

0 

18 45 5 

17 10 

0 

-f- 22 

0 Persei 

Dec 26 

S 

E 

1 

35 

36 5 

34 0 5 

32 

27 

5 

30 

55 

6 

29 

24 

5 

27 56 5 

26 28 

5 


it 


S 

W 

4 

17 

it 

0 

18 46 0 

20 

z 9 

6 

21 

5 i 

0 







4* 87 


The equatorial intervals of the threads from the middle thread are 

i x = 51“ 11, z a = 33 s 98, *3 = 17*02, 7 4 = o fl 00, * 6 = 17 8 10, 

*8 = 34 s 14, *7 = 51 8 16 


The clock correction and rate 


Date 

Sidereal 

Time 

AT 

Clock slow 

Daily 

Rate 

Dec 20 

24 

25 

26 

29 

Jan 2 

O h 30 m 

2 O 

2 T5 

2 45 

0 30 

5 15 

-f- l m 46 s 83 

+ 1 48 74 
-1- 1 49 55 
+ 1 47 78 
+ 1 48 13 

+ 1 5 1 10 

— * 46 

- 8l 

+ i 77 

— 12 

- 7 * 


Apparent places of the stars observed 

a Lyrae, December 23d, a = i8 h 31 113 40 s 32, 

a Lyrae, December 29th, a = 18 31 40 36, 
fi Persei, December 25th, 

J 5 Persei, December 26th, 


8 = 38 ° 38 ' 39 " 76 
8 — 38 38 38 08 
8 = 40 21 25 83 
8 = 40 21 25 86 


The collimation error j is assumed equal to zero Assumed cp = 42 0 22' 48" 
We shall first compute the latitude by formulae (XXa) The transits over the 
several threads must first be reduced to the middle thread by the formula 


sin (<p — b ) cos 8 sm (£ — •£*/) 

The complete reduction is given for the observations of a Lyrae, December 23d, 
in order to illustrate the process 
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Observed 

Times 


Observed / 


if 


*-if 


i6 h 38 m 

36 


35 49 
34 42 
33 34 
32 28 
31 


5 a 8 
57 2 
o 
o 

5 
2 

22 5 


21 

22 

24 

25 

26 


45 

54 

1 

9 

16 


27 22 

28 28 


3 h 50 m 27 s o 
x 55 13 5 
28° 48' 23" 


i 


3 m 23 s 8 
2 15 2 
1 70 

1 7 5 

2 13 8 

3 19 5 


+ 3 24 o 
+ 2 15 o 
~t- 1 7 5 

— 1 72 

-2 13 5 

- 3 19 i 


— 25' 28" 

— 16 54 

— 8 23 

+ 8 26 
± 16 43 

+ 24 56 

— 25 30 
-- 16 52 

— 8 26 

— 8 24 

— 16 41 

— 24 53 


- 28° 22' 55" 

— 28 31 29 

— 28 40 o 

— 28 56 49 

— 29 5 6 

— 29 13 19 

+ 28 22 53 
28 31 31 
28 39 57 

28 56 47 

29 5 4 

+ 29 13 16 


sin (■& — i/) 

log: 

Denominator 

log/ 

/ 

Reduced Time 

1 9 67701 

9 39837 

2 31014 

— 

- 204 8 2 

l 6 h 24 “ 41 * 6 

9 67901 

9 40037 

2 13085 

— 

- 135 2 

42 0 

9 68098 

9 40234 

I 82862 

— 

■ 67 4 

41 6 

42 O 

9 68485 

9 40621 

I 82679 

+ 67 1 

41 6 

9 68673 

9 40809 

2 12517 

+ 133 4 

41 6 

9 68859 

9 40995 

2 29898 

+ 199 1 

16 34 41 6 





T = 

16 34 41 71 

9 67700 

9 39836 

2 31015 

H 

h 204 2 

20 25 92 

9 67902 

9 40038 

2 13084 

H 

b 135 2 

9 2 

9 68097 

9 40233 

1 82 S 63 

- 

b 67 4 

8 9 






9 0 

9 68484 

9 40620 

1 82680 

- 

- 67 I 

9 I 

9 68673 

9 40809 

2 12517 

- 

- 133 4 

9 i 

9 68858 

9 40994 

2 29899 

" 

- 199 1 

20 25 90 





T r = 

20 25 9 07 


In the above the quantity 3 " is computed from the second of (XXa), using for 
T' and 2" the time over the middle thread, and neglecting the rate, which will 
be less than the probable error of the observation The “observed /” is 
found by subtracting the observed time over each thread from the time over 
the middle thread The quantities headed “ log denominator” are computed 



368 


PRA CTJCA L AST R OR OM ) 


§ 209 

by writing the quantity log (sin cp cos 8 ) on the lower edge of a slip of paper 
and adding it in succession to each of the quantities in the previous column b 
is neglected in the quantity sin (< <p — b) The quantities log z u log z 3 , etc , are 
then written in order on the lower edge of another sap of paper and the ‘ log 
denominator” subtracted, giving log / It would be sufficient to compute the 
intervals / for one transit only, as they are the same for both, but in a case like 
the above it is well to compute both as a check on the work In the above four- 
figure logarithms would have been sufficiently accurate 

In the same manner the other observations are reduced, the quantities T and 
T‘ being those given m the following computation 

Latitude from a Lyra 
Clamp South 

Dec 23 T r = 20 u 25 m 9 b 07 

AT ' + I 48 73 

T' + At' = 20 26 57 80 

(r + at')-(t+at) = 3 50 27 53 
3 = 1 55 13 765 

= 28° 48' 26” 5 

T — i6 h 34 m 41“ 71 
Al — + 1 48 56 
7’+ A T — 16 36 30 27 
UT+AT+ T' +AT*) = 18 3X 44 035 
a = 18 31 40 32 
m ~ +3 715 

= 55 " 7 

Clamp North 

Dec 29 T 1 — 20 11 2$ m io B 12 

AT' = 1 48 72 

T' + AT' = 20 26 58 84 

( 7 1 ' + AT')-(T+AT) = 3 50 29 58 
3 = 1 55 14 79 

= 28° 48' 41" 9 
T = i6 h 34 m 40 s 66 
AT = + 1 48 60 mean cp' = 42 0 22' 48" 935 

T+ AT = 16 36 29 26 mean b = — 545 

HT+AT+ T'+AT' = 18 31 4405 

a = 18 31 40 36 

+ 3 69 

= + 55 " 3 


tan 8 = 9 9028502 
sec 3 = 0573745 

cos m = 00 

tan cp' — 9 9602247 

cp’ = 42 0 22' 47” 68 


tan 8 = 9 9028429 
sec 3 = 0573924 

cos m = o 

tan <pi = 9 9602353 

cp x =42° 22' 50" 19 

% 


cp = 42° 22' 48" 39 
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In a manner precisely similar, from the observations of fi Persei on Decern- 
ber 25th and 26th we find — 

Dec 25, cp' = 42 0 22' 48" 50 
Dec 26 cf> = 42 22 48 56 
Mean 42 22 48 53 
Mean of the four level-readings + 53 

<p = 42 22 49 06 

The mean of these two determinations from cc Lyra and / 3 Perset is therefore 

cp = 42 0 22' 48" 73 

The value given m the memoir from which these observations are taken is 
42 0 22' 48" 60 This is the result of a long series of observations 


Application of Bessel's Method 


210 As an example of Bessel’s method of reduction, let us apply formulae 
(XXb) to the foregoing observations of a Lyus 
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sm 2 •ifj' 

In this computation the quantities and — h are taken from table A 

From the values of the equatorial intervals already given, we find for the ob- 
servations over all of the threads — to = ± " 621 The west transit of 
December 29th being observed only on threads I, II, III, and V, we have 
;q= — 318" 787 c is assumed equal to zero 

The correction ( c + to) is appreciably the same for the two transits of 

December 23d and for the east transit of December 29th, viz , ± " 67 For 
the west transit of December 29th the computation of this term is as follows 

log (c+ t Q ) = 2 5035006* 
sin cp' = g 8295232 
cosec = 2044758 

log correction — 2 5374996« 
correction = — 344" 746 


Then we have, December 23d, 

42° 22' 33" 12 W 9' = 
+ 41 

“ 67 

42 0 22' 32" 86 

Mean cp , Dec 23d, clamp south , 42 0 22' 47” 90 


( c + *0) 


E cp = 
b = 
sin cp' _ 
sin dj ~ 
<P = 


42° 23' 


42° 23' 


3 " 64 

— 02 

- 67 
2" 95 


Dec 29th, E cp' = 42 0 22' 34" 4c 
b — — 1 25 

, , N sin cp' . , 

if + 20 ) —Jr = +67 

sin o 1 

cp = 42 0 22' 33" 8s 


W <p' = 42° 28' 50" 35 
— 1 32 

“ 5 44 75 
42 0 23' 4" 28 


Mean , Dec 29th, clamp north , 42 0 22' 49" 05 


The mean of the two values is <75 = 42 0 22' 48" 47 


It will be observed that the corrections given in table B are here inappreci- 
able y , computed from formula (371) for the west observation of December 
29th, is found to be o 99998433* dividing the quantity (c + *o) by this factor 
(365)1 we find for the correction 344" 752, instead of 344" 746 found by neglect- 
ing this factor The difference is inappreciable in this case 
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Application of the Method of Least Squares to Prime Vertical 

Transits 

211 In the preceding discussion we have supposed the 
stars observed at both the east and west transits, and m both 
positions of the axis The method is very simple theoreti- 
cally, and the lesults veiy satisfactory In the held, time 
will sometimes be wanting for applying it in the manner 
there explained Besides this, man) observations would 01 - 
dinarily be lost by the interference of clouds at the time of 
one transit or the other Foi meeting these difficulties the 
following modification will be useful 

A number of stars must be observed, some east and some 
west, the axis being reversed about the middle of the series. 
Care must be taken to observe about an equal number in 
both positions of the axis, and about the same numbei of 
east and west stars The decimations of stars observed east 
should be as nearly as may be the same as those observed 
west 

We shall suppose the obseivations reduced to the middle 
or mean thread by the method of Bessel (Ait 207), then in 

£ r , I - £ 

equation (365) let us write r x = T—a—x and — — 0 =c' Then 
expanding cos (r — m), the equation becomes 

c' = — sin n sin d x + cos n cos in cos 6 X cos r x 

-f- cos 11 sin in cos S x sin r, (373) 

Now substituting lor sin n, cos n cos in, and cos n sin 
their values from (342), this becomes 

c' = — cos (<p — b) sin + sin {cp — b) cos 3 X cos 

+ a cos sin r x . (374) 
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Let the auxiliaries <p x and # be determined by the equa- 
tions 

cos 2 sm <p x = sin d l9 \ 

cos 2 cos cp l = cos S x cos r v i . . . (375) 
sin 2 = cos sm r x ) 

Then (374) becomes 

c' = sm (<p — cp i — cos# — f- <2 sin# 

Since sin (cp — <p 1 — b ) is hei e of the same order as a and 
c\ we may write this equation 

cp — <p x —b-{-a tan 2 — c’ sec 2 = 0 . (376) 

Now let cp = cp 0 -\- Hep, in which <p 0 is an assumed approxi- 
mate value of cp Then writing f — cp Q — cp^ — viz , theal 
gebraic sum of the known terms, we have 

tan# — c sec#+/ = o (377) 

Each star observed furnishes one equation of this form 
for determining the unknown quantities Hep, a, and c A 
considerable number of stars should be observed, and the re- 
sulting equations solved by the method of least squaies 

The formulae for this method are then as follows 

r i = T — a — h, 

cos # sin <p x = sin , 

cos # cos cp x = cos < 5 X cos Tj , 

sin # = cos sin r x ; - . (XXI) 

Hep + a tan # — c f sec 2 + f = o , 

f = <Po — 9 i — b, 

<P= ep 0 + H(p 


k and S x are determined as explained m Art 207 
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Example 

The following observations were made at Munich by Bessel, 1827, June 28th, 
with a small transit instrument mounted on a tripod and approximately adjusted 
in the prime vertical * 


Star 

Circle 

Transit 

Times of Transit over Threads 1 

Level 

*1 

*2 

'3 


*5 

A. Bootis 

S 

W 

i8 m 

o 8 0 

l 5 m S2 b 4 

io h i3 m 42 s 8 

n m 23 s 2 

8 m 50* 0 

- 2 d 

113 

a Lyrae 

S 

E 

28 

32 

8 

2g 20 24 

30 8 8 

30 

58 8 

3 i 

50 8 

— 2 

340 

XIII 316 

N 

W 

45 

1 

6 

46 2X 6 

10 47 44 0 

49 

4 8 

50 

29 6 

— I 

132 

1 Herculis 

N 

E 

8 

38 

0 

6 50 8 

11 5 S 6 

3 

21 2 

X 

32 0 

— I 

798 







Azimuth 

disturbed 







ir Lyrae 

N 

E 

44 

19 

6 


11 41 58 4 

40 

46 4 

39 

31 2 

+ 

105 

v Herculis 

N 

W 

5 

5,3 

2 

7 54 0 

12 9 52 8 

11 

52 0 

13 

52 4 

— I 

122 

y Cygm 

N 

E 

25 

58 

0 

25 5 6 

24 13 2 

2,3 

23 6 



— 2 

123 

<f> Herculis 

S 

W 

41 

7 

2 

39 4 ° 4 

12 38 11 2 

36 

38 8 

35 

0 0 

— I 

353 

0 Cygm 

s 

E 

,42 

44 

0 

44 3 2 

45 2 3 6 

46 

46 4 

48 

14 4 

— I 

124 


Th^ it nut nt places of the stars for the date of observation, 1827, June 28th, 
i6 b 34 m , Munich sidereal time, I find to be as follows 


Star 

a 

8 

A Bootis 

1 4 k 

9 m 

50 s 

20 

46° 

53' 

15" 

40 

cl Lyrae 

18 

31 

8 

14 

38 

37 

49 

01 

XIII 316 

14 

1 

2 

36 

44 

40 

53 

53 

1 Herculis 

17 

34 

38 

04 

46 

6 

20 

56 

it Lyrae 

18 

50 

7 

75 

43 

43 

28 

14 

v Herculis 

15 

57 

27 

45 

46 

3i 

23 

50 

7 Cygni 

20 

16 

4 

61 

39 

42 

34 

46 

cp Herculis 

l6 

3 

21 

83 

45 

23 

40 

34 

d Cygm 

19 

39 

38 

03 

44 

42 

52 

86 


The values of the equatorial intervals of the threads from the mean thread 
are as follows 

*1= +598" 08, 2a= + 303" 09, 28=4-6" 19, 24= — 294" 91 , 28 = — 612" 46 

The correction for inequality of pivots is — o 294 f divisions of level for 
circle north The value of one division of the level is 4" 49 


* See Astronomische Nacknckten y vol ix p 415 

+ Bessel uses as ihe correction — 42 divisions, which is evidently computed by the erroneous 
formula p = — = — ( — — — ), instead of (297) See^jtf Nach , vi p 336 

3 \COS Z 4" COS ij/ 
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A mean time chronometer was used, the hourly rate on sidereal time being 
+ 9 8 19 , the correction at 12 hours chronometer time being 5 h 4 m 44 s 61 

Bessel gives the approximate values of the latitude and the azimuth o f the 
instrument as follows 


cpo — 48° 8* 40” } 
a 0 = o° 7' 48” 

If these quantities are not known with accuracy sufficient for forming the 
equations of condition, a preliminary reduction of a few of the observations will 
give them 

The values of T, and 5 i are computed precisely as shown in Art 210 With 
this series of observations ?c in no case exceeds * 01 , it has accordingly been 
neglected 

The computation of T\ for each star may now be conveniently arranged as 
follows 


Star 


A. Bootis 

W 

a. I-yrse 

E 

XIII 316 

W 

/ Hercuhs 

E 

7T I yrae 

E 

7 Hercuhs 

W 

7 Cygni 

E 

tf> Hercuhs 

W 

fi Cygni 

E 


AT 


T+AT 


io h i3 m 33* 68 
10 30 10 29 

10 47 44 32 

11 5 S 52 
xi 41 38 
T2 9 52 

12 24 40 IO 

12 38 7 52 

12 45 26 32 


5 h 4 m 28® 31 I5 h i8 ra 99 14b 9 b 
O o 85 15 34 41 14 18 31 

33 55 T 5 52 17 87 14 1 

36 20 10 9 41 72 17 34 

41 80 16 46 20 70 18 50 

46 13 17 14 39 01 15 57 

48 39 17 29 28 49 20 16 

50 45 17 42 57 97 16 3 

51 57 17 50 17 89 19 39 


I 


l 5o* 20 U- i h S m ii" 79 j -I-17 0 2 / s 6' / 85 
8 14 — 2 56 27 00 —44 6 45 o 

2 3 6|+ 1 51 is 51+27 48 52 65 

38 04 - 1 24 S 6 32 -21 14 4 8 

7 75|- 2 3 47 05-30 5645 75 

27 45!+ 1 17 11 56+19 17 53 4 

4 61 — 2 46 36 12J— 41 39 x 8 

2T 83 -j- T 39 36 I4+24 54 2 I 

38 Q3|— x 49 20 14^—27 20 2 T 


As we have an approximate value of the azimuth error, we may write (equa- 
tion 376) 


cpo + Acp — cpi — b + (cto + A a) tan z — (z<> + c) sec z = o 

? 0 is zero for all the above stars except it Lyim and y Cygni In the observa- 
tion of it Lyia the transit over the second thread was lost Therefore for this 
star io is the mean of the equatorial intervals *1, z 3 , *4 viz , — 75" 775 
Similarly for y Cygni, the fifth thread being missed, z 0 = -f" 153" 1125 
Writing the sum of the known terms, viz*, 

<po — [£>1 + ^ ““ a * tan z + io sec z] = 

our equation of condition becomes 


Acp - 1- Aa tan 2 — c sec z = — f 






376 PRACTICAL AS1R0N0MY §211. 

The computation of epi , tan 2, sec and /is now arranged as follows 


«i 

tan. 
cos r x 
tan 4>i 
9 1 

tan r 
cos < f > x 
0 g tan z 
log sec z 

tan z 
sec * 

Level reading 
Inequality orpivots| 

* 0 sec z 
— a 0 tan z 

ph-M — <* 0 tan z~ 1 
L z 0 sec zj 

f = 


X Bootis 


46° S3 / 25" 68 

0286798 
9 9804823 

048197s 

48° 10' 22" IO 

q 48667 
9 82403 
9 31072 
00890 

4 2045 

1 0207 

— 3 113 

+ 294 „„ 

— 8" 17 

— i # 35 " 7 * 
48° 8' 38" 22 

4 1" 78 


a Lyrae 


38° 37' 5o" 33 

9 9026368 
9 856x090 
0463278 
48° 3' 47" 93 

9 9 8 °SSn 
9 82498 
9 8 iT 53 n 
07611 

- 6479 
1 1915 

- 2 34 ° 

+ 2 94 „ 

- 9 19 

4 - S' 3 " 2 4 

48° 8' 41" 98 

- x" 98 


XIII 316 


44° 40' 57" 22 

9 9951876 
9 9466792 
0485084 
48° xx' 35" 47 

9 72228 
9 82388 
9 54616 
0253a 

4- 3517 

1 0600 

— 1 132 

- 2 94 

— 6' 40 

- 2' 44" 59 
48° 8 ' 44" 48 

4" 48 


* Hercuhs 


46° 6' 26" 74 

0167925 
9 9694048 
0 473277 o 
48° 6' 56" 78 

9 58947n 
9 82454 
9 4 I 4 OT a 
01414 

- «594 
1 0331 

- 1 798 

- *94 

- 9 ' 39 

4 2' x" 41 

48° 8' 48" 80 

- 8" 80 


7r Lyrae 


43° 43' 31" 25 

9 9806703 
99333x11 

48- T, F" 

9 77784n 
9 824 52 
9 6023 6 n 
03228 

— 4003 
1 0771 

4- 105 

— 294 

o" 85 

— x' 21" 6a 

4 3 ' 7 " 33 

48° 8' 49" 08 

9^08 



z/ Hercuhs 

Y Cygm 

< t > Hercuhs 

5 Cygm 


4 6« 31' 31" 34 

39° 42' 35" 37 

45° 23' 44" 94 

44* 42' 56" 60 

tan 

°23 r 35i 

9 9748853 

9 9193426 

0060007 

9 9956904 

COSTj 

9 8734442 

9 9576263 

991858x9 

tan < f> 1 

0482408 

48° io ' 34^' 43 

0458984 

48° i' 19" 32 

0483744 

48° 11' 3" 84 

0^71085 
48° 6' s" 04 

* 1 

tan r 

9 54427 

9 9491 In 

9 66670 

9 7i340a 

cos <#> x 

9 82402 

9 82532 

9 82395 

9 82406 

log tan z 

9 36829 

9 77443n 

9 49065 

9 53806a 

log sec z 

o«53 

06579 

01986 

02445 

tan z 

4 3335 

~ 5949 

4 3095 

— 3453 

sec z 

x 0269 

x 1636 

x 0468 

1 0579 

Level-reading 

— X 122 

— 2 123 

7 1 353 

— x X24 

Inequality 01 pivots 

“ 294 

- 294 

4 294 

4 294 

b 

— 6" 36 

— to" 85 

~ 4" 75 

- 3" 73 

z 0 sec 2 
— a 0 tan z 

- 1' 49" 28 

4 2' 58" 16 

4 4' 38" 41 

— 2' 24" 84 

4 3' 41" 55 

f < f>i 4 & ~~ a a tan z ~ 1 

L 4 *o sec zj 

48° 8' 38" 79 

48° 8' 45" 04 

48° 8' 34" 35 

48° S ' 4a" 86 

f « 

4 1" 21 

- 5" 04 

4 5" 75 

- 2" 86 


Since the azimuth of the instrument was disturbed between the observation 
of 1 Hercuhs and Tt Lyrae, it will be necessary to introduce into the equations a 
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different value of the azimuth correction for these stars observed after the dis 
turbance took place 

The equations will therefore be * 

c — o 


X Bootis, 

jcp+ 

2045 Aa 

— 1 0207c = — 1" 78 

- 50 

a Lyrse, 

Acp — 

647gAa 

— 1 1915c = + 1 " 98 

— 08 

XIII 316, 

4 tp + 

35 * 7 ^* 

4* 1 0600c = + 4" 48 

— 2 35 

1 Herculis, 

Acp — 

2594 Aa 

4- 1 0331c = + 8" 80 

- 3 44 

7 t Lyrse, 

Acp 

— 

4003 Aa' + 1 0771 c = 4- 9" 08 

1 

M 

OO 

v Herculis, 

Acp 

+ 

2335 Aa' + 1 0269c = — i n 21 

+ 3 28 

r Cygm, 

Acp 

— 

5949^0' + 1 1636c = 4- 5 11 04 

*4 4 °5 

cp Herculis, 

Acp 

+ 

3095 Aa' — 1 0468c = — 5" 75 

4- 2 ci 

$ Cygm, 

Acp 

— 

3452 Aa' — 1 0579c = + 2" 86 

- I 33 


From these nine equations of condition the following normal equations are 
formed 


9 0000 Acp — Qii A a — *974^ + 1 0438c = 23 5000, 

— 3511^93+ 6526 Aa 4 6681c = — 2 3539, 

— 7974^/ + 7836 A a' — 8424c = — 9 6825, 

1 0438^9 + 6681 Aa — 8424 Aa! + 10 4360c = 30 6933 

Solving these equations by the usual methods, we find the following values 

Acp = + 1" 38 , 

Aa = — 5" 4i , 

Aa' = - 8" 07 , 
c = + 2" 50 

Therefore the latitude as given bv this series of transits is 

cp = 48° 08' 41" 38 

Bessel gives as the true value of cp found from other sources 48° 8' 39'' 50, 
from which the above value would be only 1" 88 in error, an agreement which 
is very satisfactory when it is remembered that the instrument used was a very 
small one, mounted quite imperfectly, and used m the open air The residuals 
given in connection with the equations of condition result from the above 
values The weights and probable errors mav be computed from these m the 
usual manner if thought desirable 

* These equations are not the same as those given by Bessel for these observations, the 
differences being due to the erroneous value of the correction for inequality of pivots, before 
referred to, and to slightly different values ot a and 5 for some of the stars 


I 


CHAPTER VIL 

DETERMINATION OF LONGITUDE 

212 The difference in longitude of two points on the 
earth’s surface is equal to the angle at the pole formed by 
the meridian curves passing through the two points As 
the earth revolves uniformly on its axis, it will be equal to 
the difference between the times of transit of the same stai 
over the two meridians, and may be expressed eithei in de- 
grees, minutes, and seconds of arc, or in hours, minutes, and 
seconds of time , for astronomical pui poses the latter desig- 
nation is gene 1 ally preferred 

Any meridian may be assumed as the prime meridian fiom 
which to reckon longitudes At the meridian conference 
which assembled in Washington, October 1S84, Greenwich 
was chosen as the universal prime meridian Heietofoie 
most of the leading nations of the world have reckoned lon- 
gitude from the meridian of their own capital In conformity 
with this custom, longitudes within the limits of the United 
States have been reckoned from the mendian passing through 
the centre of the dome of the U S Naval Observatory at 
Washington For local pui poses the meridian of Washing- 
ton will no doubt continue to be employed, but foi general 
scientific pui poses longitudes 111 this countiy will hereafter 
be reckoned from Greenwich 

As an astronomical pioblem, the determination of the dif- 
ference of longitude between two places consists in an ac- 
curate determination of the local time at each place and the 


f 
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comparison of the times so determined , the difference be- 
tween the times being the difference of longitude 

The local time will generally be determined with the tran- 
sit, and when gieat accuracy is required in the resulting lon- 
gitude, all of the lefinements and precautions to which at- 
tention has been called m treating of this subject must be 
observed For rough determinations, especially at sea, the 
time is determined with the sextant or any suitable instru- 
ment Nothing need be added on this point to what has 
been already said We shall therefoie in this chaptei con- 
fine our attention to the practical methods of comparing 
the local time 

There are various methods which may be employed for 
comparing the local time at two meridians, some of these 
admitting of a much higher degree of accuracy than others 
The most important are the following 

First By transpoitation of chronometers, 

Second By the electric telegraph , 

Third Methods depending on the motion of the moon, 
such as by occultations ot stars, eclipses of the 
sun, lunar culminations, and lunar distances 

Also, some use has been made of teirestnal signals, eclipses 
of Jupiter’s satellites, and eclipses of the moon 

The most accurate of all these methods, when it can be 
employed, is the telegraphic 

Longitude Determined by Transportation of Chronometers 

213 We shall designate the two stations whose difference 
of longitude is to be determined by E and W, E being east 
of W Let the erroi and rate of the chronometer be deter- 
mined at E by any of the methods given for determination 
of time , then let the chronometer be carried to W and its 
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error on local time determined at this place The difference 
between the time at W given by observation and the time 
at E which will be given by the chionometei is the differ- 
ence of longitude The chronometer may be regulated to 
either mean or sidereal time To express the difference of 
longitude algebraically, 

Let AT„ = chronometer correction at E at chronometer 
time T„ 

St = rate per day as shown by chronometer ,* 

AT W =. chronometer correction on local time at W at 
chronometer time 7 W , 

A = diffeience of longitude ' 

^ en (^w + 4 T W ) = true time at W at chronome- 

ter time T w , 

T w -\- A T 0 -{- St (T w — T {) ) = the corresponding time at E 
Therefore A = AT W - yAT, -f- St - T 0 ) J (378) 

Example At Bethlehem, Pa, 1881, August 775, the cor- 
rection to a mean time chronometer was found to be -(- 6 m 
*>o' 90 At Wilkesbaire, Pa, August io a g ' 1 g m 17 s 92, chro- 
nometer time, the correction on local time was + 4”" 54 s 1 1 
The daily rate of the chronometer was + i 8 64, 1 e , the chro- 
nometer was losing 

Therefore 

* = +1064 

( 7 ^, — T t ) = 2 .63 days 


A = 2 11 


A T a — + 6 m 50 8 90 

St(T w —T 0 ) = 431 

Sum = 6 55 21 

A Tw = 4 54 11 


That is, W tlkesbarre is 2 m i 8 1 west of Bethlehem 

* Unless the rate is uncommonly large it will make no difference whether we 
take chronometer days or true days in applying the correction for rate 
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214 The rate is determined at the first station by compar- 
ing the lesults of observations sepaiated by an interval of 
several days, but it is found that the rate of the chronometer 
during transportation (called the travelling rate) is seldom 
the same as its rate when at rest The travelling rate may 
be determined, or its effect may be eliminated by transport- 
ing the chionometer in both directions 

Let 7^3, T wy TJ , TJ = the time of leaving E and arriving at 

W, leaving W and ai riving at E, 
respectively, 

^€9 Ll w , A & — the corresponding chronometer cor- 
rections found by observation, 
m = the daily travelling rate 

Then 

(T w - T e )+(T e '- TJ) 

(A/-J e )-(JJ- A w ) 

m 

Previous to the application of the telegraph to the deter- 
mination of longitude, the construction of chronometers had 
been brought to such a degree of perfection that the chro- 
nometnc method was the most accurate one a\ailable 
Where great accuracy was required, large numbers of chro- 
nometers were transported many times m both directions 
A most elaborate expedition of this kind was carried out m 
1843, by Struve, for determining the difference of longitude 
between Pulkova and Altona Sixty-eight chronometers 
were earned nine times from Pulkova to Altona and eight 
times from Altona to Pulkov a A similar expedition* or 

_ * See Report U S Coast Survey, 1853, p 88, 1834 P 139 . 1856, p 182 


= time during which the chronometer 
was in transit , 

= the corresponding change in the 
chronometer correction, 
(A e '-A t )-(AJ-A„) 

~ (T w -T e )+(T e '-T u ') 


( 379 ) 


L 
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1 1 

' J senes of expeditions, was conducted by the U S Coast Sur- 

' vey dunng the years 1849, ’5o> ’5L an d ’55, in which fifty 

■; chronometers were transposed many times between Boston 

j’ and Liverpool The results of the expeditions in the years *49, 

j 1 ’50, and ’51 showed the necessity of introducing a correc- 

tion for change of temperature The expedition of ’$5 was 
f therefore planned and carried out under the direction of Mr 

V W C Bond, with special reference to this coirection In 

J, this year fifty-two chronometers were transported three 

*) times in each direction, giving as the difference of longitude 

| between the Cambridge observatory and the observatory at 

' Liverpool — 

, Voyages from Liverpool to Cambridge, 4 h 32 m 31 s 92 , 

jf Voyages from Cambridge to Liverpool, 4 32 31 75. 

1 1 

t 

|l ; Such expeditions are enormously expensive, and the re- 

sults are not comparable for accuracy with those obtained 
by the telegraph As almost every point of much importance 
on the habitable part of the earth is now or will soon be sup 
j f plied with telegraphic facilities, chronometnc expeditions on 

f‘ the scale of those mentioned may be reckoned as things 

J of the past Nevertheless the chronometnc method is very 

useful where extreme precision is not required, or where the 
telegraph cannot be used, as at sea 

The method of conducting a chronometnc expedition is 
briefly as follows The chronometers at the first station, 
which we may suppose to be E, are first carefidlv compared 
j, with the standard clock, then they aie placed 111 the vessel, 

j‘ near the middle where the motion will be the least possible, 

!< and m a position where they will be accessible for winding 

! and comparing dunng the voyage They should be corn- 
s'; pared daily as a check on the regularity of then rates A 

* record of the temperatuie must be kept 
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On arriving at W the chronometers are immediately com- 
pared with the standard clock as before at E 

215 The eirors to which the chronometers are liable are 
of two kinds first , accidental lriegulaiities which follow no 
law and are therefore equally liable to affect the result with 
the plus or minus sign — the laiger the number of chronome 
ters the more effectually these will be eliminated, and secondly , 
errors resulting from acceleration or retardation of late. 
When the chronometei has been transported a number of 
times in both directions the effect of a constant acceleration 
or retardation may be eliminated by reckoning the longitude 
alternately from each station E and W 

Experiments show the acceleiation or retardation of rate 
to be due to two causes, viz , changes of temperature and 
the giadual thickening of the lubricating oil This latter 
diminishes the amplitude of the vibration and therefore 
causes an acceleration of rate Its effect is sensibly propor- 
tional to the time 

Although great care is given by the makers to compensat- 
ing the balance for temperature, it is seldom possible to ac- 
complish this perfectly It has been found that the effect of 
changes of temperature may be repiesented by aterm of the 
form MSr — S- 0 )\ in which S* 0 is the temperature of most per- 
fect compensation and S' that of actual exposure, and k is a 
constant which with rare exceptions is positive, that is, ex- 
posure to a temperature above 01 below that of most perfect 
compensation causes the chronometer to run slower 

The rate of any chronometer may theiefore be expressed 
by the formula 

u = u 0 -|- — sy k t } ( 380 ) 

% being a constant depending on the thickening of the oil, 
or any other causes which may be assumed to vary directly 
with the time 
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The constants k, k', and S-. peculiar to each chronometer 
can only be determined experimentally 

216 The teim depending on the temperature, £(£„ — 5 )’, 
having always the same sign, will never vanish, theieioie 111 
order to find the total effect of such changes during an) m- 
tei val a strict theoiy requires the total sum of all these 
terms for all changes of tempeiature 

We ma) proceed as follows 

Let t = the interval during which the effect of rate is re- 
quned , 

Let u a of formula (380) be taken at the middle of this m- 
tei val , 

Let r oe supposed divided into n equal paits, so sma’l 

x 

that the temperature during the interval - may be con- 
sidered constant , 

Let S-„, S'n be the values of 2 for each interval in 
succession 

Then the accumulated rate for each interval will be as 
follows 

[«. +*(».- - *];• 

[ (38l) 

[« 0 + k {$„_! ~ ^o) J — k ' ~ T j^> 
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The sum of all these quantities is the total effect of rate , 
and as the sum of the coefficients of k' is zero, the value is 

uj + kX($ - (382) 

For rigorous accuracy the intervals should be infinitesimal, 
- would then be dr, and the above expression would be 

H 

w 0 r 4 - if (3 — 3 u ) 2 rfr 

As, however, (S' — 3 0 ) cannot be expressed as a function of r, 
the integration is not possible 

For determining X($ — we wutc the mean of the ob- 
served temperatures (supposed to be the quantities lepre- 
sented abo\ e by 3„ 3 S , etc ) equal to 0 
Then 

2^3 - sy = X[(6>-3 0 )+ (3 - oy 

= 2J(»-3 1 ) , + ^0 2{d - 3,)(3 - 6) + X(?-ey 

Since 0 and 3 0 are both constant, we have 

Xe - 3„) a = «(0-3 o ) 2 , (383) 

X 2(0 - 3.) (3 - ft) = 2 (f) - 3 0 ) X<? - 0) = o, (384) 

since 0 is the mean of the individual values of 3. 

Therefore (382) becomes 

K r + k(0 - 3 0 )*r + kX($ ~ V)' r - • (385) 

The value of the quantity — is computed directly, 

71 

since 3 is any observed temperature, and 0 the mean of all 
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the values observed This will approach more nearly the 
theoretically exact value the more fiequently the tempera- 
tures aie observed 
Writing 


g(g - ey 

n 


— e . 


(386) 


we have for the accumulated late during the intei val r 

[*o + “ *o) + (387) 

The quantity in the brackets is the mean rate during the 
intei val r 

217 In the Coast Survey expedition of 1855 the mpan 
temperature was indicated by a chionometer constructed 
expiessly for this purpose It was m all respects like one of 
the oidinary chionometeis, except that the arms and rim of 
the balance were of biass and uncompensated Its indica- 
tions of the mean temperature of exposure were found to be 
much more reliable than could be obtained by the use of 
ordinary thei mometers , its sensitiveness was such that a 
change of i° in the tempeiatuie pioduced a change of 6 s 5 
in the daily rate Experiments made for determining the 
time lequued for a chronometer to adapt itself to the tem- 
perature of the surrounding air when exposed to a sudden 
change showed that this was not fully accomplished until 
five or six hours had elapsed, so that in case of sudden 
changes the temperature shown by the thermometer might 
differ widely fiom the actual temperature of the chronome- 
ter balance 

218 In applying (387) to any subsequent interval, r', u 0 
must be replaced by u 0 — k't , in which t is the time from the 
middle of the interval r to the middle of r 

Now suppose the chronometer used for determining the 
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difference of longitude of two stations E and W Suppose 
the corrections A 1 and A t determined at E before starting, at 
the times T x and T v and A a and A t after reaching W, at 
times T, and T„ all being reckoned from the same meridian, 
suppose E 

Let T % - T x = r„ T, - T t = r„ T t -T t = r,. 

r, and r, are shore intervals, and r a a sea intei val 

Let u 0 = the rate at the middle of the sea interval , 

X = the difference of longitude 


Then from what precedes we have 


4 - A = 

^ - V+ M 8 ] 

•\ 

r i» 

A t — A^ = 



A - A = 1 

[«. - k' T -^^ + #0.- $.)*+ 

r s 


0., and 0 ; are the mean temperatures for the intervals, 
and having the values given by (386) Then fiom 
the three equations (388) « 0 , k' , and X may be determined 


Let us write / = — - - — — k(6 l — J&,)* — is', 


/" = 


A - A, 


k(e. - AT - w 


(389) 


We then find, from the first and third of (388), 

f-f" 


k' = 


+ O + 


«. = + i^( r . - r x ) (390) 


2 
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These values substituted m the second of (388) give the 
value of the longitude A 

The chronometric method finds its most important appli- 
cation at sea, where a high degree of precision is not impor- 
tant When the time from port is not very great, this will 
answer all practical requirements When the voyage is veiy 
long, the result may be lendered much more accurate by 
applying the corrections for acceleration of late, the con- 
stants k, k', and having been carefully determined pie- 
viously 


Determination of Longitude by the Electric Telegraph 

219 The local time at one meridian may be compared with 
that at another most conveniently and accurately by tele- 
graphic signals 

The most simple method of making this comparison is as 
follows The operator at one station taps the signal key in 
coincidence with the beat of the chronometer , the instant 
when the signal is received at the other station is noted by 
the chronometer at that place A number of aibitiary sig- 
nals are sent in this way, when the piocess is reversed, the 
operatoi at the second station sending the signals to the 
first The errors of the chronometers will geneially be 
determined by observing transits both before and after ex- 
changing the signals 

Let T e and AT e = the chronometer time and correction 
at station E at the instant of sending 
a signal , 

T„ and AT W = the chronometer time and correction 
at station W at the instant of receiv- 
ing this signal , 
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TJ and A TJ = the chronometer time and coirection 
at station W at the instant of sending 
a return signal , 

T e ' and AT^ = the chionometei time and correction 
at station E at the instant of receiv- 
ing this signal , 

A = the difference of longitude , 
jx = the tiansmission time of the electnc 
effect, or the small interval of time 
which elapses between the instant of 
pressing the key at one station and 
the click of the magnet at the other 

Then A — ja = (T e + A T e ) — (T w + A T w ) = A 6 , 

A + pi = ( 7 y + 4 T 6 ') - (TJ + ATJ) = A w 

Therefore A = i(A w + a c ), ) ^ . 

M — i ( Ato A e ) ) 

Thus by eliminating the time required for transmission of 
signals we have the longitude, 01 bv eliminating the longi- 
tude we have the transmission time 

For many purposes the above process will give a sufficient 
degree of accuracy For fust-class longitudes, however, 
there are a number of small errors involved which will de- 
mand attention They are as follows 

I The relative personal equation of the observers in deter- 
mining the chronometei con ections at the two stations 
II The personal equations involved in sending and lqceiv- 
mg the signals 

III The time required at the sending station to complete 

the cucuit after the finger touches the key 

IV The time required at the receiving station for the arma- 

ture to move through the space 111 which it plays and 
give the click — called the armature time 


I 
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If the two latter could be assumed to be the same at both 
stations, the above en ors would be reduced simply to per- 
sonal enors We shall describe some of the methods of 
dealing with these quantities in first-class longitudes They 
may be modified when a less degree of accuracy is demanded 

220 I Personal equation This may be determined by any 
of the methods given in Ait 188, and the necessary conection 
applied If the relative personal equation is used, it should 
be determined both before and after the longitude woilcin 
order to guard against the effect of its gi adual change The 
plan followed by the Coast Sui vey is to exchange signals on 
five nights, then let the obseiveis exchange stations, when 
signals are exchanged on five more nights The pcisonal 
equation is thus eliminated, piovided it has remained constant 
during the time employed As this changes with the physi- 
cal condition of the observer, its variation is piobably the 
chief cause of discrepancy in first-class longitudes 

221 Enors II and III are avoided by using the chrono- 
graph For field-work break cncuit chionometeis will 
generally be used, as they are much moic convenient to 
carry than clocks Such a chronometer being placed in the 
circuit may be made to i ecord its beats on the chronographs 
at both stations Each chronograph will then contain a 
record of the beats of both chionometeis, the mean of which 
will be free from the transmission time, but will be affected 
by any constant difference in the armature tunc, viz , IV 
above 

222 Another method of sending the signals is the follow- 
ing The circuit is so arranged that a tap made on the signal 
key at either station is recoided on the chronogiaphs at both 
stations The observer at E then gives a number of taps at 
intervals of two or three seconds, which are recorded at both 
places in connection with the beats of the lespcctive chro- 
nometers, when the operation is repeated by the observer at 
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W For identifying the hour wind minute of diffeience of 
longitude, the obsei ver at each station informs the one at the 
other by a telegraphic message what was the hour, minute, 
and second by his chronometer when the first signal was 
sent The hour and minute of one signal being identified, 
only the seconds and fractional parts of the same need be 
read for the remaining signals 

223 IV The armature time will be practically the same 
at both stations, and consequently the effect will be elimi- 
nated if the lesistance of the line is kept at the same value at 
both points For this puipose a rheostat and galvanometer 
are provided at both stations, by means of which the resist- 
ance may be maintained at any required value 

The chionometer is placed m a local circuit acting on a 
relay, the intensity of the current in the main line being too 
great for the delicate mechanism of these instruments 
The details will be understood b} reference to the follow 
ing diagrams, taken from a paper by Mr C A Schott * 

I shows a simple circuit for observing tiansits The chro 
nometer breaks the circuit B, causing the pen on the arma- 
tuie of the chronograph magnet to recoid The observer 
breaks the cncuit with the observing key, also making a 
record on the chronograph 

II and III show the airangement of the circuit for chro- 
nometer signals II being at the sending station, III at the 
receiving station When the chronometer at the sending 
station breaks the circuit B, the ai mature of the chronograph 
magnet bieaks the main circuit at X (II), and the armature 
of the signal relay at the receiving station bieaks the circuit 
B (III), causing a lecord to be made on the chronogiaph 

For sending arbitrary signals the arrangement is the same 
at both stations, viz, that shown in III At the sending 


* Appendix No 14 U S Coast Survey Report 1880 
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station the main cn cult is broken by the signal ke} , when the 
armature of the signal lelay breaks the circuit B at both 
stations, causing a lecoid to be made on the chionograph 
In these cases the chronometer is placed dnectly m the 
circuit passing to the chronograph, and no provision is made 
for equalizing the resistance at the two stations A small 
difference in the armature time is therefore likely to exist 


Chrov ometer 



1 

Battery -=t_ 
1 Cell ~ 


IV 


Chrov ometer 
Belay 


Battery I Cell 



224 IV, VII, and VIII show a more complete arrange 
ment of circuits The chronometer is placed in a local cn 
cuit A with a weak battery, in order to avoid the injunous 
effect of a stronger current on the mechanism When ob 
seiving transits the arrangement is as shown in IV The 
chi onometei bieaks the circuit A, the chronometer relay 
breaks the circuit B, making a lecoid on the chronogiaph. 

The observer breaks circuit B with the observing key, 
also producing record on chionograph 

VII shows the arrangement foi exchanging chronometer 
signals, being alike at both stations The chionometer 
breaks cncuit A, when the armature of the chronometer re- 
lay bieaks the main circuit, the ai mature of relay D break- 
ing cncuit B at both stations 

VIII is arranged for arbitrary signals, both stations being 
the same The chronometer breaks circuit A, the armature 
of chronometer relay breaks circuit B, making lecord on, the 
chronograph At the sending station the main circuit is 
broken bv the signal key, when relay D bieaks circuit B at 
both stations. 


I 
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By means of the lheostat and galvanometer the electric 
resistance is kept practically the same at both stations, and 
therefore a constant difference of armature time avoided 
In order to eliminate any small outstanding difference in the 
action of the two sets Of electric apparatus, each set may be 
used at both stations alternately, the instruments being ex- 
changed with the observers at the middle of the series 

225 Method of Star Signals This method of exchanging 
longitude signals was foimeily employed by the Coast Sur- 
vej A veiy full description of the method is gnen by 
Chauvenet (Spherical and Pi actical Astronomy) It is briefly 
as follows 

The difference of longitude between two points, being 
simply the time lequired for a star to pass fiom themendian 
of the east to that of the west station, may be measuied by a 
single clock placed in the electiic cucuit so as to pioduce a 
record on the chronographs at both points This clock may 
be at either point, or in fact anywhere in the circuit 

When a star enters the field of the transit instrument at 
E, the obsei vei lecords the transit by tapping his signal key 
m the usual mannei, producing a recoid on both chrono- 
graphs When this star leaches the mendian of W, the ob- 
server in like manner taps its passage over the threads of 
Ins transit instrument, also producing a lecord at both 
points 

This method is theoretically very perfect but as it requires 
a monopoly of the telegraph lines for several houis every 
night when signals are exchanged, it has proved somewhat 
impracticable 

Example 

For the purpose of illustrating this subject I give below 
the record of a series of longitude signals between Washing- 
ton, D C , and Wilkes Barre, Penn , 1881, October 6th 
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At Washington the instruments employed were the tran- 
sit circle, sidereal clock, and chronograph of the U S Naval 
Observatory. 

At Wilkes Barre the instruments were a portable transit 
and mean time chronometer 

At the latter place the following programme was followed 
Transits of 16 stars were observed, the instrument being 
twice reversed, the chronometer was then taken to the 
telegraph office, 200 feet distant, and the longitude signals 
exchanged, after which 13 stars were observed with the tran- 
sit instrument, the axis being reversed once The 29 equa- 
tions furnished by the observed transits gave the values of 
the chronometer correction and rate, also the azimuth and 
collimation constants of the tiansit instrument 
The following is the method adopted in exchanging sig- 
At Washington the telegraph key was tapped at intervals 
of about 15 seconds, making a record on the Washington 
chronograph, and through the telegraph line a click of the 
sounder at Wilkes Barre The observer at the lattei place, 
having his eye on the chronometer, noted the instant of this 
click and recorded the same After 10 or 1 5 such signals had 
been sent from Washington to Wilkes Barre, a similar series 
was sent in the opposite direction, the operator at Wilkes 
Barre tapping the key, producing a click of the sounder at 
that place and a record on the Washington chronograph 
This constitutes a complete senes Two such were ex- 
changed each night when observations were made 
It is obvious that with a chronograph at Wilkes Barre noth- 
ing need be changed in the above programme The record 
would then be made on the chronograph instead of by the 
observer, and if thought desirable the intervals between the 
signals could be much shortened 
The chronometer at Wilkes Barre being regulated to mean* 
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solar time, its correction and rate on sideieal time are some- 
what large The values obtained from the observed transits 
are as follows 

At 9 11 39 ra chronometer time, AT = + x 3 l1 9 m 38*903 ± 024 
Hourly rate, + 9 952 

Rate per minute, + 1659 

Similarly for the Washington clock, 


At 22 h 30 m sidereal time, AT — 
Houil) rate, 


— 21 s 891 ± 019 
+ 0360 


The record of the signals with the individual values of the 
longitude immediately follows 


Washington to Wilkes Bat? e 


No 

Wilkes B 
chronomt 
ter 

AT 

Washington 

clock 

A r 

Wilkes B 
sidereal 
time 

Washington 

sidere-il 

time 

Differ 
ence of 
longitude 

V 

X 

g h Mg m g 

i 3 h 9m 38" 94 

22 h 44 m 34* 44 

— 2 i" 88 

22 h 48 m 52" 84 

22 h 44 m 12“ 56 

4 m 40 8 28 

03 

2 

39 28 9 

38 98 

44 49 5 ° 


49 7 88 

44 27 62 

40 26 

01 

3 

39 43 8 

39 

45 4 P 


49 22 8° 

44 42 “>2 

to 3 ° 

°5 

4 

39 38 8 

39 °6 

45 J 9 *3 


49 37 86 

44 57 50 

40 36 

16 

5 

40 13 6 

39 ™ 

45 34 30 


49 5 -* >0 

45 12 42 

40 28 

03 

6 

40 «8 5 

39 *4 

tS 1-9 28 


50 7 64 

45 27 40 

40 24 

01 

7 

40 43 5 

39 x8 

4O 4 32 


50 22 68 

45 4 44 

40 24 

01 

8 

40 58 8 

39 2 3 

46 xg <56 


50 38 01 

45 57 68 

40 35 

TO 

9 

41 1, 6 

39 27 

46 J4 66 


SO 52 87 

46 12 78 

40 09 

l6 

10 

9 41 28 6 

13 9 39 

22 46 49 66 

— 2X 88 

22 51 7 91 

22 46 27 78 

4 40 13 

12 


Mean = 4 40 253 = 


Wilke i Baire to Washington 


X 

9 l 4S m 

ix* 

I 

x 3 h 

9 m 39 * 

93 

22 h 50 m 

32" 

78 

- 2i* 88 

* 2 u S 4 ir 


03 

22 h SO m TO* 

90 

4 m 4 °* 

*3 

09 

2 

45 

26 

X 


39 

97 

SO 

47 

72 


55 

6 

07 

50 

?5 

84 

40 

«3 

01 

3 

45 

36 

0 


39 

99 

50 

57 

74 


55 

15 

99 

50 

35 

86 

40 

>3 

°9 

4 

45 

5 i 

X 


40 

o-t 

5 t 

72 

70 


55 

3 * 

*4 

50 

50 

82 

40 

32 

10 

5 

46 

6 

4 


40 

08 

5 i 

a8 

10 


55 

46 

48 

51 

6 

22 

40 

a ) 

04 

6 

46 

20 

7 


40 

xa 

S* 

42 

52 


56 

0 

82 

51 

20 

64 

40 

x8 

04 

7 

46 

35 

9 


40 

x6 

5 * 

57 

6 ? 


56 

16 

06 

51 

35 

7 A 

40 

32 

xo 

8 

46 

50 

8 


40 

20 

52 

12 

66 


5 « 

3 * 

00 

51 

5 ? 

78 

40 

22 

00 

9 

47 

6 

X 


40 

25 

53 

28 

xo 

— 2X 88 

56 

46 

35 

52 

6 

22 

40 

13 

09 

xo 

9 47 

2X 

X 

13 

9 40 

29 

22 52 

43 

00 

22 57 

X 

39 

22 52 

2 X 

X2 

4 4 ® 

27 

05 


Mean = 4 40 219 = 
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Then referring to formulae (391), we have 

X = |(4 tt + A «) = 4“ 4°’ 2 3 6 Wll ^ es B east of Wn 
M - i{K - K) = 0017 

In the above the 1 eduction of each signal has been carried 
out separately, in order to show the pi ecision of the individ- 
ual values Piactically the labor of 1 eduction may be econ- 
omized by reducing the means of the lecorded times 
Thus from the above we have — 

Wn —Wilkes B Wilkes B — Wn 

Wilkes Baire chronometer, 9 11 40" 1 21" 20 g" 46'" 14“ 53 
AT, 13 9 39 13 13 9 40 10 


Wilkes B sidereal time, 22 h 50™ o’ 33 
Washington clock, 22 45 41 95 

AT, - 21 88 


22 h 55“ 54 s 63 
22 51 36 29 
— 21 88 


Wn sidei eal time, 22 h 45 m 20 , 07 22 11 51™ 14*41 

Wn —Wilkes B Wilkes B — Wn 

Difference of longitude = 4 m 40’ 26 4'“ 40’ 22 

4 = 4 40 24 Wilkes B east of Wn 

]JL — 02 


This value of 4 is affected by the relative personal equa- 
tion of the observeis at Washington and Wilkes Baire, by 
the personal equation of the obseiver at Wilkes Bane in re- 
cording the signals, and by the difference in aimatuie time 
at the two stations (See Articles 220-223 ) 


Longitude Determined by the Moon 

226 The preceding methods, in circumstances where they 
are available, leave little to be desired in facility ol application 
or in accuracy of results Before the invention of the electnc 
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telegraph the most valuable methods for detei mining longi- 
tude were those depending on the moon’s motion, chrono- 
metnc expeditions being geneially impiacticable Though 
the necessity for resorting to these methods is constantly 
diminishing as the telegiaph lines become moie widely 
extended, it will probably ne\er entirely disappeai 

Theie aie various methods of utilizing the moon’s motion 
for this puipose, the most important of which aie the follow- 
ing 

By eclipses of the sun and occultations of stais 
By moon culminations 
B\ lunar distances 

B} measurements of the moon’s altitude or azimuth 
Some use has also been made of lunar eclipses 
All of these methods depend upon the same general prin- 
ciple, viz The moon has a compaiatively rapid motion of 
its own, in consequence of which it makes a revolution 
about the earth in 27^ days The elements of its orbit, 
together with the effects ot the various perturbing foices, 
being known, it is possible to detei mine the position of the 
moon at any gi\en instant of tune, thus m the Amencan 
Ephemens and Nautical Almanac will be found the right 
ascension and decimation of the moon computed several 
jeais 111 advance for eveiy houi of Gieenwich time Sup- 
pose now at a point whose longitude is requned the position 
of the moon to be determined in any convenient manner by 
observation, the local time being carefully noted, the ephe- 
mens above mentioned gives, either directly or through the 
medium of a moie 01 less extended computation, the Green- 
wich time coi responding to this position A comparison of 
this Greenwich time with the obseived local time gi\es the 
difference of longitude requned 

227 Some of the applications of this principle are capable 
of giving veiy good results , but there is one difficulty mher- 
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ent in the principle itself which precludes the attainment of 
an accuracy commensurate with that obtained with the tele- 
graph The angular velocity of the earth on its axis, which 
is the measure of time, is twenty-seven times greatei than the 
angular velocity of the moon in its orbit, it follows, there- 
fore, that errois of observation in determining the moon’s 
position, or of the ephemens, will produce errors in the 
1 esulting longitude twent} -seven times as great So if the 
errors to be anticipated in determining the place of the 
moon are of the same older as those of determining and 
comparing the errors of the clocks by the electric telegraph, 
we might expect to attain to an ultimate degree of precision 
by the latter method twenty-seven times greater than by the 
former 

Longitude by Lunar Distances 

228 This method is chiefly useful on long sea-voyages, 
where, in consequence of accumulating errors, the indications 
of the chronometers become unreliable 

The observation consists in measuring with a sextant, or 
other suitable instrument, the distance of the moon’s limb 
from that of the sun, or from a neighboring star, the time 
being noted by the chronometer After this measured dis- 
tance has received the necessary corrections (to be consid- 
ered hereafter), the Greenwich time corresponding is taken 
fiom the tables of lunar distances of the ephemens by the 
methods of Art 55 The difference between this time and the 
recorded chronometer time is the error of the chronometer 
on Gieenwich time An altitude of the sun or a star gives 
the error on local time , the difference between the two 
errors is the difference of longitude 

The ephemens gives the distance, as seen from the centre 
of the earth, of the moon’s centie from the centre of the sun. 
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from the foui larger planets, and from ceitain fixed stars 
situated approximately in the path of the moon They are 
given at intervals of three hours Greenwich mean time 
By a senes of carefully observed lunar distances on both 
sides of the moon the chronometer error may generally be 
ascertained within twenty or thirty seconds A longitude 
cletei mined in this wa) should be considered as liable to an 
error of five miles, a degree of accuracy which answers the 
requii ements of navigation 

229 We shall consider first the distance of the sun and 
moon 

This distance having been measured and corrected for in- 
strumental errors, such as index error and eccentricity, the 
result is the appaient distance between the limbs of the sun 
and moon as seen from the point of observation In order 
to have this comparable with the distances of the epnemens 
it must be corrected for the semidiameters, parallaxes, and 
refraction of the two bodies 

In order to apply the necessary corrections a knowledge 
of the altitudes at the time of observation is necessary 
When there are instruments and observers enough, which 
will fiequently be the case at sea, all of the quantities may 
be obseivcd simultaneously the altitude of the sun so ob- 
served, if that body is sufficiently far from the meridian, may 
be fmther utilized for determining the local time 

When it is not expedient to make all these measui ements 
at once the observer may measure the altitudes of the sun 
and moon immediately after measuring the distance between 
these bodies, the altitudes at the time of that observation 
being computed by assuming the change in altitude to be 
proportional to the change of time, an assumption which will 
not be much in error if the time is short 

Finally, the altitudes maybe computed by formulae (II), 
Art 65, the right ascensions and decimations being taken 
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from the Nautical Almanac The appaient altitudes will be 
denved fiom these computed values by applying the correc- 
tion for refraction, table II, and paiallax formulae (VI) and 
(VI)„ Ait 81 This supposes the longitude to be appioxi- 
mately known , otherwise we lack the means of determining 
the houi -angle t, requned in foimulae (II) but we shall 
ahvaj s be 111 possession of a value sufficiently accui ate for this 
purpose If m an extreme case this be not true, we may 
repeat the computation, using the value of the longitude ob- 
tained from the first computation as the assumed approximate 
value 

The collections necessaiyto apply to the measuied dis- 
tance may be computed as follows 

Correction for Simidiamcter of Sun and Moon 

230 The following quantities aie taken from the epheme- 
ras 

s — the geocentric semidiameter of the moon , 

5 = the geocentnc semidiameter of the sun, 

it — the equatorial honzontal parallax of the moon ; 

U= the equatorial honzontal parallax of the sun 

The moon being comparatively near the earth, the semi- 
diameter will vary appieciably with the altitude , there will 
be no appreciable variation in the case of the sun The 
moon’s semidiameter varies inveisely as the distance 

In Fig 46, MOB = s 

Call MA C = s' = apparent semidiameter. 

s' _ A _ sin MAZ _ sin {Z - f- p) 
r — 2 F - sir ~MOZ~ sin Z ’ 


Then 
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Z being the geocentric zenith distance of the moon, and p the 
parallax in zenith distance 

sin (Z-\-p) =sm Z cos/-(-cos Z sin /=sin ^-|-sin^ cosiT, nearly , 
from (128), sin p = sin n sin Z> approximately 
Therefore s' = s(i -f- sin tt cos Z) . (392) 



The eccentricity of the meridian has been neglected, but 
the error is inappreciable for this purpose 

The correction for semidiameter will be still further modi- 
fied by refraction Owing to this cause the apparent disks 
of the sun and moon are approximately ellipses, the refrac- 
tion being less for the upper limb than for the centre, which 
in turn is less than for the lower limb We therefore require 
the radius of the ellipse drawn to the point where the curve 
is intersected by the great cncle joining the centres of the 
sun and moon 
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Regarding the figure of the disk as an ellipse, the conju- 
gate axis will coincide with the veitical circle passing 
through the centre, the semi-transverse 
axis will be equal to s' in case of the 
moon , b, the semi-conjugate axis, is 
found directly from the retraction table 
by taking out the refraction for the 
x altitude of the upper and lower limbs 
respectively and subtracting one half 
the difference from s' The angle q 
formed by the radius s a ' with the con- 
jugate axis is the angle formed with the vertical circle by 
the great circle joining the centres of the sun and moon , s a f 
being the required semidiameter 
To find the angle q 
In the tnangle, Fig 48, Z is the 
zenith, M and S, the moon and sun 
Then 

sin H= sin h cos D + cos h sin D cos q, 

sin H — sin h cos D 
* cos h sin D 


2 




tan \q— 



sin \{D + n - H) cos %{D + h + H) 
sin ^{D -- h -|- H) cos — k — H ) 


( 893 ) 


For computing the angle at the sun, h and H will be inter- 
changed 

Then in the ellipse (Fig 47) we have 


x .= s q ' sin q , 
y = s v ' cos q , 
s'y + b 2 x 2 = s u b 
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Therefore 


s'b_ 

Vs ' 1 cos % q -j- b 1 sm q 


(394) 


231 The values of s q ' computed by (394) for both sun 
and moon are then to be applied to the measured distance 
of the limbs of those bodies We thus have the measuied 
distance of the centres as seen fi om the place of obsei vation 
To obtain the required geocentnc distance this must now be 
corrected foi refraction and parallax 

Let D', H', and It! = the apparent distance and altitudes 

of the sun and moon , 

D, H, and h = the tiue geocentnc distance and alti- 
tudes 


H and h are obtained by applying to H' and h! the correc- 
tions for refraction, table II or III, and foi parallax formulae 
(VI) and (VI)„ Ait 81 
Refernng to Fig 48, 

cosZ)'=sm//'sin;i'-l-cos//'co<i^'cos£=cos(//'-A')— cos^r'cosA'2sm s i5,L 3g ^ 

cosZ» =sin^ sinA -t-cosA' cosA cos&=cos(N — h)— cosH cosA 2sin s |.£ ) 

Multiplying the first of the pieceding equations by cos H 
cos h, and the second by cos H' cos h! , then subtracting to 
eliminate sin a \E, we find 

cosZ?=cos(^)+g^^7[cosi?'-cos(^-A')] (396) 

D is therefore expressed in terms of known quantities The 
equation is not, however, in convenient form for numerical 
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computation, theiefore we make the following transforma- 
tion. 


cos H cos h 1 

^ et cos H' cos h' ~~ C’ 

rr/ 7J Jf 


cos D' 
C 

cos d' 


= cos D " , 
= cos d" 


( 397 ) 


It may readily be shown that C will never be so small as 
to give impossible values to D" and d" 

(396) then reduces to 

cos D — cos D" — cos d — cos d " ; 


from which 

sin \{D - D") = smifi+lF ) sm ^ d ~ d "^> ’ • ^98) 
and with accuracy sufficient for practical purposes, 

= <*»> 

As the unknown quantity D is involved m the second 
member, this equation must be solved by approximation 
Writing in the denominator D’ D" for D D" , we obtain 
a value of D which will generally be sufficiently near the 
true one I11 case the value found in this way differs very 
widely fiom D\ the computation may be lepeated, using this 
value just found in the denominator of (399) 

232 In the above we have assumed the angle E (the dif- 
ference between the azimuth of the sun and moon) to be the 
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same foi the point of observation as for the centre of the 
earth We have seen, howevei, that the moon has an ap- 
preciable parallax 111 azimuth the value of which is given by 
formulae (VI), Art 81, or (VII), Ait 82 

In order to deteimine the correction to D due to this 
quantity, we differentiate the second of (395) with respect to 
D and E y viz , 


dD = 


cos H cos Ji sm E 
sin D 


dcCy • « 


(400) 


remembering- that dE = da 

da is the parallax in azimuth computed by the formulae 
above 1 eferred to 

Formulae (392), (393), (394), (397), (399), (400) now give the 
true geocentric distance D , conesponding to the measured 
distance D' Then by the method explained m Art 55 we 
take fiom the ephemeris the Greenwich time corresponding 
to this distance, the diffeience between this time and the 
observed time will then be the chronometer conection on 
Gieenwich time 

If a planet has been used instead of the sun, the same 
foimuke will be used, but if, as is generally the case, the 
disk of the planet is bisected by the limb of the moon m 
making the observation, there will be no coirection for semx- 
diametei of planet The effect of parallax in case of the 
outer planets will be very small 

If the distance of the moon ftorn a star is measuied, there 
will be no correction for semidiameter or parallax ot the star. 
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233 Formula for Reducing cm Observed Lunar Distance to 
the Geocentric Distance 


s' = s{ 1 + sin 7 t cos z ) , 

- /sin jiD- j-h—If ) cosj(D-\-h-\-ft) 
an i^-Y cos ^{D—h—H) 

s f b 


cn 

03 

g 

a. 

5 

B 


VV J cos J q + R sin 2 q 
For parallax of moon, (VI), Art 81, or (VII), Art 


82 

For parallax of sun, (VIII),, Art 82 

cos H cos h £ cos D' 

C 


cos H' cos h! 

H' - h' = d\ 
H — k — d , 


= cos D' 


cos d' , n 

— £ - = cos d" 


jy, _ sin jjd + d") (d _ d//) 
D ~ D -^UD + D") {d d > 

cos H cos h sin E 

dD — „ da 

sin D 


(397) 


(399) 


Correction for 
paiallax in 
izimuth 


(XXII) 


These formulae have been written down rigorously, but in 
practice many abridgments may generally be made m the 
application 

Example 1856, March 9th, 5 h I4 m 6“ local mean time, the following distance 
of the nearest limbs and altitudes of the lower limbs of the sun and moon were 
measured 

JD' = 44 0 36' 58" 6, H' = 8° 56' 23'', X = 52° 34' o" 


These values are corrected for instrumental errors 

Barometer 29 5 inches, Attached thermometer 6o°, Detached ther 58°, 
Latitude 9 = 35% Assumed longitude L = 150° = io h west of Greenwich 
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From the Nautical Almanac we take the following quantities 



Sun 


Moon 

Right ascension, a = 

23 11 22 IU 27 s 

2 h 11L m a 

Declination, 6 = 

— 4 ° 3 ' 

6" 

14° l8' 4 l" 

Semidiameter, S — 

16 

8 0 

s = 16 23 I 

Horizontal parallax, II = 


8 6 

7 T = 60 X 9 

Sidereal time, mean noon, 

23 11 II m 

5 8 



From the refraction table we find, for the altitudes above given, 


Refraction, lower limb 5 * 4 2 ' 9 f 43 1 

Approx altitude of centre, 9 0 6' 48" 52 c 49 * 4 °" 


We now compute the apparent or augmented semidiameter of the moon by 
the first of (XXII) and then the oblique semidiameter of both sun and moon 
by the second u\d third of these formulae 


* = 37 ’ 10' 

7 t = i° 0' l" 9 


S — 983 I 
s' = 996 8 


cos ? — 9 9014 
sin % = 8 2419 
Sum = 8 1433 
log (r + sin Tt cos 2) = 0060 

log = 2 9926 
log = 2 9986 


Measured V -= 41 ° 58 ' 6 

s' = 16 36 8 

*S = 16 8 o 

Approximate D' = 45 9 43 4 Then for computing q 


Sun 

45 0 10' 

//= 52 51 

h — 9 12 

o 45 5 sin=8 1217 

l { D -\ - A + II )= 53 36 cos=q 7734 

-/*+//)= 44 25 cosec = 1550 

26 set= 47 

Sum = 8 0548 
$ q=z U 5' tan iq—q 0274 
q — 12 10 


Moon 

D ~ 4<’ io' 

If— 9 12 

//- 52 5 i 

*(/?+*-//)= 44 25 stn=9 8450 

^U+/i+II)- 53 36 cos =9 7734 

4(Z7— /*+//)= o 45 5 <oscc=i 8783 

//)=- 8 26 sec= 47 
Sum=i 5014 
79° 56' tanj#= 75°7 
^= T 59 52 


Then from the refraction table we find — 

Refraction — upper limb = 5' 24" 8 
centie = 5 33 6 
Therefore b = 15' 59 2 


lower limb = 43" 1 

centre = 4 2 7 

b = 16' 36' 4 
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log 6 = 2 9819 log£’ = 5 9638 
sin 2 q = 8 6476 

4 6x14 
A* = I 3407 

log S = 2 9859 log S* = 5 9718 
cos 3 ^ = 9 9803 

5 9521 
2?* = 1 3601 

5 9715 

ac log den =70143 log d =2985; 
log Sq — 2 982I 
= 15 ' 59 " & 


Obs Z>'=44° 36' 58 "6 
True D' = 45 9 34 6 


log b = 2 9984 log/; 2 = 5 9968 
sin 2 y — g 0736 
5 0704 
A* = 8720 

log s' = 2 9986 log s ' 1 = 5 9972 
cos 2 q — 9 9452 

5 9424 
2?* = 9267 


5 9971 

ac log den = 7 00x4 log d =2 9986 
log sq = 2 9984 
sq = 1 6' 36" 4 


An approximate value of the azimuth of the moon is required for computing 
the parallax, also of the sun for computing the small correction dD given by 
the last of (XXII) Ihe formula for this computation aie f 


tan M = 


tan 8 
cos t 1 


tan a = 


cos M 
sin (cp — M) 


tan / 


Converting the mean time of observation into sidereal time (Art 94), we find 


0 = 4 h 26 m 3* 
Sun a — 23 22 27 
t = (6 7- a) = 5 3 36 

t = 75 ° 54 ' 

Sun 

d=— 4 0 3' tan =8 8soi n 

/= 75 54 cos =9 3867 

M= — 16 12 tan =9 4634^ 

<P= 35 0 

<p—M— 51 12 cosec (<p—M)= 1083 
cos M— 9 9824 
tan t— 6000 
a= 78° 29' tan a— 6907 


Moon a = 2 h xi ,n 47* 
t — 2 14 16 
if = 33 ° 34 ' 

Moon 

<5=14° 19' tan =9 4067 

*=33 34 cos=9 9208 

M= 17 1 tan =9 4859 

<P= 3 S o 

cp—M=ij° 59' cosec ( cp - Af )— 5104 
cos 7J/=9 9806 
tan /=9 8219 
0=64° 3' tan a — 3129 


* Addition logarithms 


t (II), Art 65 
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For parallax, (VIII)x, Art 82, (VII), Art 82, 

z' — z — II sin s', y = (cp — cp) cos a 

f) sin TC co s ( cp — cp') sin (s' — y) 
cos y 1 

p sin it si n (cp — cp') sm a! 
sin z 


sm {I — S) — 
sm ( a ' — a) — ' 


I = 8o° 53' XI ' 4 
log it — o 9345 
sin z' = 9 9945 
log ( z ' — s) — o 9290 

s' - s = 8 " 5 

Therefore II = 9 0 6' 57" 1 


log (<p — 9') = 2 81158 
cos a = 9 64106 
log r = 2 45264 
Y = 4' 44" 

s' = 37 0 10' 6' 
I — y = 37 5 22 


3 


log /j = 9 99952 
sin 7T = 8 24208 
cos (cp — cp') = o 
sin (s' — y) — 9 78036 
sec T' = o 

sin (s' — 0) = 8 02196 

z' — z — 36' 9" 6 

// = 53 0 26' 3" 3 

We now compute (397) ana V W) 

7/ = 9 0 6' 57' 1 

// = 5 3 20 3 3 

II ' = 9 12 22 2 

/; = 52 50 36 4 

7 = — 4 \ 1 9 62 

7 ' = - 43 38 14 2 

cos D 1 = 9 84827x8 
cos = 9 8424091 

cos d' — 9 8595724 
cos d" - 9 8537097 


log P = 9 99952 
sin 7T = 8 24208 
sin (cp - <p) = 7 49715 
sin a' = 9 95384 
cosec 0 = 22494 

sin (0' - *) = 5 91753 

a — a — 1 7" x 


cos = 9 9944799 
cos = 9 775o6 0 3 
sec = 0056304 

see = 2189667 

log -^ = 9 9941373 

D ' = 45° 9' 34" 6 

D " = 45 55 7 o 

d =z — 44 19 62 

7" = - 44 26 13 7 
■&(<*+ O = - 44 22 40 o 
i(S' + D'') = 45 32 21 8 

,f — d " = 427 5 
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First Approximation 
Sin \{d d") = 9 84472 n 

log {d — d") = 2 63094 
cosec \{R' + R") = 14647 

log(£> — R") — 2 622 1 3n 
D — .£>" — — 418 9 

D = 45 0 48' 8" 
KZ> + 2>") = 45 51 37 5 

Correction for parallax in azimuth 


Second Approximation 
sin %(d + d") = 9 84472 n 
log (d — d ') = 2 63094 
cosec £(Z> 4 “ £>") = 14409 

log (£> - Z>") = 2 61975* 

R - R" = -6' 56" 6 

= 45 ° 48' 10" 4 
= 3 5 

-O = 45 48 13 9 


E = — 0 = 14° 26' 

cos Af = 9 9945 
cos h = 9 7751 
sin E = 9 3966 
cosec £> = 1445 

log (a' — a) = 1 2330 
log = o 5437 
^ = 3 " 5 


We have now to take from the Nautical Almanac the Greenwich time corre- 
sponding to this distance by the method explained in Art 55 For 1856, March 
9th, we find the following distances of the sun and moon 


I 2 h 

^ = 43 ° 

59 ' 3 i" 

PL — 2493 

15 

45 

40 54 

2510 

18 

47 

21 53 

2527 


We have therefore to interpolate between I5 h and i8 h 
Referring to formula (106), we have 


d‘ — 
t = 

Therefore T = 
* Correction for 2d difference 
Resulting Greenwich time 
Local time of observation 
Resulting longitude 


i 19" 9 log = 2 6433 
PLA = 2510 

I3 m 4* log / = 2 8943 
I 5 U I 3 m 4 8 
— 1 
15 13 3 

5 14 6 

9 58 57 


The above solution of this problem is only one among many, as it has re- 
ceived much attention from mathematicians on account of its importance to 


* laken from table I at the end of the N umcal Aim in ic 
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navigators The majority of the solutions are only approximate, the design 
bung to reduce the numerical work to a minimum without at the same time 
sacrificing too much in the way of accuracy Such methods may be found m 
any work on navigation, and will be preferred where only an approximate so- 
lution is required 

As may be seen, the solution which we have given may be considerably 
abridged without a great sacrifice of accuracy The differences between the 
oblique and vertical semidiameters of the sun and moon are very small, and the 
correction for parallax in azimuth is not large When we remember that the 
least reading of the sextant is 10", and that measurements of this kind are quite 
difficult, it will be seen that often little will be lost by neglecting this part of 
the computation 


Longitude by Moon Culminations 

234 The right ascension of the moon may be determined 
by means of a transit instrument, mounted at the place whose 
longitude is lequired, and the local time of observation com- 
pared with the Greenwich time corresponding to this light 
ascension, either by taking this time fiom the ephemeris of 
the moon, or by means of similar observations made at 
Greenwich, or some place whose longitude from Greenwich 
is known 


Comparison by means of the Ephemeris 

235 The transit instrument having been adjusted as ac- 
curately as may be, the transit of the moon’s bright limb is 
obseived, together with a number of stars suitable for de- 
termining the errors of the instrument and the clock cor- 
rection The corrections necessary to give the moon’s right 
ascension, from the obseived time of transit of the limb, are 
then applied accoi ding to formulae (XIX), Art 195 The last 
tei m of the formula may be taken from the table of moon 
culminations where it is given under the heading “ Sidereal 
time of semidiameter passing meridian ” 
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236 To insure greater accuracy, the moon’s light ascen- 
sion may be denved by comparing the observed time of 
transit with that of about four stars diffenng but little from 
the moon in decimation, two culminating before the moon 
and two after A list of stars suitable lor this purpose was 
formerly given in the ephemeris, under the heading 44 Moon 
culminating stais,” but it has been discontinued since 1882 
It is an easy matter for the observer to select suitable stars 
from the geneial list of the ephemeris 

Let A 0 = the right ascension of the moon’s bright limb at 
the instant of culmination , 

A = the light ascension of the moon’s centre, 

© = clock time ofobseived transit of limb, cori ected 
for all known instrumental erroisand for rate, 
a . 6 = right ascension and time of transit respectively 
of a stai, the time being corrected for in- 
strumental enois and rate of clock, 

S x = sideieal time of semidiameter passing the meri- 
dian, taken from ephemeris 

Then A t — a — © — 0, \ 

A 0 = * + (©— 0 ), [ ( 4 01 ) 

A = A 0 dz ) 

This quantity A is then the local sidereal time of transit of 
the moon's centre 

237. We have now to take from the ephemeris of the moon 
the Greenwich mean time T corresponding to this value A 
of the moon’s right ascension, the mean time T must then 
be converted into the corresponding Greenwich sideieal time 
© 0 Then A. being the diffeience of longitude, we have 


A = © 0 - A 


(402) 
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The time T may be interpolated to second differences from 
the ephemcns, as follows 

Let A l — the ephemcns value nearest to A, 

T l = the corresponding time 

Then T x -f- / — the requned time corresponding to A. 

Ax — A 7 '.). 

„ , dA t , d'A x f 

A = f{Ti ,+ t) — A x + -jft + 2 . 

Let AA = the difference of right ascension for 1 minute, 
taken from the ephemens ; 

< 5 A = difference between two consecutive values of 

AA 

flA then equals the change in A A in one hour Then if t is 
supposed expressed in seconds, we shall have to second dif- 
ferences inclusive 

dA _ A A d'A _ 8 A_ 
d'l Co’ dT' (60)*’ 


A = A t +^\jU + 


8 A 


— -1 
3600J 


2 3600. 


Fiom which 


t = 


6=r a - A,] 


A A + 6 A 

1 7200 


and with sufficient accuiacy, 

60 [A - AAf _ * 6 AT 1 
t — a a' L 1 7200 AAJ 


( 403 ) 


Writing x 


60 \A - A, 1 
A A 


8 A 


7200 A A’ 


t = x -f- x' 


then (403) becomes 


. (404) 
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Example Among the observations of the moon made at 
Washington I find the following 

1877, May 23d Observed right ascension 
of the moon’s centre, A = I3 11 28“ 5*02 

From ephemens of the moon, T j = 14 11 , A l = 13 27 3 91 
A A = 2 0996 A — A 1 = 1 in 

SA = + 0029 6o(A — A,) = 36666 log = 3 56426 

log AA = 32213 

log* = 3 24213 
log x 1 = 6 48426 
log (- 6 A) = 7 46240* 
ac log A A = 9 67787 
ac log 7200 = 6 14267 

log x" = 9 76720* 

This is now the Greenwich mean time corresponding to 
the Washington sidereal time A In older to compare the 
two, 7 , + t must be conveited into sidereal time 

7 , + t = 14'* 29 m 5 s 8 

Table III, Appendix N A , 2 22 77 

Sidereal time Greenwich M N = 4 4 48 56 
Greenwich sidereal time &„ = 18 36 *17 1 

A = © 0 — A = 5 b 8'" 12 8 1, 

the required difference of longitude 

238 If the ephemens were perfect, very little could bt 
done further in the way of peifecting this method The 
errors of the ephemens, however, are not inconsiderable, and 
m consequence it cannot be used directly as above, except 
when an,approximate value of the longitude is sufficient 
For the year 1877 the average correction to the light ascen- 


* = 29 m 6 a 4 
*" = - 6 
t — 29 58 


T x + t = 14 11 29” J 8 8 
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sions of the ephemeris, as deuved fiom 66 observations at 
Washington, was— ’ 31, which would have produced an error 
of 8’ in the longitude if the observations had been used for 
that purpose 

Eithei of two different methods may be used for eliminat- 
ing from the result these errois of the ephcmens 

First Correction of the ephemeris This method is due to 
Prof Pen ce * The ephemeris is compared with all available 
observations of the moon made at Gieenwich, Washington, 
and other fixed observatoi les dunng the lunation, and 111 
this way a series of corrections to the ephemeris obtained 
which, as they depend on all available data, aie much more 
leliable than simply the place of the moon obseived at any 
one observatory 

Pence found that toi each semilunation the conections to 
the nght ascension of the ephemeris could be represented 
bj the foimula 

X=A+Bt+ Ct\ . (405) 


X being the correction required, t the time leckoned from 
any assumed epoch (which should be chosen near the mid- 
dle of the penod under consideration foi gi eater conven- 
ience), and A, B, and C being constants determined fiom the 
observations made at Washington, Greenwich, etc The 
ephemeris when so corrected is used as already explaine 
230 Second Corresponding observations The difference in 
the longitude of any two points may be foun d cor T 
paung the values of the light ascension of t e moon o 
served on the same night at both places 

The times of tiansit of the moon’s bright limb and of the 
compai ison stars are observed at both places and the cor- 
rections applied as already explained to find the right ascen- 

* Report of U S Coast Surve> 1854, p H 5 Appendix 


PRALUCiL 4 S 7 ROA OMY 


418 


§239 


sion of the centre at the instant of transit It will be a lit- 
tle better if the same comparison stars are used at both 
stations 


Let L l and Z 3 = the assumed longitudes of the two sta- 
tions , * 

X = the true difference of longitude , 

A x and A 3 = right ascensions of moon’s centre from 
observations at L x and Z 3 , 

H = variation of 1 lght ascension for one hour 
of longitude, while passing from meri- 
dian of L x to that of Z a 

Then A,- A x = XH, 

X = — h — ( 4 ° 6 ) 

H is taken from the table of moon culminations, wheie it 
is given for the instant of transit of the moon’s centre over 
the meudian of Washington When used as in (406) its 
value must be interpolated for a longitude midway between 
Z, and Z 0 

Example As an example of the determination of longitude by corresponding 
observations let us take the transit of the moon the observations and reduction 
of which are given in Art 196 

We have there found for 1883 October 15 

Right ascension of moon’s first limb, i u rs m 50* 08 
Second f limb, 1 18 11 76 

At Washington the right ascensions of the limbs were observed as follows 

First limb, i h i6 m 7“ 38 
Second limb, 1 18 28 69 

* Reckoned from Washington or Greenwich according as we use the epheme- 
ris computed for Washington or Greenwich One of the longitudes, L\ or L%, 
must be known with some accuracy 

f This is corrected for defective illumination 
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Taking the mean in each case as the observed light ascension of the centre, 
we have 

Aj. = i 11 I7 m o 8 92 , 

A 2 = 1 17 18 035 


From ephemens, H = 


A* — At— 17 s 115 

I 53 8 88, 


\ — dl—dl — o 1 ' 1112 = 6 m 40 s 3 
H 

The difference of longitude between Washington and Bethlehem determined 
telegraphically is 6 m 40’ 2 I his close agieement is of course accidental, a 
deviation of four or five seconds from the true value would not have been sur 

prising 

If we reduce the observations of the two limbs separately, we nna 

First limb, X - 6 ra 44 * 7 
Second limb, A = 6 36 o 

The mean being the same as above This is an illustration of the necessity of 
employing transits of both limbs Frequently the difference of longitude de- 
termined separately fiom transits of each limb will show much wider dev lations 
than this, even when all possible care is taken to avoid error 

To illustrate the method of Art 236 for deriving the moon s right ascension 
by means of comparison stais, take the following transits of the moon 
/ Pisctum and v Pisa urn observed at the Sajre observatory, 1883, October 15 


Object 

Clock Time 

i h n m 55 * 67 

1 15 55 55 

1 18 17 23 

1 35 30 4 * 

/ Piscium 
Moon I 

Moon II 
v Piscium 


These times are corrected 
for lnstiumental errors, and 
that of the second hmb of 
the moon for defective illu- 
mination The clock-rate 
is inappreciable 


— - 

/Piscium 

v Piscium 


/Piscium 

v Piscium 


0 

e 

©' 

© -0 
©' - 0 

ih 1T m 5 *j« 67 

1 IS 55 55 

1 18 17 23 

4-3 59 88 

4“ 0 21 56 

i h 35 m 50 s 4 * 

1 IS 55 55 

I 18 17 2} 

“ 19 34 86 

— 17 13 18 

a 

A 0 

A o' 

Mean of A 0 

A o' 

i 1 * n m 50* 06 

1 15 «9 §4 

1 18 ii 62 

1 15 49 9 ? 

1 18 11 06 

x h 35 m 24 « 87 

i 15 5° 01 
x 18 11 69 
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This method of deriving the moon’s right ascension is employed with most 
advantage when the same comparison stars are used at both places whose dif 
ference of longitude is lequired, as then uncertainties in the places of the stais 
will produce no appieciable effect on the result 

In our example we have prefeired to use the value of the moon’s right 
ascension derived in Art 196, since the value of A T there used was obtained 
from transits of a number of stars, and thus a result obtained more likely to be 
reliable than the one above, which depends only on two stars 

240 If the difference m longitude between the two places is more than two 
hours, the above method requires some modification, as then the third differ- 
ences in the hourly motion H will be appreciable 

The right ascensions A 1 and A a are obtained from obser\ation precisely as 
before , then the right ascensions are taken from the ephemeris for the time of 
culmination at the two meridians, using for this purpose the assumed values of 
the longitude 

Let (*i and <Xi = values of the right ascension taken from the ephemeris for 
the assumed longitudes L\ and Z a , 

A a = correction to the ephemeris 

Then + Act and or a -f- Act = true values of the right ascension 

If then Z a and Zi are the true values of the longitude, (ar a + Ad) — (aq-f Ad) 
= ar a — ah will be equal to An — A 1 

Let Z a — Zi -|— AL — tiue difference of longitude Then AL is the correc 
tion to the assumed difference of longitude 

Let h = (A a — A 1) - (a 9 - cc x ) 

Then AL ~J! (4 ° 7) 

being, as above, the hourly change in the moons right ascension, AL will 
here be expressed in hours To reduce to seconds we multiply by 3600, viz , 

AL = k (408) 

This process is sufficiently simple in theory, but if the table of moon culmina 
tions is employed the moon s right ascension must be interpolated to fourth or 
fifth differences, which will involve considerable labor By using the hourly 
ephemeris of the moon the interpolation need only be carried to second differ- 
ences In any case we must assume the moon’s motion m right ascen 9 ion 
given in the ephemetis to be correct 
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The houily motion, //, is taken from the ephemeris for the time of observa- 
tion at the meridian whose longitude is to be determined 

Example 1863, 0< tober 16 the moon s right ascension was determined by 
meiidum observation at Greenwich and Bethlehem as given below The 
transit of the second limb was obseived, the Bethlehem observations being 
made and reduced precisely as in the example of Art 196 

At Greenwich, A x — 2 h 6 m 17 8 46 
At Bethlehem, A 2 = 2 19 32 18 


From the houny ephemeris of the moon we now take the right ascension of 
the moon’s centre Since the argument is the Greenwich mean time, we must 
convert the above values of the right ascension, which are equal to the sidereal 
times of observation, into the corresponding Greenwich mean solar time 
using for the longitude of Bethlehem the best approximation to the true value 
whu h we possess Thus 


Local sidereal time 
Assumed longitude from Greenwich 
Greenwich sidereal time 
Sidereal tune, mean noon 
Sidereal interval past noon 
1 able II, Appendix of Ephemeris 
Greenwich mean time 


2 h 6 m I7 B 46 
13 38 38 61 
12 27 38 85 
2 2 48 

12 25 36 37 


A 2 — 2^ ig m 32 s 18 
5 1 31 9 

7 21 4 08 

13 38 38 61 
17 42 25 47 
2 54 05 
17 39 31 42 


For these times wc find 


a 1 = 2 h 6 m 17 s 61 tta = 2 h I9 m 32 B 38 


From the table of moon culminations— page 379 of Ephemeris— we find for 
the houily motion in right ascension at the time of the Bethlehem observation, 

H = 158 s 58 


b jin ^I 8 

I 30 


. > 36OO 

Then by formula (408), BL = — 8 05 X -gg-^g 

Wo have assumed L = 5 1 

hi mil value of longitude, 5 

241 The determination of the moon’s right ascension by the difference be- 
tween the time of transit of the moon and a neighboring star does not do away 
with the necessity for correcting the observed times for all known errors of the 
transit instrument as explained in Articles 195 and 196 What we require is 
the right ascension of the moon’s centre at the instant of transit over e 
meridian of the place of observation Since this right ascension is constantly 
changing, if there is an uncorrected error of r seconds in the reduced time, it 
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is precisely the same as though the moon were observed with an instrument 
perfectly mounted in a meridian differing from this one by r seconds Thus 
an uncorrected instrumental error affects the resulting longitude by its full 
amount 

In order to obtain the best result from the method of moon culminations the 
observations should be arranged so as to include about an equal number of each 
limb , that is, the moon should be observed about the same number of times 
before and after full moon In this way uncertainties in the value of the semi- 
diameter will be eliminated, and to some extent the personal equation of the 
observer in estimating the instant of transit of the limb As the difference 
between the values of the longitude, determined from the first and second limbs 
respectively, from observations embracing an entire year, fiequently amounts to 
io B , the importance of this will be obvious 

In a discussion of the limit of accuracy attainable in the determination of 
longitude by moon culminations, Prof Peirce gives* s 101 as the probable error 
of a single determination of the right ascension of the moon The piobable 
error of the difference between two observed right ascensions would then he 
* 142 , the probable error of the resulting longitude is twenty seven times this, 
or 3 8 83 By using an ephemeris corrected as before explained, this probable 
error of a single determination is somewhat reduced 

If now the law of distribution of error, which forms the basis of the method 
of least squares, were the only thing to be considered in making and combining 
observations, we could by a sufficient accumulation of individual determinations 
reduce this probable error to an unlimited extent In this case, however, as m 
all cases where quantities are determined by observation, the errors of a purely 
accidental character are so combined with others of a constant chaiacter that 
accumulation of observation beyond a certain limit adds but little to the accu- 
racy of the final result 

Prof Peirce estimates the ultimate limit of accuiacy which we can hope to 
reach in determining a quantity by observation at about four times the accuracy 
of the most carefully executed single determination If then we assume that it 
is possible to determine the difference in the moon’s right ascension within • 1 
by a single observed transit at each place this would give a value of the longi- 
tude accurate to within 2 8 7 The ultimate degree of accuracy which could be 
attained would then be within • 67 of the truth Owing, however, to the unex- 
plained discrepancies in the results from the two limbs of the moon, this ulti- 
mate error is probably too small Prof Peirce places the limit at i 8 00, a limit 
which might be reached by observing all available culminations for two or three 
years, but which would not be much reduced by a further accumulation of 
y observations 


* Report of U S Coast Survey 1854, p 112 of Appendix 
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Determination of Longitude by Occultations of Stars. 

242 The observation ot occultations of stars by the moon 
and of eclipses of the sun furnishes, next to the telegraphic 
method, the most accuiate means of detei mining the differ- 
ence ot longitude between two places* Prof Peirce esti- 
mates the ultimate accurac} attainable by this method as 
within one tenth of a second of time 

The mathematical theory ot eclipses and occultations of 
stars and of planets by the moon, and of fixed stars b\ 
planets', may all be cmbiaced in one geneial discussion It 
is not pioposed to enter hcie into the general pioblem ot 
eclipse piediction, as it would lead us beyond what is de 
signed to be the scope of this w ork We shall therefore con- 
fine 0111 selves to so much of the problem as relates to theoc- 
cultation of fixed stars by the moon 


General Theory 


243 The distance of a fixed star is so great in comparison 
with the distance of the moon that the rays of light from 
the star enveloping the moon may be regarded as loiming a 
cn hndneal surface, the ladrns of the cylinder being equal to 
the radius of the moon If this cylinder inteisccts the eaith 
the stai will be hidden fiotn all pans of the earth s suiface 
within the cylinder Let a line be supposed diaun hom the 
star tlmmgh the centre of the moon this line will form the 
axis of the cylinder, and the point where it pierces the celes- 
tial sphere coincides with the place of the star 


* When the places are favorably situated for a 
that method mav be preferable but a high degree 
•when the chronometers aie transported b\ land 


chronometric determination 
of precision is not poss*ble 
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Now let a plane be passed thiough the centre of the earth 
perpendicular to this line this plane is called the funda- 
mental plane, and is taken as the plane of XY 111 considering* 
the rectangular co-ordinates of the points entering into the 
problem The axis of X is the line in which the funda- 
mental plane intersects the plane of the equator, the positive 
axis of Y is directed towards the north, and the axis of Z is 
parallel to the axis of the cylinder, the origin of co-ordinates 
being the centre of the earth 

244 To find the distance of any point on the earth s surface 
from the axis of the cylinder 


Let a> d = the right ascension and declination of the star, 
A,D,r = the right ascension, declination, and distance 
from the centre of the earth, of the moon s 
centi e , 

x,y,z = the lectangular cooidmates of the moons 
centre 

Let the axis of X be positive in the dnection of the end 

whose right ascension is equal to 
90° + <* 

Then E, Fig 49, being the centre 
of the earth, M the moon, and P the 
pole, we have 

x = r cos MX , 
y = r cos MY , 
z = r cos MZ 



MP = 9 o° — D , 


From the tuangle MPX , 

PX = 90°, MPX =90 0 — (A — a) 


Therefore cos MX = cos D sin (A — a) 


Similarly from triangles MPZ and MPY we find the values 
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of cos MZ and cos MY, from which result the following 
equations 

x = r cos D sin ( A — a), ) 

y == r[sm D cos S — cos D sm S cos (A — or)], l (409) 
z = r[sin D sm $ + cos D cos d cos ( A — a )~\. ) 

As the axis of the cylinder is parallel to the axis of Z and 
passes through the centre of the moon, x and y will be the 
co-ordinates of the point where this axis pierces the funda- 
mental plane 

For our purposes z will not be lequired For computing 
x and y with extreme accuracy it is convenient to transform 
(409) as follows 

Let 7t = the equatorial horizontal parallax of the moon. 

Then r = — — , expressed in terms of the equatorial radius 
sin 7T 

of the earth, 


_ cos D sin (A — a) 

id x= h — , 

sin (Z?-^cosH(^-n-)4- sin(-P4 - ^ ni> ¥^— «) , x 

y ~ sm it 

245 Let g, rj, and 5 = the rectangular co-ordinates of a point 

on the earth’s surface , 
p = the line joining this point with the 
centre of the earth , 

q> = the geographical latitude of this 
point , 

q' = the geocentric latitude , 
p. = the local sidereal time 
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Then in Fig 49, if we suppose M to be a point on the sui- 
face of the eaith whose co-ordinates are £, 7, and <2, we have 

£=:pcosMX, 7 = p cos MY , <2 = P cos MZ 

In the triangle MPX 

MP = 90° - <p', MPX = 90° — (m — a), PX = go° 


Therefore cos MX = cos <p' sm [p — «) 
In the triangle MPY 


PY = 6 , MPY = 180 0 - (yu - «). 


Therefore 

cos MY = sin <p' cos 8 — cos cp' sin 8 cos (p — oc), 

and similarly for cos MZ, so that finally 

£ = p cos cp' sin (p — a), ) 

7 = p[sin cp ' cos 8 - cos cp' 3111 8 cos (p —«)],>• (411) 

5 = p[sin cp' sin 8 -|- cos cp' cos 8 cos (p — «)] ) 

These foimulas may be computed m this form, or they may 

be adapted to logarithmic computation, as follows . 

p sin cp' = b sin B , 

p cos cp' cos (p — a) = b cos B, 

£ = p cos cp' sin (p — a ) , 

7 = b sm (B — 8 ) , 

<2 = b cos ( B — 8 ) 

(p — a) is the hour-angle of the star as seen 
point on the earth’s surface at the instant 
and <2 are computed 


(412) 


from the given 
for which i/y 


1 


§ 246 LONGITUDE BY OCCULT iTIOVS OF STARS 427 

Let H = the Washington hour-angle of the star , 

7z 0 = the local hour-angle = }x — a , 

A- = the west longitude of the point 77 , <2. 

Then h t = H-X (413) 

Let A — the distance of the point fiom the axis of the 
shadow 

Then A — V(x — B ) 1 + O' — V? • ( 4 T 4 l 

At the instant of the beginning or ending of an occulta- 
tion, it is evident that the point B, ?/, <5 will be in the surface 
of the cylinder, and the distance fiom the centre A is equal 
to the lachus of the cylindei, which in turn is equal to the 
radius of the moon, or 2723, expressed in terms of the earth’s 
equat 01 lal radius Thei efore 

The condition for the beginning or ending of an occultation at 

any place is 

k = 2723 = - sy +I 7 3 vY (41 s) 


Prediction of the Principal Phases of an Occultation 

246 The instant of beginning and ending of an occultation 
are called respectively the time of immersion and emersion 
We shall at fii st suppose it to be known that an occultation 
of the star under consideration will be visible from the given 
place on a given day, and shall develop the formulae for de- 
termining these two phases— viz , of immersion and emersion 
F01 this purpose we requne the solution of equation (415) 
for the local time T, of which x,y,B, and 7 are functions. 
The equation is ti anscendental and of such a form that a 
direct solution is not possible In fact it will readily appear 
that an infinite number of values of T must satisfy this equa- 
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tion, since the same star may suffer occultation an indefinite 
number of times 

Equation (415) must therefore be solved by approximation, 
the most convenient method being as follows x and y are 
computed for a time T as near as may be to that of the re- 
quired phase For the first approximation the time chosen 
is commonly that of the geocentric conjunction of the moon 
and star in right ascension This time is readily found from 
the hourly ephemens of the moon b) finding the Green- 
wich time when the moon’s right ascension is equal to the 
right ascension of the star If, as will commonly be the case 
in the United States, the meridian from which the longitude 
is reckoned is that of Washington, the above time will be 
converted into Washington time by subtracting the differ- 
ence of longitude between Washington and Greenwich, viz , 
5 h 8 m 12 s 09 

The object of this computation will generally be to deter- 
mine the time of immersion and emersion, to assist in ob- 
serving the occultation For this puipose gi eat accuracy will 
not be necessary , in fact an erroi of a whole minute m the 
computed time would not, ordinarily, be a serious matter 
The general formulae may therefore be much abridged In 
any case it would be superfluous to use the rigorous formulae 
in the first approximation 

247 We first compute x , y , £, and 77 for the instant of 
geocentric conjunction of the moon and star in right ascen- 
sion, viz, when A = a For this instant (410) may be writ- 
ten 

JD-t , ~ 

x = o, y = (416) 

J sin it j 

For the short interval between conjunction and immersion 
or emersion we may then assume the change in x and y to 
be proportional to the time 
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Let x? and y' = the changes in x and y in one hour, mean 
solar time 


Differentiating the expression for x in f4to)> an( * * or V m 
(416), we have tor the instant ol conjunction 


dr = 


dA 
sin it 


cos D , 


dy = 


dD 

sin 7t 


Let A A and AD = the houily changes in the moon’s right 
ascension and declination taken fiom 
the ephemens 


Then 


y = 


AA 

sin 7t 


cos D, 


y = 


AD 

sin x 


(417) 


x y x'and y', being independent of the place of obseivation, 
may be computed foi any future time, and will be available 
foi all parts of the earth from which the occultation is visi- 
ble Their values are given in the American Ephemens 
for all the pnncipal stars occulted throughout the 3 ear 
Wheniequned foi this puipose they may theiefoie be taken 

directly from that publication 

248 We must next compute B, V, & and — the latter be- 
ing the change 111 S and 1/ for one houi mean solar time 
B and rj ai e given by formulae (411) or (412) 

Foi computing £' and // we differentiate the first and sec- 
ond of (41 1) with respect to (p — a )< V1Z 

dB = p cos <p’ cos (m — «) — a )> 

dr\ — p cos <p' sin 8 sin (n — a) d(p — «) 

(n - a) is the hour-angle of the star Let us now substitute 
for d(p — «) the change which takes place m the value of 
this hour-angle in one mean solai hour 

i»o m o’ mean solar time = i h o m 9’ 856 sidereal time = 54148" 
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[9419157] p COS cp' COS (/i — «), 

[9 419157] p cos <p ' sin (/t — a) sin 8 . 
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(418) 

( 419 ) 


Let k == the moon’s radius expressed in terms of the earth’s 
radius = 2723 , 

T = approximate time of immersion or emersion,* 

T -(- r = true time of phase 


r will then be an unknown correction to T to be determined 
x , y , <?, and 7 having been computed for the time T \ their 
true values will be 


x + x't, y+y'r ; g + g’r, y + (420) 

Let the auxiliary quantities Q, m, M, n, N be determined 
as follows 

\k sin Q = O - g) + (x' - g')T , ) , 

k cos Q = (y — ? 7) -f ly — r?')T, S " ' 

m sm M — (x ^ £), « sin — [x f — <$■'),) , . 

w cos M = (y — 7/), « cos N = (y' — rj') ) W 22 ) 

Then (421) become 

>6 sin Q — m sin M rn sin iV, 
k cos Q — m cos Jff + T7Z cos N 

From these we derive 


k sin (Q — N) = m sin (M — JV) f 
kcos (Q — N) — in cos (M — i\f) -|- #r. 

* For the first approximation the time of conjunction m right ascension may 
be used as before explained 

f It will be observed that these two equations are identical with (415) 
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Let us write Q — N = ip 

in sin [M — N) 
Then sin^ = j , 


T = 


k cos >p in cos ( M — N) 


n 


K 423 ) 


Thus we have our equation solved for r and consequently 
for T + r Since the algebraic sign of cos ip is not deter- 
mined, the last equation gives two values of t, that value cor- 
responding to the minus sign of cos >p giving the time of 
immersion, that given the plus sign being the time of 

emersion. 

The lesulting times will only be appioximations to the 
true values, since 111 deriving them we have neglected the 
second and higher ordeis of differences in the variation of 
x, y, 5 , and 1/ 

If we require the time more accurately, we may now as- 
sume these approximate values of T and recompute formulae 
(41 1), (419), (422), and (42 3\ thus obtaining a second approxi- 
mation to the values of T for immersion and emersion 


Position A ngle of the Star 

249. The accurate observation of the star’s emersion will 
be gieatly facilitated if we know in advance the exact point 
on the moon’s limb where its appearance may be expected 
This point is determined by its position angle, which is the 
angle measured from the north point of the moon s limb 
around towards the east to the point in question We may 
perhaps define this angle more cleai I3 as follows 

Suppose two great cucles drawn from the moon’s centre 
respectively through the pole and the star the position angle 
will then be the angle between these cucles, measuied from 
that drawn through the pole around towards the east 
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In equations (421) y, £, and 7/ being the 1 octangular co- 
ordinates of the moon's centre, and of the place of observa- 
tion on the earth's surface, let us suppose a system of rect- 
angular axes drawn through the latter point and paiallel to 
the old axes (x — S) and (y — ?/) will be the rectangular 
co-ordinates of the moon's centre in reference to this new 
system 

Since k is the moon’s radius, equations (421) requne Q to 
be the position angle of the moon’s centre, measured fiom 
the axis of Y Now it is evident that when the star is in 
contact with the moon's limb, which is the condition ex- 
pressed by equations (421), the position angle of the star 
measured from the north point of the moon's limb will differ 
from the position angle of the moon's centre measured from 
the axis of Y by 1 8o° 



Fig 50 


Fig 51 


Thus, in Fig 50, the star at immersion being at A,NMA 
is the position angle required Calling this angle P, wq 


P—Q~ 180° 
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At emersion, as shown m Fig 51, the position angle P will 
be the angle NESWA Therefoi e 

<P= < 2 + 180 0 

Then since, equations (423), Q = N t/., we have 

For immersion P = N tp — 180 0 , ) , . 

For emersion P = N + if> - f 180 0 J 1424) 

If the telescope used is mounted equatonally and provided 
with a position miciometer,* this point may be kept in view 
very readil} by placing the miciometer-thread tangent te 
the moon’s limb at the point 

If the telescope is not pi ovided with a micrometer, a sin- 
gle thread may be placed m the focus of a common eye- 
piece, and a rough giaduation marked around the urn This 
thread may then be set in the direction of the tangent to the 
moon’s limb as befoie 

250 If the telescope has only an altitude and azimuth mo* 
tion, it will be convenient to measuie the angle from the ver- 
tex, 01 highest point of the moon’s limb, instead of the north 
point 

Consider the tnangle formed by the zenith, 
the pole, and the moon’s centie 

Let V = the position angle measured fiom 
the moon’s vertex 

Then, icfeiiing to Fig 52, 

Fig 52 

V=P- c (425) 

* In a position micrometer the reticule revolves in a plane perpendicular to 
the line of colliraation of the telescope, and the threads mav be placed at any 
angle with the meridian by means of a graduated circle On the other hand, 
by the same circle the angle formed with the hour circle of a star by the line 
joining it with any other star in the field of the telescope may be measured 
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To determine C, apply to the triangle the formulae of 
spherical trigonometiy, viz: 

sin Z sin C = cos cp sin (pi — A), ) . 

sm Z cos C = sin cp cos S — cos <p sin S cos (pi — A ). ) 

Since C will not be lequired with extreme precision, and 
at the time for which C is required the light ascension of 
the star difFeis but little from that of the moon, we may 
write, bearing in mind the values given by equations (4x1), 

sin Z' sin C = £ , \ . 

sin Z cos C = v , I* ' * 

and since at the instant of contact the values of £ and 7 are, 
by equations (420), £ + £'r and rj + r/'r. 


„ „ £+£'r 

tan C = — — — . . 
V + v't 


• (428) 


25 1 I n connection with the elements for predicting the 
occultation of a given star, found in the American Ephemens, 
there are given the limiting parallels of latitude within 
which the star will be occulted It does not necessarily fol- 
low, however, that because a place is within the limits there 
given the star will be occulted at that place The limiting 
curves do not coincide with parallels of latitude, as we might 
show by investigating the theory farther, or as may be seen 
by referring to the charts of solar eclipses to be found in any 
numbei of the ephemeris 

In case the point falls outside the limit of occultation, it 
will be shown in computing r from equations (423), when 
we s ould find m sm ( M — N) > thus making sin > 1 an 
impossible value 

As the observation of occultations near this limit is not of 
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gieat value foi the determination of longitude, it will not be 
woith while to make a very close computation to ascertain 
whethei the occultation actually does occur when it is found 
to be near the limit 

252 The successive steps in preparing to observe the oc- 
cultation of a Nautical Almanac star at a given place, assum- 
ing it to be visible at that place,* are theiefore as follows 

I We take from the “Elements for the Prediction of Oc- 

cultations” of the American Ephemeris the Washington mean 
time of geocentnc conjunction T 0 , the Washington hour- 
angle H, also Y , and the star’s appaient declination $ 

II T 0 and H aie reduced to the local time and hour-* 
angle by applying the coirection for longitude, A 

p sin cp ' and p cos <p' aie to be found by the use of table A. 
TABLE A 

\ogF 

00000 

00001 

00004 
OOOIO 
00017 
00026 
00036 
000 1.8 
00060 
00073 
00085 
00098 
00109 
001 1 9 
00128 
00136 
00141 
00143 
00145 

* We shall subsequently show how to select from the list of stars of the 
American Ephemeris those whose occultation is likely to be visible from a 
given place on a given day 
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III We then compute C, ?/, and >/' for the local mean 
solar time, (Z„ — A), bj the formulas 


£ = p cos cp' sin 

V = P sin cp' cos d — p cos cp' sin 6 cos k 0 

% = fe 4192] P cos cp' cos //„, ) 

v' = C9 4 I 9 2 ] P cos <p' sin /*„ sin <5 j 

In which //„=//— A = /< _ « 

IV 1/, n , and Nave computed by 


(411} 

(419) 


sill M = * - 4', » sin N = x' — £',\ , . 

w cos M = y — ?/, n cos N = y' — if, j * ( ' 422 ' 


then ip and r by sin tp — — Sm 

y _ £ cos >/> m cos (M—JV) 

~ n n 

J 

Calling- the value corresponding to the plus sign r„ and 
that coi responding to the minus sign r„ we have 

Time of immersion = Z„ -f r, = Jj, 

Time of emersion = Z„ -j- r, = Z, 

V With these values Z, and Z, we now repeat the com- 
putation for a second approximation to the tine values of the 
time of immersion and emersion /i 0 m (41 1) and (419) will 
become (h t + r,) for immersion, and (h, -f r.) for emersion 
Z, will give us two values of r, one a small value giving a 
more accurate time foi immersion, the other a large value 
giving an inaccurate time of emersion In the same way T % 
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gives a small and accurate value of t for emersion and a 
large inaccurate value for immersion 

The values of x and y to be used in this second approxima- 
tion will be given by the formulae 


x — x , r l , y = Y y'r v for immersion, 

and x = x'r t , y = Y y'r v for emersion 

The values of r given above will be expressed in hours 
If it is considered desirable to express them in minutes we 
may use, instead of n, a quantity n', viz , 



[8 22l8]» 


As a check upon the values of the times finally obtained, 
we compute for these times the values of x,y, g, and 7 If 
the times are correct these quantities will satisfy the equation 

(x — gf + (y — iff = 0074T3 

253 Instead of carrying through the computation of num- 
bers III and IV with the hour-angle Ji 0 of geocentric con- 
junction, we may obtain a rough appioximation to the time 
of immersion and emersion, as follows 
We first re'quire the interval of time between geocentric 
and apparent conjunction in light ascension At the instant 
of apparent conjunction x = g, or writing for x and g their 
values, 

tjc? = p cos <p' sin (Ji e + r 0 ). 

In which r 0 is the interval required and h a is, as before, the 
hour-angle at the station at the time of geocentric conjunc- 
tion 


435 


PRACTICAL ASTRONOMY 


§ 253 


We have 

sin (^ 0 + r 0 ) = sm cos r 0 + cos /i 0 sm r 0 

= sm A 0 (i — 2 sm 2 -Jr 0 ) -f cos h Q 2 sm -J-r 0 cos Jr 0 ; 

and finally, 

sm (A 0 + r 0 ) = sm A 0 -f 2 sm £r 0 cos (/* 0 + £r 0 ) 

r will never be very large, so we may write 

2 sm £r 0 = r 0 54148" sin 1" = [94192]^, 

since the unit m which r is expressed is the mean solar hour. 
Therefore 

r Q x' = p cos qf sin h 0 + [9 4192] p cos cp' cos (A>+£ r o) r o 

Write P cos <p' sin /; 0 = <? 0 , ) 

[9 4192] p cos cos (^ 0 +i r o) = » 

Then r 0 - p 

In the first approximation the r 0 m the value of may be 
neglected , or we may assume it equal to \li„ which will gen- 
erally be a little moie accuiate 

As the average duiation of an occultation is about one 
hour, we may therefore, in ordinary cases, assume as the 
hour-angle in equations (41 1) and (419) — 

For immersion, h Q + r 0 — 30“, ) ^ / x 

Tor emersion, h 0 + r 0 + 30 m ) 

The value of r 0 may be taken from Downes’s table, given 
in connection with the subject of occupations in the Ameri- 
can Ephemens 


(429) 

(430) 
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Example 

Requued the time of immersion and emersion of the star ct 1 Libra ox Bettu 
lehem, 1883 September 6th q> = 40° 36' 24', A = — o h 6 m 40" 2 
From p 424 of the American Ephemeris we find 


Washington mean time 7 0 = 6 h i8 m 4 
II — + 2 36 9 
From table A, §252 d = 15 33 4 

log p sin q> = 9 Sr 12 To — A = 6 h 25 m r 
log p cos ql — 9 8810 


y = + 6374 

X — + 5332 

y = — 1173 

7/o = 2 h 43 m 6 

ko — 40° 54 # 


Instead of computing at once the values of £ 77, and rf with this value of 
k 0 , let us first determine the times of immersion and emersion roughly by 
{429H43I) 


sm h 0 
p cos q>' 

log §0 

io g (*'-r) 

*r 0 = i b 302 log To 


9 8160 cos ho 

9 8810 p cos q> 

constant log 

9 6970 

9 5824 log f 


1146 


9 8785 ■*' = 5332 

9 8810 
9 4192 

9 1787 ? = 1509 

x'— % — 3823 


The computation is now as follows 


Immersion 
ho = 2 h 43 111 6 
f r 0 = I t8 1 
- 30 


Emersion 
ho = 2 h 43 m 6 

r 0 = 1 18 I 


+ 3° 


V = 3" 3i m 7 
= 52° 55' 


V - 4* 1 31“ 7 
= 67° 55' 


We now compute £, 77, £', and rf , as follows 


♦ We might have used Downes’s table above referred to, where we find t 0 = 74™ 
t Strictly r 0 should here be reduced to sidereal interval, but the approximation is so rough 
that it is not important 


440 


PRACTICAL ASTRONOMY 


Immersion 


sin <5 = 9 4284** 
cos <5 = 9 9838 
sin ho = 9 9 01 ^ 
p cos <7/ sm 6=9 3094** 
cos Ao' = 9 7803 


p cos <p' sin 8 cos ho — 9 °$97» 
p sin cp' cos <5 = 9 795° 

log p cos <p' cos ho = 9 66i 3 
p cos cp 1 sin d sin ho = 9 2112 » 

log £' = 9 0805 
log 7' = 8 6304* 
sm M — 9 8197 » 
sin M = 9 2524 » 
cos M = 9 3083* 

tan M — 9 9441 ^ 

log w = 9 43 2 7 


sin 7\f = 9 9930 
n sm N — 9 6158 
n cos N — 8 8727 n 

tan N — 7431 n 

log n — 9 6228 
log ri = 7 8446 
sm (71/ — TV) = 9 9328 
log m — 9 4327 

log - k = 5650 


Check * 

(r - €) 2 = 0320 
(1/ — r}) 2 — 0414 
Sum = 073 4 

£ = + o 6064 


Nat No = - 

1229 

Nat No = + 

6238 

V = + 

7467 

x = x'r = 

4276 

j/= r+yr = -f 

5433 

(*-© = - 

""1788 

- V) = - 

2034 

221° 19' 2 


? = 

1204 

*?' = — 

0427 

= 

5332 

y = - 

1173 

*' - 6' = 

4128 

y - v' = - 

0746 


7 VT = ioo° I4 r 5 

M - N = I2T° 4' 7 
cos ( 71 / — N) = 9 7128* 
log in = 9 4327 

log-, = 2 1554 


Nat No = 


sm = 9 9305 1 3°o 9 » ^ at JN0 = ~ ^ 

ij) = 58° 26' 2 cos l/) = 9 7189 

log yfc =• 9 4350 

log 1 = 2 1554 

I 3093 Nat No = ± 20™ 39 
Immersion t x — — 0 39 

Emersion (inaccurate) r fl = + 40 39 

To — X - 6 h 25^ 1 
To - 30 m = + 48 X 

ri = “ 0 39 
T = 7 11 I2 ra 81 

► The comparison with the true value of viz , 0741, shows the adopted value of ho for 
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Emersion 

sin 8 = 9 4284^ 
cos <5=9 9838 
sin V = 9 9669 
p cos qJ sin <5 = 9 3094» 
cos ho 1 = 9 5751 

log I = 9 8479 

p cos <p' sin 8 cos = 8 8845» 
p sin cp' cos 6=9 7950 


Check * 

C x — S) s = 0657 

O' - vY = 0753 

Sum = 14x0 


| = + o 7045 

Nat No = — 0766 

Nat No = 6238 

V = + 7004 


p cos <p cos /io 
p cos <p sin 8 sin h 0 

log r 

log 7 }' 

sin AT = 9 8341 
wsm# = 9 4087 
m cos A/ = 9 43 & 4 » 

tan Af = 9 9703 
log w = 9 5746 


9 756 i 

x = a 'r — -| 

9608 

9 2763;* 

j/ = K + /r = H 

- 4260 

8 8753 

{x — k) — 

2563 

8 6955* 

II 

1 

- 2744 


Af = 136° 57' 6 

€' = 0750 

7 j ' = — O496 

*' = 5332 

y = - 1173 


sin TV = 9 9953 
w sin TV = 9 6611 
« cos TV = 8 8306 » 

tan TV = 8305* 

log 7* = 9 66^8 
log w = 7 8876 
sm (A/ *- TV) = 9 7946 
log 7;/ = 9 5746 

log 2 — 5650 

sm if) = 9 9342 

ip = 59 0 is'o 


y - r = 4582 

y - if = - 0677 

TV = 98° 24' 3 

Af - TV = 38° 33 ' 3 
cos (A/ - TV) = 9 8932 
log in = 9 5746 

log i = 2 1124 

1 5802 Nat No + 38" 1 o 

cos ip = 9 7 0 87 
log l = 9 435 ° 

log i = 2 1124 

I 2561 Nat No ± x8 m o 

Emersion r 9 = — 20 o 
Immersion (inaccurate) Ti = 56 o 


To - A = 6 h 25 1 " x 
r 0 + 30 m = 1 48 1 
r a = -—20 01 


7 = 7 h 53 m T 9 

immersion to be nearly correct' That for emersion, however, is considerably in error 
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Immersion 

sin 5 = 9 4284^ 
cos 5 = 9 9838 
sin h 0' = 9 9 018 
p cos <p' sm 5 = 9 3 ° 94 » 
cos ho = 9 7803 

log 1 = 9 7828 

p cos cp’ sin 5 cos ho = 9 0897 « 
p sin cos 5 = 9 7950 


Cheeky 

(x — g) 1 — 0320 
(y - V? = 0414 
Sum = 0734 


4 = —j - o 6064 


Nat No = — 1229 

Nat No = + 6238 

V = + 7467 


log p cos <p' cos ho 
p cos sin 5 sin ^</ 

log £' 
log 77' 

sin Af = 9 8 i 97 « 

*» sin Af = 9 2524% 
w cos M = 9 3 ° 83 » 

tan M = 9 9441 
log zw = 9 43 2 7 


sm A 7 = 9 9930 
« sin TV = 9 6158 
** cos A 7 = 8 8727** 


9 6613 # = jr'r = + 4276 

9 2XI2» 7 = y+/r = + 5433 


9 0805 (* - 8) = - * 7 88 

8 6304* (y — v) ~ — 2 °34 


71 / = 221 0 19' 2 

S' = 1204 

V' = - °427 

= 5332 

y = - 1173 


*' - 6' = 4128 

/ — ??' = — 0746 


tan A 7 = 743 1 « 

log « = 9 6228 
log »' = 7 8446 
•in ( 7 J/ — A 7 ) = 9 9328 
log m — 9 4327 

log ^ = 565 0 

sm ip = 9 9305 
ip = 58° 26' 2 


TV = ioo° 14' 5 

M — N ■= I2T° 4 7 
cos ( 71 / — 77 ) = 9 7128* 
log m = 9 4327 

log - = 2 1554 

w 

1 3009* Nat No 

COS Tp — 9 7189 

log k = 9 4350 

log - , = 2 1554 

n 

1 3093 Nat No 

Immersion r x 
Emersion (inaccurate) r 9 
To — A = 6 h 25“ 1 
r 0 - 30“ = + 48 1 
n = - 0 39 


— 20 m 00 


± 20 m 39 
— 0 39 

+40 39 


T = 7 h i2 m 81 

* The comparison with the true value of £ a , viz , 0741, shows the adopted value of V for 
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Ftnersion 

sin 5=9 4284*2 
cos 5=9 9838 
sin ho 1 = 9 9669 
p cos sin 5 = 9 3094** 
cos hj = 9 5751 

log $ = 9 8479 

p cos <p' sm 5 cos h </ = 8 8845« 
p sin cp' cos 6 = 9 7950 


Ch eck * 

{x - $)> = 0657 
t y - vY - 0753 

Sum = 1410 


$ = + 0 7045 

Nat No = — 0766 

Nat No = 6238 

V = + 7004 


p cos <p' cos ^o= 9 756 i 
/ 0 cos <p' sin 5 sin //o' = 9 2763# 


x — x'r = + 

* = y+yr = + 


9608 

4260 


log S' 
log V 

sin 71 / = 9 8341 
m sin 71 / = 9 4087 
*« cos 71 / = 9 4384M 

tan 71 / = 9 9703 
log w = 9 5746 


8 8753 .(* — $) = 

8 6955^ {y — V ) = — 


7J/= 136° 57' 6 



2563 

2744 


0750 

0496 

5332 

1173 


sin TV = 9 9953 
n sin TV = 9 6611 
w cos TV = 8 8306*1 


tan TV = 8305* 

log w = 9 6658 
log « = 7 8876 
sin (. 5 / — TV) = 9 7946 
log m = 9 5746 

log ^ = 5650 

sin tp = 9 9342 
ip = 59 0 is'o 


- r = 4582 

y - y = - 0677 

TV = 98° 24' 3 

71 / — TV = 38° 33' 3 
cos ( 71 / — -AO = 9 8 932 
log m - 9 5746 

log — 7 ” 2 1124 

1 5802 Nat No + 38 m o 

cos ip = 9 7°87 
log b = 9 4350 

log i = 2 1124 

7 2561 Nat No ± x8 m o 

Emersion r 9 = — 20 0 
Immersion (inaccurate) r x = — 56 o 


To — \ = 6 h 25 m 1 
r 0 + 30 111 = r 48 1 

To = —20 01 


T = 7 h ^ 53 m 19 

immersion to be nearly correct' That foremersion, however, is considerably in error 
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As a check on the accuracy of these values we now recompute x, y, I, and tj, 
when we find 

(x — |) 2 + (;/ - vT = 07426, (x - £) 9 +(y- V? = 07447 

We have therefore a very close approximation to the true time of immer- 
sion, the time for emersion being a little less accurate A partial recomputa- 
tion of the latter gives a correction of — o m 16, making the final value of 
T = 7 h 53 m 03 This latter computation is altogether unnecessary for practi- 
cal purposes 

For computing the position angle P at emersion,* formula (424), we obtain 
a value which will generally be sufficiently exact by using the last values of 
.Wand ip obtained in computing r In this case we have 

N- 98° 24', 

Tp = 59 , 

P = N+ ip 4 - x8o° = 337 39 


If the angle at the vertex V is required, we have, (428) and (425)* 

V — P — C 


tanC = i±i'i, 

V+ V r 


Using the values just derived, viz , 

5 = 7045, S' = 0750, 7 j = + 7004, i = — °406, r a = — o h 3335, 
we find C = 43 0 28' Therefore V = 294 0 il' 


254 In predicting the occultations which will be visible at a given place 
within a given time, the first operation will be to go over the list of occultations 
of the ephemeris and select those which may be visible The conditions of 
possible visibility are 

1 The limiting parallels of the last column must include the latitude of the 
place 

2 The hour-angle H — A, taken without regard to sign, must be less than 
the semidiurnal arc of the star, m other words, the star must be above the 
horizon 

3 The sun must be below the horizon, or at least not much above it, at the 
local mean time (7 — A.), unless the star is bright enough to be seen in the day 
time 

Remark 1 If the place is near one of the limiting parallels of latitude an oc- 
cultation may or may not occur If it is desirable to observe such stars as are 


*This angle is not required for immersion 
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occulted near the north or south limbs of the moon such doubtful ones may be 

included in our list and the occurrence or non occurrence of an occultation will 

be shown in the computation of the time of immersion and emersion As before 

shown, if the occultation is not visible at the place under consideration it will 

, . . , , , . m sin {M — N) 

be indicated by sin ip becoming > I in the formula sin ip = 


Rtmail 2 In most cases we may see bv inspection whether condition 2 is 
ful tilled For those stars near the limit it mav be necessary to compute roughly 
the hour angle of the star when in the horizon, for which we have 


cos / = — tan 6 tan cp 


( 122 ) 


If then (// — A) is numerically less than t this condition is fulfilled 

A small table computed for the latitude of the place, giving t with the argu 
ment 6, is convenient in examining this condition and the next 

Rttniuk 3 For determining whether the sun is above or below the horizon, 
we may compute roughly the times of sunrise and sunset by the method given 
above for the star, or since it is not required with great accuracy, we may take 
it fiom a common almanac 

In going over the list of the ephemens, the computer will write the value of 
A on the lower edge of a piece of paper and pausing over each star for which 
( ondition r is fulfilled, he will see whether 2 and 3 are also fulfilled If either 
fails the computer p isses on In those cases where he is unable to decide by 
inspection whether cither of the two fail, the star will be marked for further 
examination after the list has been gone over 

Where many predictions aie to be made for a given place the work may be 
much reduced by computing tables for the given latitude by means of which the 
computation of £, //, if, and r is facilitated The necessary directions for 
forming and using such tables aie given in the American Ephemens, to which 
the readei is referred 


Graphic Process 

255 If the observer possesses a celestial chart containing the stars whose 
occultation is to tie predicted, the necessary computation may be made bv a 
very simple graphic process The scale of the chart must be large and the 
method will be principally useful in case of clusters like the Pleiades, where a 
considerable number of stars undergo occultation within a short time 

The right ascension and declination of the moon are taken from the ephemens 
for intervals of half an hour throughout the time covered by the occupations, 
the correction for parallax must then be applied The resulting apparent places 
of the moon are then laid down on the chart, and a curve being drawn through 


444 


PRACTICAL ASTRONOMY 


§257 


the points we have the apparent path of the moon’s centre, this line being then 
properly subdivided between the half hour points furnishes a graphic time 
table of the moon’s centre Each star whose distance from this line is less 
than the augmented semidiameter* of the moon will suffer occultation From 
such a star as a centre, with the moon’s augmented semidiameter as a radius, 
let a circle be drawn, this circle cuts the path of the moon’s centre in two 
points the position of which on the curve will give the time of immersion and 
emersion of the star, and the direction of the star from the point of intersection 
gives the position angle on the moon’s limb 


Computation of Longitude 

256 It has now been shown how we may predict the time 
of beginning and ending of an occultation, as seen from a 
point on the earth's surface whose longitude is known The 
fundamental equation which expresses the condition neces- 
sary for such an occurrence is 

* = (*-*)‘ + 0 v - v )' (415) 

If now all of the data of the problem were perfectly known, 
and if no error entered into the observed time of the occul- 
tation, this equation would be completely satisfied Since, 
however, such perfection is not attainable, we may employ 
the observed time of an occultation for determining the cor- 
rections to the values of the constants used 

The correction which it is the immediate object of this 
discussion to consider is that of the longitude assumed In 
order, however, that this may be obtained with all possible 
precision, we must endeavor to obtain or eliminate as far as 
possible the corrections to the other quantities which enter 
into the equation if the values employed are at all uncertain 

257 Before making the transformation which (415) re- 
quires m order to adapt it to our purpose, let us examine the 
quantities entering into each term separately, in order to see 


* Formula (392) 
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what may be regarded as definitively known and what 
quantities may require corrections 

k The moon’s semidiameter may be determined from oc- 
cultations more accurately than m any other way. A cor-» 
rection Ak to the value employed may therefore be intro- 
duced as one of the unknown quantities of oui equation 
£> Referring to the expiessions for the value of these 
quantities, equations (41 1), we see that they depend upon a 
and d, the right ascension and declination of the star , /*, the 
local sidereal time , p y the earth’s radius, and <p r , the geocen- 
tric latitude a and d should be so well determined that they 
may be regarded as absolute, that is, no stars should be used 
for this purpose whose places are not so well determined as 
to require no further consideration p y the local time, must 
be accurately determined by the transit instrument (see 
Chap VI) The time determined by observation will gen- 
erally be sidereal The ephemens of the moon given m the 
Nautical Almanac is arranged for mean solar intervals, so 
that when this is employed it may be necessary to convert 
the sidereal time into mean solar time, or the reverse in some 
cases It will be remembeied that this conversion supposes 
the longitude known We shall therefore require an ap- 
proximate value of the longitude, which we shall suppose to 
be accurate enough so that no appreciable error will result 
from employing it foi the above reduction If a case should 
ever occui, which is not likely, where this preliminary value 
was so erroneous that appreciable enors in the subsequent 
computation resulted from its employment then it would be 
necessary to repeat that part of the computation which was 
affected by it, using the value of the longitude obtained from 
the first reduction In this way we should obtain a second 
approximation to the true value 

<p The latitude must be well determined by the zenith 
telescope or other suitable instrument 
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p depends upon the eccentncity of the eaith’s meridian 
passing through the place of observation A satisfactory 
determination of this quantity fiom occultations is not pos- 
* sible, but Bessel introduces a term into the equation depend- 
ing on the correction to the assumed eccentricity , in order 
to show its effect on the final result This teim will be re- 
tained for the sake of completeness, though in the practical 
application of the formulae it will generally be disiegaided 

x and y Equations (409) Besides quantities alread} con- 
sidered these contain^, D, and r , the right ascension, declina- 
tion, and distance of the moon Corrections to the assumed 
values of all these quantities will be introduced into the 
equations Those to the right ascension and declination can 
be well determined from an occultation observed at anyplace 
whose position is known In order, however, to determine 
r, or the moon’s parallax on which r depends, observations 
must be combined which are made at widely different points 
on the earth’s suiface, whose diffeience of longitude has been 
previously well determined The coirection to the parallax 
will be retained for completeness 

258 Let us now suppose a series of occultations observed 
at two points, the longitude of one of which is well deter- 
mined The immediate object is to determine the longitude 
of the second point If one star only is observed at the 
second point, we must assume all the quantities entei mg into 
the equation to be known with one exception If we assume 
the longitude to be the unknown quantity, we obtain from 
our data a value of that quantity which is affected by all of 
the errors of the data If the star is also obserxed at the 
first point, this obseivation mav be employed to corzect the 
tabular right ascension and decimation of the moon, and the 
longitude of the second point determined b\ the aid of these 
corrected values If moie stars aie observed sufficiently 
near together so that the errors may be legarded as constant 
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dm mg the time elapsed, then the correction to the semi 
diameter can be included as an unknown quantity As we 
have remaiked before, the enors of the parallax cannot be 
well senai ated fiom the longitude If then the number of 
occultations observed is gi eater than that of the unknown 
quantities which can be well determined, a solution of the le- 
sulting equations by the method of least squaies will gne 
the most piobable values of the quantities, expressed m 
terms of the constants, and of those quantities which cannot 

be separated fiom the constants 

2Sq We now pioceed to develop the equation m the form 
required The method is that of Bessel The meridian 
fiom which the longitude is reckoned will be called the first 

meridian 

Let t = the local time of an observed occupation— 
mean or sideieal , 

w = the west longitude of the place of observe 
tion 

Then t _i_ w == the time at the first meridian 

Let r = an arbitiary time it the first meridian suffi- 
ciently near (t -j- w) so that the change in 
.v and y during the interval (t + w — r) 
may be assumed to be proportional to the 

time 

x and y, aie the values of or and y at the time r 
Let Ax, Ay, Ah, be the coi rections i cquu ed to reduce the 
values of x,y, and k employed to the true values These 
corrections depend on the various outstanding eirois above 

C °The e true values of these quantities, coi responding to the 
instant of observation, will then be 


k + Ak, 


x,-\-x'(t J rw—T) J rAx, 


yAyV+ w ~ r )+Ay 
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x' and y r are as before the changes in x and y in one hour, — 
mean or sideieal according as one or the other is employed. 


Let Aee = the correction to the assumed value of e * , e be- 
ing the eccentricity of the meridian 

Then 5 and will require the coriections ^ Aee and ^--Aee. 

dee dee 

As these quantities, £> and 1 7, do not depend upon the 
longitude, they will be conectly given by equations (41 1), 
and lequire no other coirections 

Using the corrected values of x,y> 77, and k , equation 
(415) becomes 

{k + Ak)' =[*.-* 4*'(* + w~r) + Ax- 

+ \_y* - v +S(t 4 w - r) 4 Ay — (43 1 ) 


■w is supposed known with precision enough so that the \ al- 
lies of x' andy, which change with the time, will be known 
with sufficient accuracy 

Let m sin M = (x„ — S), 11 sin N = x\\ , . 

m cos M= {y 0 — ?j), n cos N = y' j ^ %2 ' 

Equation (43 1) may then be written 

\k-\-Ak ]*= \^m sin M-\-n sin N{t-\-w—r)-\-Ax— 

-|- cos M-\-n cos N(t-\-w—T)-\-Ay—^AeeJ , (433) 
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winch may be placed m the form 


[A-f-A/fe] 2 ss n(t-{"W— r)fw cos(A/— A v )-)-A-r sin A'—A_y cos A'— ^ sltt -yA 008 — Aw J 

+[m sm(jW-iV)-fAx cos A r — A_y sin N- — cos S ‘° (434) 


Let us wnte 

1 >• *T 1 a xt d(£ sin N4-r/ cos N) . 'l 

X — Ax sin N-\-Ay cos N -Aee , 

„ .. . nr d[S, cos N—r) sin N) (435) 

—X' = Ax cosN— Ay sin N -j- -Aee 

Then [k + 4k]* = \n(t + w — r)-\- m cos {M—N) + X]* 

+|>sin (M-N)-XJ (436) 

Let m sm ( M—N) = k sin if (437) 

Then neglecting terms of the second and higher orders in 
X' and 4k, (436) may be wntten as follows 

/ 4. w - r = -cos^ - ? cos (if- N) + ^sec^ 

x' x . 

+ « tan,fr- » (438) 

k m _ m sin {M — N j>) 

We have -cos»/; — - cos(M — N) - n sin ^ > 


a form which is a little more convenient when sin tf> is not 
very small 


4 S° 


PRAC1ICAL A SI RO NO MY 


% 26 r. 


Equation (438) then gi\ es 


m sin {M — 
n sin ip 


-0- r )+ ~~ sec </'-{- ~l-an (439) 


and the equation is solved for w 

As will be seen, this value of w is ambiguous, tf> being de- 
termined from (437) in terms of the sine, with nothing to fix 
the algebraic sign of cos // As before, however, equation 
(423), the sign of cos ip will be — in case of immersion and 
for emersion This will always be the case except when the 
occultation takes place very near the north 01 south limb of 
the moon, when there will sometimes be exceptions to the 
rule Such occultations, however, are worth very little for 
longitude purposes, and therefore will not require further 
consideration here 

260 x ' and y vary so slowly that the above equation will 
give a very close appioximation to the tiue lesult, even 
when {t + w — r) is some houis m duration It will, how- 
ever, be best to ariange the computation so that (t + w — r) 
is a small quantity, as the labor is less in dealing with small 
quantities than with laige ones, and there is less liability to 
error 

The unit of time m the small terms of (438) and (439) is one 
hour If then w and {t — r) are expressed m the usual way 
in hours, minutes, and seconds, it will be convenient to ex- 
press these small terms m seconds If then the time of the 
ephemens and of observation are both sidereal or both mean 
solar, these terms should be multiplied by 3600 If, however, 
the ephemens time is mean solar, and that of observation 
sidereal, we must multiply by 3609 856 

261 Let us now consider more fully the quantities A and V 

These depend upon the corrections to the moon’s co-ordi- 
nates, viz , Ax and Ay , and upon the conection to the eccen- 
tncity, Aee The§e will be considered separately. 
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The co-ordinates ;r and y are \ai\able quantities, and the 
corrections which they lequne on account of the inaccuracy 
ol the data, viz , Ax and Ay , will also be variables It will be 
moie convenient for piesent purposes to express these in 
terms of quantities which remain constant throughout the 
entire occultation 

We have x = x Q -j- n sin N[t + w — r), j (440) 

y = y 0 -|- n cos N(t + w — t), ) 

from winch we have 

ar sin N-{-y cos N=z x Q sin iV+y 0 cos N^-n{t+w— t), ) 

— x cos N-\-y sin N = — cos N-\-y 0 sin N ) 

The last of these is pi actically independent of the time, 
and thercfoi e may be legarded as constant throughout the 
entire occultation 

Let 7 c = — x 0 cos W + y 0 sin JV = —x cos N -\-y sin N. 

Then squaring and adding equations (44 1 )* 

x'+f — K 1 + [jf # siniV + jj/ 0 cosiV r +«(#+a' — *)]* (442) 

This e\piession is a minimum when the last term is zero 
Let the value of {t + w) coi responding to this minimum 
be T Then 

jt 0 sin N-\-y t cosN + n[T— r) = o, 

T = * - ~ (r. sin N+ y , cos N), \ (443) 

u = — # 0 cosiV-l-y 0 sin W ) 

Therefore » = tV +7 is the minimum distance of the 
axis of the cyhndei fiom the centre of the earth, and T is 
the time at the fiist meridian corresponding to this minimum. 
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We now have .rsin iV+JcosiV= n{t-\- w — T), } , . 

— x cosiV j-y sin N = n j ( ' 444 ^ 

Referring now to the values of A and A', equation (435), we 
have for the part of these quantities depending on x and y — 

For A, Ax sin iV-)- Ay cos N , 

For A', — Ax cos JV— (— Ay sin N 

Differentiating equations (444), we have for these quantities 

Ax sin N Ay cos N = — nAT-\-{t w — T)An , 

— Ax cos N -\- Ay sin N = Ak 

Therefore that part of the terms (A' tan ^ — A) due to Ax and 
Ay is 

nA T-\- Ax tan *p — (t -j- w — T)An (445) 

The corrections Ax and Ay are by this formula expressed 
in terms of AT, An, and An, which will be constant for the 
same occultation 

262 It remains to consider the effect of an error in the 
eccentricity, viz , Aee, which is considered here for the sake 
of completeness, though it might be neglected without se- 
riously impaiiing the practical value of the theor} T 
From (134) and (140) we have 


p COS cp f — 

COS <P 

p sm cp' = 

Vl — eesin* cp 

dp cos cp' 

j 

dp sm cp' 

dee 

2 P COS <p r , 

dee 

In which 


p sm cp' 

1 — ee 


sm <p (r — ee) 
ri — ee sin a <p 


( 446 ) 


= j/?/? P sm <p' — /3. 
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dee dp sin cp 


d i] __ drf 
dee ~~ dp sin cp' 


dp sin cp* , dS dp cos cp r 

dee ‘ dp cos cp 1 dee * 
dp sin <p r dp dp cos cp f 

dee ~dp cos <p' dee 


Referring now to the values of £ and 77, equations (41 1), 
we have 


di 


-- — sin (m — a). 


dS 


^7=0, 


dp cos cp' v/ " dp sin cp ' 

dp * / \ dl) * 

^pcos 9/ v " sin 9?' 


Therefore ^= l -/ 3 j 3 £ , 


= (44 7) 


Referring now to the values of A and A', (435). we have for 
the terms depending on Aee — 

York,— ^tsmW+T)Cos _ r _ ( sm Ar+ , cos jy) 4 0 cos S cos Jv"|a«, 

L 2 -J 

1 (448) 

York'. - - sin — -Aee = (— -00(— £ cos iV+i? sin W)4*|3 cos 6 sin N~ 1a« 

aee La J 

Let us write g = — {x a — £) = x„ — in sm M , 

V = y, — (jKo — V) =y a — m cos M 

Substituting these values in (448) and reducing by (443). we 
find— 

For A., | — i/3/3[it(r — 7’) — m cos {M — N)] + ft cos S cos N } Ate , ) ^ j 

For A.', [ — 1/SySf yc + »» sm (Af— jV)] + /Scos 5 sin N \Aee ' 

We have fiom (437) and (438), neglecting the small terms of 
the latter, 

— m cos {M — N) = (t + w — 
m sm ( M — N ) = 


t )n — k cos 1/ , 
k sill »/ , 
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{ — \PP\n\t + w — T) — kc os '/’]+ /? cos S cos N\Aee, ]_ , , Q s 
{ — x -f- k sm ?/ ]-f- ft cos 6 sin N)Ace I 

Therefore that part of (A/ tan ;/> — X) which depends upon 
Aee is 

+ w — T) — k tan Tp — k sec it] — ^ cos Aee (45 1) 

% 

Therefoie by (445) and (451) the last three terms of equation 
(438) or (439) W1 U be as follows 

sec — tan ^ — — = ^/7 7 + — 

» ' n n ' » 

+ — sec ij) Ak — (/ 4 - w — T*) 

» n 1 

+ + w - 7 *)-* tan sec tf] - ^ C ° S (452) 

Each term is expressed in seconds of time, and /21s the num- 
ber of seconds in one hour of the kind of time employed in 
the ephemeris of the moon If the times employed in the 
ephemeris and m observation are both sidereal or both mean 
solar, h = 3600 If the ephemeris time is mean solar and the 
time of observation sidereal, h = 3609 86 

263 We have now obtained an expression for the small 
terms of our equation, in which the quantities depending on 
the corrections to the moon's place are expressed in terms of 
quantities which aie constant during the time of the occulta- 
tion It will be advantageous, however, to express them 
directly 111 terms of the corrections to the quantities given xn 
the ephemeris, viz , to the moon's nght ascension, declination, 
and horizontal parallax 
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Let A{A — a) = the correction to the assumed difference 
of right ascension of the moon and star, 
A(Z) — $) = the correction to the assumed difference 
of declination , 

Ax = the correction to the assumed parallax 
We have, equation ( 409 ), 

cos D sin (A — oc) sin D cos 8 — cos D sin 8 cos {A — a) 

x = y — — (453) 


X Y 

Writing for brevity * = — , y = 

and differentiating, we have 

AX An AY An 

Ax ~ sin n ~~ x tzn~n’ y ~ sin n ~ -^tan n 

These equations in connecticwa with (444) g ive following: 

JA'smN +4 V cos jV = _ nA j _j_ An{t 4 . w _ T ), 

sin 7t ft 

— AX cos N~\~ A Y sin N _ Art _ ^ 
sin 7 r tan 7 T 


Jit An 

It will presently be shown that ^ Q — — » 


and therefore 


- nAT = 


Ax = 


AX_ sin N_ + A Y cos X 
sin n 

— AX cos N -|- A Y sin N 


Art 

x- 

tan 7t 


(454) 


sin 7T 
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264 The value of An will now be more fully considered 

We have, equations (432), n sin N = x\ 

n cos N = y 

From these, n* = x n + y n 

Differentiating, nAn = jtr'/br' + y 4 / ( 455 ) 

and y, it will be remembered, are the changes in x and y 
respectively in one hour Regarding them as the differen- 
tial coefficients of x and y with respect to the time, we have 

dx __ d / X \ _ dX 1 _ 

~dt ~~ 5\sm n) “ dt sin x “ ’ 

dy_d(Y\dY 1 = 

dt dt \ sin 7r / dt sin ^ 


— and -7- depend upon the houily change of the moon m 

right ascension and declination, which changes are given 
with accuracy by the ephemeus Any correction to the val- 
ues of x r and y' will therefoie depend upon n 
We may therefore write 


Ax? = A 


a 

sm n 


= - y- 


An 
tan n * 


jy = 


sin 7T 


f An 
y tan 7T 


Substituting in equation (455), it becomes 
* =-<*"+ 

Therefore — = — 7-——. the value assumed above. 

» tan nr 
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265 Returning now to equations (454), we see that 

An AX , AY 

- — r> , and 

tan n’ sm n’ sin n 

may be regarded as constant throughout the duration of the 
occultation, since they are expressed in terms of AT and 
Ah, which are constant, and An and N, which are practically so. 
AX AY 

The values of — and will then result from the differ- 

sin n sin n 

entiation of equations (453), viz 

X = cos D sm (A — a), 

Y = sin D cos 8 — cos D sin 8 cos {A — oi), 

AX = cos D cos (A — a) A [A — a)— sin D sin (A — a) AD; 
AY = [cos D cos 8 -|- sm D sm 8 cos [A — a)]AD 
-|- cos D sm 8 sm (A — a) A (A — a) 

— [sm D sm 8 -f- cos D cos 8 cos (A — a')] A 8 

At the time of conjunction of the sun and moon A be- 
comes equal to a Therefore 

AX cos D .. , A \ cos(.P— 8) A\r A *fi\ 


-A(D — 8) (456) 


Therefore taking D and n for the instant of conjunction of 
the moon and star in right ascension, and regarding A(A —a) 
and A{D — 8) as the corrections to the assumed differences 
of right ascension and declination at this instant, also writing 
unity for cos ( D — <?), n for sm n and tan n, we have, from 

(454). 


—AT = 


cos DA (A— a) 


sm iV— )- 


A(D-8) 


cosiV, 


^ = _ cos cos jV+^g^sin (457) 
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Substituting these values in (452), and writing for brevity 


h_ 

nn' 


( 458 ) 


we have 

—sec ip+ ^tan = - v[sm Ncos JD A(A - o)+ cos NA{D - 5 )] 

- 1 - v\_ — cos N cos DA{A — cc) -f- sin NA(D — £)] 

+ v szcipnAL + v[n(t + w — T) — x tan ij)\A 7 t 

-|- v \^fifi[n(t+w-—T)— Kta.nip—k sec ]— ^ C ° S it Aee (459) 

This equation gives the expression for the last three terras 
of (438) 01 (439), in which An and Aee are completely sepa- 
rated from the other collections 
266 Let us now write 


n 


L n 


wi 

cos ? P — — cos (M — N) — (t — r), 


y = sin A'' cos BA (A — a) -|- cos NA[B — tf), 

S' = — cos N c os BA (A — <ar) -|— sin NA(B — $), 
E = n{t + w — T) — x tan if, 


H46o) 


y-» l a ar 1 , L n ft COS 8 COS (A^- 4 -Tp) 

F = -/ 3 p[n(t-\-w— T) — £ tan ib—k sec if] ' it 

2 L J cos^> 


Then equation (438) becomes 

w = £1 — vy -f- y tan ip$ -f- v sec TpTtAk + vEAn -|- vFAee (461) 

This equation is now m a form which is well adapted to 
the purpose in view 

w, y y S, 7 tAk , An, and Aee may in ceitain cases be treated 
as unknown quantities, but they can never all be determined 
at the same time from the same series of equations 

vy is a constant, and its value is independent of the longi- 
tude of the place of observation In order to make its de- 
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termination possible, therefore, the occupation should be ob- 
served at one place at least whose longitude is known In 
case such an observation is not available, y may be deter- 
mined from meridian observations of the moon, if such are 
available, made on the same night or sufficiently near the 
same time that AA and AD may be well determined from 
them Of course if the ephemcns of the moon were peifect 
this would be unnecessary, as then AA and AD would b 

267 In case simply the immersion or emersion of a star has 
been observed at two places, the longitude of one of which 
1S well determined, the power of the data will be exhausted 
with the determination of w and y If both the immersions 
and emersions have been observed, we may also determine 
itAk and S' as unknown quantities, but in no case can Ait be 
determined from occupations unless w has been previously 
well determined Still less can a satisfactory determination 
of Aee be obtained in this manner The two last terms may, 
however, be retained in the solution of the equations in 
order to show the effect on the resulting longitude of an 
erior in it 01 in ec At the same time it will make it possi- 
ble to apply the necessaiy correction to the longitude, if fiom 
any souice values of these quantities become known more 
accurate than those assumed in the computation 

F01 the determination of Ak from single occupations both 
immersion and emersion must be observed, but contacts at 
the bright limb can be obsei ved much less satisfactorily than 

at the daik limb lt t , 

The best results are obtained from the occupations o 
groups of stais like the Pleiades, in which the relative posi- 
tions of the stars ai e well detei mined The passage of the 
moon through such a group fui mshes a number of equations 
of condition of the form (461), equal to that of the observed 
disappearances or reappearances of the stais occulted s 
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before remarked, observations at the daik limb can be made 
with much greater accuracy than at the bright limb (except 
perhaps in case of a few of the brighter stais) If it is 
thought desirable, therefore, only observations made at the 
dark limb need tfe used in the equations, especially so if stars 
are observed both north and south of the moon’s equator 
On account of the advantages offered by the Pleiades for 
this purpose, Prof Peirce developed the equations m a form 
especially adapted to this group, for use in the longitude 
work of the U S Coast Survey The reader who is suffi- 
ciently interested in the subject may refer to the reports of 
theU S. Coast Survey, 1855-56-57-61, in the latter of which 
is given a numerical example of the application of the method. 


Correction for Refraction and for Elevation above Mean Sea 

Level 

268 The fundamental equation which has been used as the 
basis of our analysis expresses the condition that the point 
from which the immersion or emersion is observed is situ- 
ated in the surface of a right cylinder enveloping the moon 
and star. At the same time it has been supposed to be in 
the spheroidal surface of the earth 

The refraction which the ray suffers in passing through 
the atmosphere causes the elements of this cylinder to be 
curved lines instead of right lines , or, more correctly, the 
surface is not that of a cylinder Fuither, it follows from 
the irregularities of the earth’s surface that the point from 
which the observation is made will not in general be m the 
surface of the mean ellipsoid Neither of our surfaces there- 
fore conforms exactly to the mathematical form assumed 
The effect upon the observed time of an occupation will 
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always be small, but in extreme cases must be tauen into ac- 
count in an accurate investigation 

If we consider a ray of light as it comes to the eye at the 
instant when the star is apparently in contact with the moon’s 
limb, this ray will form a curved line, the asymptote of which 
will cut the vertical line of the observei at a point where the 
contact would be seen at the same instant as that observed 
it no refraction existed The effect of refraction will then 
be taken into account if we substitute this point for the point 
occupied by the observer. 


Let hi = the altitude of this fictitious point above the 
obsei ver’s position , 

h = the altitude of the observer’s position above 
the mean sea level 

Then h + h! — the altitude of the fictitious point above the 
mean sea level. 


Let us then suppose the observation to be made from a 
point at this elevation above the surface of the mean ellipsoid. 

The necessary transformation will be accomplished by 
changing p cos <p' and p sin cp' into p cos op' -(- (h -f- h') cos cp 
and p sm cp' + (Ji -)- h') sin <p , or, by foi mulae 446, 


and 


p cos cp' [1 (h hi') V 1 — ~ee sin J 9?] 

, T , ,, , V' 1 — ee sm J ~<p\ 
p sin cp' [_l + (A + A ) J-JTTe J* 


h and hi will always be very small fractions when ex- 
pressed in parts of the earth’s radius , therefore no apprecia- 
ble error will result from neglecting the products of these 
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quantities by ee Also (1 +k-\-h r ) will be practically equal 
to (j _|_ /*) (1 _[_ h'), the small term hh' being of no account 
The necessary correction for elevation above the mean 
sea level will therefore be obtained by adding to log p 
1 02 - (j _i_ h ), and the correction for refraction by adding 
log (1 + ti) 

Expanding log (1 + h), we have 

log (1 + A) = M(k — ^ + etc ) 


M = 43429448 is the modulus of the common system of 
logarithms 

h is here expressed m terms of the earth’s radius If it is 

h 

given m feet we shall have, instead of the above, 30923597 
Therefore, neglecting squares and higher powers of h, 

log (1 4- h ) = k { 000 000 02076) (462) 

If, for instance, the elevation is 1000 feet, the correction 
to be applied to log £ and log v will be 000 0208 
The factor (1 4 * &') w ill now be considered 
In the general theory of refraction the atmosphere is re- 
garded as composed of concentric strata the thickness of 
which is uniform and may be regarded as infinitesimal. If 
the distance of any point in a ray of light from the earth’s 
centre be r, 1 the angle between the tangent and normal at 
the point to which r is drawn, then it is shown by the theory 
of refraction that pr sin 1 is a constant, p being the index of 
refraction for the infinitesimal stratum at the point under 
consideration 
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For the point where the ray enters the eje let r 0 , jx 0 , and 
y be the special values of r, n, and t Then z' will be the 
apparent zenith distance of the star, and from the foregoing 

/V„ s.n z’ — )xr sin 1 ( 4 6 3 ) 

If the first point is taken so far away as to be beyond the 
limit of the earth’s atmosphere, then the refraction at this 
point is zero and /u becomes unity 
The above equation then becomes 

// 0 r 0 sin z — r sin 1 (464) 

In the figure, 

OP = r„ PQ = hf. 

Or = r, OrQ = t 

ZQr = z is the true zenith dis- 
tance of the star observed 
Then from the triangle rQO 



(r, + &') sin z = r sin 1 , 

and fiom equation (464) 

(r 0 + h') sin ^ = fJ„r 0 sin z', 

N sin z' 

from which 1 + — = /'<, S1 ~ ~ 


r 0 will not differ appreciably for this purpose from the 
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equatorial radius of the earth, so that if we regard h! as ex- 
pressed in terms of this quantity we have 

log (1 + h!) = log + log Mo (46s) 

The mean value of jj 0 is i 000 2800 

A table is readily arranged foi log (i + with the argu- 
ment z y the zenith distance of the star By lef erring to the 
value of (3 — equations (41 1) — we see that <? is very neai ly equal 
to cos z For this puipose we may considei it the same 
The following is Bessel’s table for log (1 + k') In addi- 
tion to the aigument z we have given cos z 9 for which we 
may use log <? without appreciable error 


TABLE B 


z 

log- cos z 

log (i-fA) 

z 

log cos z 

log (i-f-A') 

o° 

0000 

0 0000000 

82° o' 

9 1436 

O 0000069 

10 

9 9934 

O OOOOOOO 

83 0 

9 0859 

O 0000086 

20 

9 9730 

O OOOOOOO 

84 0 

9 OI92 

O OOOOIII 

30 

9 9375 

0 0000001 

85 0 

8 9403 

0 0000147 

40 

9 8843 

0 0000001 

85 30 

8 8946 

0 0000169 

50 

9 8081 

0 0000002 

86 0 

8 8436 

0 0000198 

60 

9 6990 

0 0000005 

86 30 

8 7857 

0 0000234 

62 

9 6716 

0 0000006 

87 0 

8 7188 

0 0000280 

64 

9 6418 

0 0000007 

87 30 

8 6397 

0 0000337 

66 

9 6093 

0 0000008 

88 0 

8 5428 

0 0000412 

68 

9 5736 

0 0000009 

88 30 

8 4179 

0 00005 I I 

70 

9 5341 

0 0000012 

88 50 

8 3088 

0 0000594 

72 

9 4900 

0 0000015 

89 00 

8 2419 

0 0000643 

74 

9 4403 

0 0000019 

89 10 

8 1627 

0 0000695 

76 

9 3837 

0 0000025 

89 20 

8 0658 

0 0000753 

78 

9 3179 

0 0000033 

89 30 

7 9408 

0 0000817 

80 

9 2397 

0 0000046 

89 40 

7 7648 

0 0000888 

81 

9 *943 

0 0000056 

89 50 

7 4637 

0 0000967 

82 

9 1436 

0 0000069 

90 00 


0 0001054 
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Example The following occultations of stars of the Pleiades group were 
observed at Washington and Greenwich on September 26, 1839 


Star 

g Celaeno 
e Taygeta 
c Maja 


At Greenwich 

Sidereal Time 
5" 23"' 53' 85 
5 56 5 ° 6 3 
5 58 17 43 


At Washington 
Sidereal Time 
22 h 5i m 19“ 99 
23 1 o 68 

23 17 46 52 


These are all emersions observed at the dark limb of the moon 
The observations at Washington were made at GiUiss’s obsei vatory on Cap tol 
Hill the position of which is assumed to be Latitude <p = 38° 53 32 8 
’ P West longitude 5 h 8 m i B 75 

The latitude of Greenwich cp = 51° 28 38' 4 


We now take from Bessel’s catalogue of the Pleiades the right ascensions 
and declinations of the stars for 1839 o and reduce them to apparent place for 
1839, September 26, Greenwich 3 h and 6“ sidereal time, viz 


g Celaeno 53 ° 49 ' 34 " 68 

e Taygeta 53 55 27 47 

c Maja 54 4 47 27 


CL 6* 

53 ° 49 ' 34 " 72 

53 55 27 51 

54 4 47 31 


a 3h s e h 

23 0 46' 56" 47 23 0 46' 56" 48 

23 57 40 96 23 57 40 97 

23 51 50 01 23 51 50 02 


The right ascension, declination, and horizontal parallax of the moon for four 
consecutive hours-viz , 3 \ 4 \ 5 h , and 6- Greenwich sidereal time-are as 
follows 


3 “ 

4 k 

5 h 

6 1 


* Moon’s 4 

52° 40' 29" 52 
53 18 58 26 

53 57 31 09 

54 36 8 03 


24° 8' 55 " 07 
24 18 44 85 
24 28 24 41 
24 37 53 73 


60' 10" 19 
60 8 88 

60 7 57 
60 6 25 


We now compute * and y for these dates for each of the stars from formulae 
(410), viz , 


cos D sin (A — a) 


sin 7 1 


sin (D— 8 ) cos 3 $( A —a) + sin (JD + £) 5Ttl8 ~~ a l 
y ~ " ” sin Tt 


* These values are given by Peirce, Coast Survey Report x86x, pp 204, 205 They were com- 
puted chrectly from Hansen’s tables When the Nautical Almanac is used the intervals will be 
mean solar hours 


* 



466 PR 4 C TICAL A STRONOM Y 

The computation is given m full for g Celseno 


log 7t 3 5575301 
S 4 6855527 
sin 7t 8 2430&28 

cosec 7t 1 7569172 


- a ) | 


cos D 
cosec Tt 
log 


A 52 40 29 52 
n 53 49 34 68 
a — 1 9 5 t6 

( 4 6855457 

i 3 61754131* 

D 9 9602268 
Tt I 7569172 

X 0202 3 IO n 


3 5573724 

4 6855527 
8 2429251 


3 5572148 

4 6855527 
8 2427675 


3 5570558 

4 6855527 
8 2426085 


i 7570749 1 7572325 1 7573915 

53° 18' 58 ' 26 53 0 57' 31" 09 54° 36' 8" 03 

53 49 34 69 53 49 34 70 53 49 34 72 

-o 30 36 43 + 0 7 56 39 + ° 46 33 31 

4 6855692 4 6855745 4 6855616 

3 2639744* 2 6779626 3 4461191 

9 9596679 9 959^46 9 9585670 

1 7570749 1 7572325 1 75739*5 

9 6662864* 9 0798842 9 8476392 


—I 047686 — o 463753 -fo 120194 +° 704108 


£> 24 0 8' 55" 07 

<5 23 46 56 47 

D — 6 o 21 58 60 

+ 47 55 5i 54 

- «) - 34 32 58 


sin $(A — a) j 

sin 8 \{A •— or) 
sin {D -J- 5) 
Sum 1 

cos 8 i(A — or) 
sin (2? - 5) j 
Sum 2 

S2 — Si 
Zech* 
cosec 7 r 
logjy 


4 6855676 

3 3165113 

6 0041578 
9 8706018 

5 8747596 

9 9999562 

4 6855719 

3 1201131 

7 8056412 

1 9308816 
0050625 
1 7569x72 
9 5676209 


24 0 18' 44" 85 

24 0 28' 24" 41 

24° 37' 53" 73 

23 46 56 47 

23 46 56 48 

23 46 56 48 

0 31 48 38 

0 41 27 93 

0 50 57 25 

48 5 4i 32 

48 15 20 89 

48 24 50 21 

— 15 18 22 

+ 3 58 20 

-|- 23 16 66 

4 6855735 

4 6855748 

4 6855716 

2 9629467 

2 3769418 

3 1450906 

5 2970404 

4 1250332 

5 6613244 

9 8717195 

9 S728115 

9 8738782 

5 1687599 

3 9978447 

5 5352026 

9 99999*4 

9 9999994 

9 9999798 

4 6855687 

4 6855644 

4 6855590 

3 2806649 

3 3958381 

3 4853310 

7 9662250 

8 0814019 

8 1708698 

2 7974651 

4 0835572 

2 6356672 


0006918 
I 7570749 
9 7239917 


0000358 
1 7572325 
9 8386702 


001003& 
1 75739*5 
9 9292651 


This is the quantity taken from Zech’s addition and subtraction logarithmic table 
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We thus have values of x and v computed for four consecutive hours, from 
■which we can now compute the values of x' and / to the third order of dif- 
ferences inclusive by means of formula; (101), (101)1, and (ioi) a , viz 


X 


y 

y' 

3 h — I 047686 

583910 

369506 

160189 

4 h — 4^3753 

583948 

529653 

160105 

5 h + 120194 

583938 

689716 

160023 

511 704108 

583882 

849699 

159941 

her stars observed we find — 




Tayg-eta 



X 

xt 

y 

f 

3 h — 1 136840 

4 - 583978 

4- 191768 

15969° 

4 h - 552839 

584017 

351424 

159623 

5*4- 031 1S2 

58 toi8 

511015 

159560 

6 h + 615185 

583981 

670546 

i 595°3 


Maja, 



3 h — I 278300 

+ 584071 

290289 

I 59*°5 

4 h - 694197 

584128 

449353 

1 59024 

5 h — 1x0057 

584145 

608340 

158951 

6 U 4- 474080 

584122 

767257 

15S884 

Computation of £, 77, £ 



(C is only required for determining the correction due to refraction ) 
Formulae (412) are as follows 

p <,m ep' = b sin R $ = P cos cp' sin (u - «) , 

pcos d cos {ji-a) = bcmB V = & sm ~ 

^ ^ t = bcos(B - «) 

With the known values of <p for Greenwich and Washington, we obtain p 
and <p' by the use of formula (V), Art 77 
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Greenwich 

Washington 

9' 

sin cp ' 
logp 
cos cp' 
p sin cp' 
p cos cp' 

51 0 17' 24" 8 

9 8922748 

9 999«35 

9 7961411 

9 8913883 

9 7952546 

38° 42' 18 ' 3 

9 7960967 

9 9994302 

9 8923033 

9 7955269 

9 8917335 

M 

M 

a 

p -a 

5 1 ' 23“ 53 s 85 
80" 58 27" 8 

53 49 34 7 

27 8 53 J 

22 h 5I m 19* 99 

342° 49' 59" 9 

53 49 34 7 
289 0 25 2 

cos (u — a) 

9 9493072 

9 5127960 

sin (>u — a) 
log| 

9 6592427 

9 4544973 
+ 284772 

9 9756518* 

9 8673853* 

— 736861 

b cos B 
sin B 
b sm^ 
tani? 
B 
S 

B- b 

9 7445618 

9 9107179 

9 891,883 
146S265 

54 0 30' 21 21 
23 46 56 X] 
30 43 24 74 

9 4045295 

9 9668001 

9 7955269 
3909974 

67 52 5 t ' 33 

23 46 56 47 

44 5 54 86 

sin (2? — <S) 
log^ 
cos (JB — < 5 ) 
log 77 
V 

9 7083326 

9 9806704 

9 9343179 

9 6890030 
488656 

9 8425436 

9 8287268 

9 8562113 

9 6712704 
469105 

log C 

z 

9 9149583 

34 ° 41 ' 

9 6849381 

6i° 3' 


z has been computed for the purpose of taking into account the correction for 
refraction With this value we find from table B, Art 268, log (1 -f“ #) = 
00 o 000 1 and 000 000 5 respectively, which values are to be added to log £ 
and log 7 } As they are so small as to be practically inappreciable, they have 
been neglected 

Also, we nave for the above times of observation — 


Taygbta 

Greenwich Washington 

6 4- 360523 — 725974 

V+ 504728 -f 455553 


Maja 

Greenwich Wishington 

+ 362353 — 704226 

+ 506584 + 436040 
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With the assumed value of the longitude of the observatory at Washington, 
viz 5 h i* 75, we reduce the Washington times to Greenwich time, and as- 
suming the values of r sufficiently near these times that x and y may be assumed 
to \ary uniformly during the interval, we compute M , m, AT, w, and ip by the 
formulm 


m sin M = x 0 — n sm N — x ( } 

m cos M = Vo — 7, n cos N = y 1 , 


sin — sin (J/ — .Af) 
k 


The computation for Celaeno is then as follows 



Greenwich 

Washington 

Wash time 
Gh time 

5 h 23 m 53 s 85 

22 h 5I m 19 8 99 

3 59 21 74 

Assumed r 

5 1 ' 4 

4 h 0 

*0 

353765 

— 463753 

\ 

284772 

— 736&61 

*0 ■— 3 

068993 

+ 273108 

y 0 

753720 

529653 

V 

488656 

469105 

y o — v 

265064 

060548 

log m sin M 

8 8388050 

9 4363344 

sin M 

9 4012192 

9 9895810 

log m cos M 

9 4233508 

8 7820998 

tan M 

9 4154542 

6542346 

77° 29' 59" 0 

M 

14 0 35' 22" 8 

log tn 

9 4375858 

9 446*534 

y 

583916 

583948 

y 

159990 

160105 

log n sin N 

9 7663504 

9 7663742 

sin N 

9 9842810 

9 9842609 

log n cos N 

9 2040928 

9 2044049 

tan N 

5622576 

5619693 

N 

74 0 40' 38" 3 

74 0 40' 3" 4 

log n 

: 9 7820694 

9 7821133 

M- N 

' 299° 54 ' 44 " 5 

2° 49 ' 55 " 6 

sin (M — N\ 

> 9 9379 * 35 * 

8 6938x08 

log m 

f 9 4375858 

9 4467534 

ac log / 

5650000 

5650000 

sin ^ 

> 9 9404993 * 

8 7055642 
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Since the emersions were the phases observed, cos ip is plus, therefore 
Greenwich 

i> — 299° 18' 43" 7 
We now compute £1 from the formula 


Washington 

2° 54' 35" 5 


where 


£1 = h\^j- cos i — ~ cos (M — — (/ — r), 

h = 3600, log A = 3 5563025 


COS 

*log /£ 

log - 

n 

S x 

Nat No 
hk 

COS Tp 

n 


cos {M — A T ) 
log m 

log - 
n 

S* 

Nat No 


hm 


:os [M—N) 

t— T 

a 


Greenwich 

Washington 

9 689S123 

9 9994397 

9 4350000 

9 4350000 

2179306 

2178867 

2 8990454 

3 20S62S9 

792 s 58 

1616 8 70 

T3 m 12 8 58 

26 m 56 s 70 

9 6978174 

9 9994692 

9 4375858 

9 4467534 

2179306 

2178867 

2 9096363 

3 2204118 

S 12 B 15 

1661 8 16 

I3 m 32 8 15 

27m 4I b 

“ 6 15 

—5" 8"> 40* 01 

- 13 8 42 

45 1 ' 7 m 55 * 55 




In a similar manner we find for the other stars — 

For Tajgeta, £1 - 9 s 30 +5 h 7 m 55 B 67, 

For Maja, £1 — 79 — {-5I 1 7m 53* 0 8 

We next compute T % K t and v by formulae (443) and (458), viz 

T = r — X -{x Q sin JV-\-y Q cos N), 

H = — *o cos N + y Q sin N y 
h 


* It is not necessary for this purpose to know the value of k with extreme accuracy, since 
the correction Ak to the assumed value appears as one of the terms of our equation* 
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For Celaeno we have 

r 5 4 

sin N 9 98428 

log x 0 cos N 8 97073 

log— 6 44270 
7 r 

log jto 9 54871 

Zech 83098 

log i 21793 

fl 

cos W 9 42202 

log yo sin N 9 86149 

log h 3 55630 

log yo 9 87721 


log u g 80171 

log v 21693 

log Xq sin N 9 53299 

X 6334 

v 1 6479 


Zech 43345 
logjj'o cos A^g 29923 

log(jfo sin N+y<> cos N) 9 73268 

1 1 

log- 21793 
n 

9 95061 
Nat No 8925 
T 4 5075 

We now compute the coefficients for the final equations of the form (461), viz 
V tan ip, vE = v\n{t -j- w — T) — x tan ip], and v sec ip 



Greenwich 

Washington 

t w 

5 3983 

3 989+ 

t -\- w — T 

8908 

— 5181 

log (/ -j- w — T) 

9 94978 

9 71441* 

log n 

9 78207 

9 78211 

Sum 

9 73185 

9 49652* 

log K 

9 80171 

9 80171 

tan ip 

25069* 

8 70612 

Sum 

05240* 

8 50783 

Zech 

16969 

04241 

log E 

22209 

9 53893 « 

log V 

21693 

21693 

log v E 

439 02 

9 75586 * 

vE 

2 7480 

— 5700 

sec ip 

3TOI9 

00056 

log v sec ip 

52712 

21749 

log v tan ip 

46762* 

8 92305 

v sec ip 

3 3661 

1 6500 

y tan ip 

-2 9351 

0838 
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Computing the coefficients for the other two stars m the same way, we ob- 
tain the following six equations 


Celaeno 


Taygeta G w = 
W w' = 
Maja G w — 
W 


G w = — o h o m 13® 42 — 1 6487 — 2 935& -f- 3 <3 66 ttA^ -j- 2 748A7T, 

W w / = 5 7 55 55 — r 6487 08419- -j- 1 6507 tAX. — 57 oA 7 r 

00 9 30 — 1 6487 — 59819- + 1 753wA<( 4 1 5 ° 7 A,r 1 

5 0 67 — 1 6487 -f- 1 04819- 1 95 J7 tA-4 — 1 o84Ait 

9 79 — I 6487 — 2 328l9- -j- 2 8527rA£ f- 2 492A7T-J 

53 08 — 1 6487 — o62i9- + x 6 so7tA£ — 442A7T 


5 7 


= 5 7 


[ij 

[ 4 1 

M 

[Si 

111 

M 


(A) 


If we assume y 3 , and 7 M£ to be the same in all of these equations — 
an assumption which involves no appreciable error — we shall have six equ 1- 
tions between those quantities and tJ zu, the longitude of Gieenvvich, will 
be zero 

It is evident, however, that for various reasons a direct solution of these 
equations will not be expedient In the first place, the large terms involved 
would render the operation very laborious, and further it will not be possible 
to separate Ait from the remaining quantities without assuming both w and zJ 
to be known 

We therefore proceed as follows Assuming the equations to be of equal 
weight, we subtract the first from the third, the first from the fifth, and the 
third from the fifth, then we subtract the second from the fourth, the second 
from the sixth, and the fourth from the sixth We then have the following six 
equations 


o = 4 12 -j- 2 337 S — 1 6137 tAb — 1 241^ M-[l] ] 

0= 363+ 6073— 5147 rJ/ — 256 ^tt [ 3] “ [ 1 1 

o = — 49—1 7303 4 * 1 0997 xAk + 985 Ait , [3]— [2] 

o = + 12+ 9643+ 3037 tAk — suAit , [5]- [4] 

0 = — 2 47 — 1463 — OQ 07 tAk -f- 128 Alt, [ 6 ] — [4] 

o = — 2 59 — 1 uo 3 — yz^itAk + 642 A it [6] — [5] 


(B) 


By means of these six equations of condition we now determine the most 
probable values of 3 and 7 tAk The value of Ait, however cannot be well de- 
termined, as we have before remarked If it were not known a puot 1 that such 
was the case, it would be shown from the normal equations, which would be 
practically indeterminate for this quantity We shall therefore determine 3 
and itAk m terms of Ait in order to show what effect an error in 7 1 vull have 
upon the longitude 

By the method of Art 21 we derive from the above equations the following 
two normal equations 


II 00563 — 5 35457 tAk =r — 16 0306 + 5 9864,^ 7E\ ) 
— 5 35452 4 4 25747 tAk = 8 2287 - 2 8656^727 ) 


(C) 
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From which it A A = " 258S +. 0289 An ) 

3 = — 1" 3301 4. 5577^/7zr f ( D) 

We now substitute these values in the first, third, and fifth of equations (A), 
writing /cro for w, the longitude of Greenwich, when we find the following 
values for 1 648 y * 

r 648^ = — 8 645 + 1 209^/71“, \ 

1 648^ = — 8 055 -j- 1 226 Ait, t 

r 648/ = — 5 955 4 " 1 276 Jit ) 

Mean t 648/ = - 7 552 + 1 237 Ait % y = _ 4 " 582 -f 751^ 

We now substitute these values of itJk, 3 , and y in the second, fourth, and 
sixth of (A), when we find the following values for the difference of longitude 
between Greenwich and the observatory on Capitol Hill, Washington 

Cclxno nl = 5»> 8 m 3“ 42 — 1 712 Ait, 

Taygeu «/ = 5 8 2 33-1 68 1 Ait, 

Maja w’ s= 5 8 1 14 - 1 665^ 

Mean 71/ = 58 2 30 - 1 686 Ait 

The Capitol IIill obseivatory is 10 s 25 east of the Naval Observatory The 
longitude of the latter, determined tclegraphicallv, is 5 h 8 m 12" 09 west of Green- 
wich I herefoie the true value of 70' is 5 h 8’" 1* 84, conesponding very closely 
with the above value if we neglect Ait altogether 
With these values of y and 3 we may now determine the correction to the 
assumed right ascension and declin ition of the moon 

We have sin jVcos DA(A - «) + cos NA{D - S) = y } ) 

— cos N cos D A( 1 — a) sin NA(D — 6 ) = 3 ) 

Substituting for the coefficients of A( / — a) and A(D - $) the mean of the 
values for the three stars, we have the equations 

Syc)A(A - iy) + 264 J(D — 6) = —4582, 

— % 4 oA(A — a) + 965 A(D — 6 ) = — 1330 

From which we find A (A - a) = — 4" 46, 

Assuming the errors of the star places to be inappreciable, these will represent 
the errors m the computed ugbr ascension and declination of the moon at a 
time corresponding to the mean of the times of observation These corrections 
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Where O — XI — vy, and p,p',p" are the lespective weights 
Flora these we derive the normal equations 


[p]zv - L pa] b — [pO] =o,l 
\_pa\w + L pad\B — [ paO] — o ) 


(467) 


The solution of these equations in the usual manner gives 


r . 1 " 

[paai] = [ paa\ - ~ [pa], 

[paOi] = ipaO] - [ -Qj[pO], 

[ petal ] 3 = [ paOi ] 


(468) 


Which gives $ with the weight \_paai] 

But, as we have seen, this form of solution is inconvenient 
on account ol the large quantities involved 

Let us wnte out in full the values of [paai] and [paOi] 


l/artl) /a* + p'a'° + P"^'" 1 — — (P a ~\-p' a ' 

//’(« — a'f + fp — «"t + // V — a")* 

’ ‘ P+P'+P" ' 

[paOl\ - pa0-\-p'a'0‘+p"a"0"—^-^ r ^~~—{p0- i r p'0'A r p"0") 

_ pp'(a-a') (0- O') +PP[ , (n-(i']){0- 
P +"/ +/' 



Comparing these expressions with our equations of condi- 
tion (466), we see that the final equation for 3 may be 
obtained as follows Before multiplying the equations 
through bj Vp, Vp\ and \^p", subtract the second from 
the first, the third from the first, and the third from the 


•I"' ’ /'A‘li/it‘1/ I ’> ' ,V< i \ i ' !/ ( , 

then give to tilt* tin «•«* tesultmg upiutious tin I<>1 
lowing weights tespei ttveh . 
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P \ P \ P ' P i P i P ' P \ P ' p ' ' 

Wt* ni.iv upph tin* same teasomng; to tin t <ju.it ion in vklm It 
all of till* unknown quantities atr retained, and uiiv estend 
it to an\ munhet ot et|uat»ons of (ui.dition Hue it th<* 
unnilK'i of t'cjuat tons of touditiou wnc font, \\« In ,1 j,\ , 
bitting them tu ,» like mantlet, two .uni two, mv i ijiiuttniis 
uttli weights 

PP' . PP , r P 

P \ P \ P 1 / */ I / \ P \ p ' " ' P \ p \ p i r 
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Multiplying the equations by the square roots of the respective weights and 
proceeding in the usual way, we obtain the following normal equations 

2 7630s — 1 2391 rtAk = — 3 7605 1 5129^7 1, 

- 1 23913 + 1 0174^^ = 1 6907 — 6678 Art 

From these we find rtAk = 4* 00931 4 “ 0232// 7r, 

& = - 1 3570 + 5579^7r 

Substituting these values in [1], [2], and [3] of equations (A), and taking the 
mean by weights, we find 


1 648^ = — 8 161 4- 1 221 Art 


Finally, substituting these values of 3 , rtAk, and y in [4], [5], and [6], we 
find the following values for wf 


[4] 

7 U* 

= 5 h 

8 m 

3 s 

61 — 1 706/to, 

wt 

= I 00 

[Si 

w' 

= 5 

8 

2 

43 - 1 6754*, 

wt 

= 84 

[6] 

7 v' 

= 5 

8 

1 

34 — 1 66 oArt, 

wt 

= IOO 


From these we have 


w — 5 11 8 m 2 s 46 — 1 b%iArt 


CHAPTER VIII 

THE ZENITH TELESCOPE 

270 This instrument is used in determining latitude, and 
is particularly useful when a high degree of accuracy is re- 
quired, the precision being not inferior to that of the most 
refined instruments of a fixed obsei vatory, while on account 
of its great simplicity it is especially adapted to use m the 
field 

We have already developed several methods for determin- 
ing latitude those of Chapter V are very useful, but will 
not be employed m the field except 111 cases where an error 
of five or six seconds in the result is not considered objec- 
tionable The prime vertical transit gives results of high 
precision, but not without the expenditure of much laboi 
The method by the zenith telescope is superior to the first 
of these in accuracy, and to the second in facility of applica- 
tion On account of these advantages it has superseded all 
other methods on the Coast and other government survey s 
in cases where extreme accuracy is required 

The most common form of instrument is shown in Fig 54 
In general appearance, as will be seen, it is a telescope with 
an altitude and azimuth mounting The essential character- 
istics are a very delicate level attached to the tube, like the 
level of the finding-circles m the transit insti ument, and the 
eye-piece micrometer The vertical axis is made very long 
to insure steadiness of motion in azimuth The insti ument 
is used m the meridian like the transit 
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In the Coast Survey instrument the aperture of the tele- 
scope is 3^ inches, focal length 45 inches, length of horizon- 
tal axis 7 inches, vertical axis 24 inches, diameter of horizon- 
tal cncle 12 inches, vertical circle 6 inches (sometimes this 
is only a semicircle, the radius being 6 inches) The msti u- 
ment rests on three foot-screws The lamp at the end of the 
horizontal axis opposite the telescope illuminates the field, 
the weight seen at the same end of the axis acts as a counter- 
poise to the telescope This weight is connected with the 
telescope by a bent metallic bar, shown in the figuie, in such 
a way as to prevent to some extent the flexure of the axis 

The honzontal cncle it, read by means of two verniers 
The level attached to the vertical circle is generally gradu- 
ated so that the motion of the bubble ovei one nnllimetie 
corresponds to an angle of one second of arc The accui acy 
of the instrument depends in a great degiee on the delicacy 
of this level In testing an instrument it may generally be 
assumed that if the level is a good one the pei foi mance of 
the instrument as a whole will be satisfactory The striding- 
level shown on the horizontal axis is used for adjusting the 
instrument, and is not necessarily of so gi eat accuracy 

The micrometei* is provided with one or more movable 
threads, the value of one revolution of the screw being from 
45 ' to 60" The head of the screw is divided into 100 parts, 
of which tenths may be estimated, thus by estimation of 
one revolution may be read, or about o" 05 The entire 
revolutions are read by means of a comb at one side of the 
field of view, the distance between two consecutive notches 
corresponding to one revolution There are three, and 
sometimes five, vertical threads which may be used for 
observing transits A rack and pinion is piovided for slid- 
ing the eye-piece in the direction of the vertical so that the 
star may always be observed in the midd le of the field 

* For description of the micrometer *ee Art 97 y 
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The instrument is mounted like the transit on a pier of 
masonry, oi simply a solid wooden post planted three feet in 
the gi ound 

1 he dimensions given above are those of a Luge-sized in- 
strument, much smaller ones aie often used 

The transit instalment may be used as a zenith telescope 
if it is provided with the fine level and miciometer A 
special appliance foi leveismg is convenient, but not essential 
As we have seen m the descriptions of the different foims of 
portable transit instruments, the two are often combined 
This arrangement is very advantageous on the ground of 
economy of first cost and of tianspoitation, at the same time 
nothing is lost in accuracy and little in convenience 


Adjustments 

271 First The vertical axis must be made truly vertical 
In setting up the instrument it will be found advisable to 
place two of the foot-screws in an east and west direction, 
otherwise ll it is lound necessaiy to move the screws after 
the lnstiumenl has been bi ought into the plane of the me- 
ridian this last adjustment will be distuibed 

The a\is is brought into the vertical position by the use 
of the striding-levcl, which should lead the same ivhile the 
lnstiument is turned completely around m azimuth This 
adjustment will also be tested by means of the more delicate 
level attached to the telescope 
Second The horizontal axis should be perpendicular to the 
vertical axis This may be tested by revei sing the sti lding- 
level after the vertical axis has been properly adjusted 
Third The line of collimation may be adjusted by direct 
ing the telescope to some distant terrestrial mark, then turn- 
ing the instrument 180 0 m azimuth by means of the horizontal 
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cuc\e Allowance must be made for the paiallax of the in- 
strument, unless the maik is so far away that it is not appie- 
ciable This is necessary, since the line of collimation is not 
in the same vertical plane as the axis 

Let d = distance of the line of collimation from vertical 
axis, 

D = distance of mark, 
p = correction for parallax 

Then P = ~D sin ' (47 1) 

This method of adjustment depends entirely on the read- 
ing of the circle, and is therefore not capable of extreme ac- 
curacy If considered desirable, a more accurate adjustment 
may be made by means of a pair of collimating telescopes'* 
or bj the mercury collimator * The error may also be de- 
termined by transits of stars observed in both positions of 
the-axis, as explained m connection with the transit instru- 
ment If stars are chosen which culminate near the zenith, 
an error of azimuth will have but little influence on the re- 
sult 

When used as a transit instiument a meridian mark is 
recommended, consisting of tw o lamps placed side by side 
and at a distance apart equal to twice the distance of the 
vertical from the collimation axis 

It is perhaps unnecessary to say that the instrument must 
be focused and the threads placed truly vertical and hori- 
zontal respectively, precisely as m the transit instrument. 

Fourth The instrument must be brought into the plane of 
the meridian For this and other purposes we require the 
local time, a chronometer or clock being an essential part of 


* See Art 168 
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the outfit The clock conection A T maj be determined by 
the sextant, tiansit mstiument, or by tiansits observed with 
the zenith telescope itself In the latter case the process of 
bringing the instrument into the meudian will be the same 
as that already dosenbed foi the transit 
If A T is known within one second of its true value, that 
will be sufficient 
AT being supposed known, 

Let a — the right ascension of a star near the pole 
Then a — AT = the ch tonometer time of culmination 

At this instant, as shown by the chronometer, the middle 
thread is placed on the stai, the horizontal circle being pio- 
vided with a clamp and tangcnt-screw for this and similar 
purposes The reading of the verniers now shows the true 
direction of the meridian Two stops arranged for the pur- 
pose aie now clamped to the horizontal circle so that the in- 
strument may be turned freelv in azimuth, but brought to a 
stop when it reaches the meridian. Care must be taken m 
turning the instrument in azimuth not to bung it up against 
these stops with a shock, as this will disturb the adjustment. 

South stars may be used foi adjusting in the meridian, pro- 
vided they aie sufficiently far from the zenith In any case 
the adjustment should be tested by trying whether a south 
star ciosses the middle thread at the proper time 
The stops should be placed so that m reversing the m- 
stiumcnt 111 azimuth the object end of the telescope always 
turns towards the cast. The observer can then turn it in 
azimuth a little, so as to find a stai a moment before it enters 
the field ; then knowing exactly wheie to look foi the star, 
the eye-piece can be brought to the right place by the rack 
and pinion, and the micrometer-thiead moved to nearly the 
proper place, so that when the star finally comes into view 
the bisection can be made with all necessary delibciation. 
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All of the above matters having - been attended to, the in- 
strument is ready for 1 egular latitude observation 


The Observing List 

272 The stars are obseived 111 pairs, one stai culminating 
north of the zenith and the other south The diffeience of 
zenith distance should not exceed 15' or 20' 

Let cp, 8 , and S' = respectively the latitude of station and 
declination of south and north star , 
z and z' = the zenith distances 

Then cp — 8 -j- z, 

<P = 8 ' — z', 

<P = + <*') + £0 — O (472) 

Thus the latitude is equal to one half the sum of the decima- 
tions plus one half the difference of zenith distance, which 
latter must be small enough to be capable of measurement 
by the micrometer 

The difference of right ascension of the two stars forming 
the pair should not exceed i$ m or 20”, as changes may take 
place in the instrument if a longer time elapses If care is 
used in the selection, it will seldom be necessary to use a 
pair with so long an interval as 15 minutes The interval 
should not be less than one minute, as the instrument must 
be read and reversed in azimuth for the second star, which 
will require at least that amount of time 

Stars smaller than the 7th magnitude cannot be well ob- 
served with the instrument which has been described With 
smaller instruments the 6th magnitude will .be about the 



OHSLjK l JA C LIST 


485 


8 272 

Sttus at any zenith distance may be observed, but gen- 
erally it will not be necessary or advisable to go beyond 30° 
01 35" 

The catalogues most suitable foi the selection of stars are 
the Coast Survey catalogue,* the various Gieenwich cata- 
logues, and the Bi ltish Association catalogue The declina- 
tions of the latter aio not sufficiently reliable for a good lati- 
tude detei mination, but as it contains nearly all the stars down 
to the 6th magnitude inclusive, it may veiy conveniently be 
used m selecting the list, the final declinations being after- 
wards taken from more reliable catalogues 

In selecting the stars we lequire an appioximate value of 
the latitude, which may often be taken horn a map with suf- 
ficient accuiacy, or if suitable maps are not available it may 
be determined by a single altitude of the sun or a star at cul- 
mination measured with the sextant An error of T or 2' in 
the assumed value will cause no inconvenience 

In selecting the list of stars we proceed as follows Fust 
we must know w ith what 1 iglit ascension to begin If, for in- 
stance, we intend beginning our obsci vations at/ 1 i> M, this 
mean solai time conveitod into sidereal time will give the 
light ascension of a star which culminates at that instant 
Staitmg with this right ascension, we take the fust star 
whose zenith distance at culmination docs not exceed 35° and 
look down the list to find whether there isanothei star which 
diffeis from this in right ascension between 1“ and 15'“, and 
which will unite with this to foim a suitable pair From 
(472) wc have 


6 = 2(p — S' — (z — s'), ) 
s' — 2(f) — <y — (s - s') ) 


• (473) 


Thus if S' is the declination of the star, if wc can find another 


# Coast Survey Report 1876, Appendix No 7 
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whose decimation 6 does not differ from 2 <p — 6 ' more than 
15' or 20', the two stars will form a pair suitable for our pur- 
pose With the great majority of trials we shall find no 
second star fulfilling the above conditions If we use the 
British Association catalogue we can generally find from 
one to three dozen pairs suitable for observation for any 
night in the year 


Having gone over the catalogue in this manner, writing 
down the catalogue numbeis of the stars, the right ascen- 
sions, declinations, and magnitudes, it will often be found 
that some of the pairs interfere with others in reference to 
time of culmination We may, if we choose, make out two 
lists for observation on alternate nights, or we may drop 

those pans which are less suitable when they interfere with 
others 

The places of the stars must then be reduced to the date 
of observation by applying the corrections for precession, 
nutation, and aberration * The declinations need only be 
reduced to the mean place for the year, but the apparent 
right ascensions for the date of observation will be required 
withm the nearest second The necessary reduction may be 
obtained very readilj, by comparing the stars with those of 

szsffir nght asoMsion and d ' ci,ni “‘ o " ° f 

The following ,s an example of an oteerv.ng hst prepared 

rfTTc g ' ‘ a “ Ude al0n * the "OrtheS. boundary of 
the Umted States. The first column eontams the number 
of the star in the British Association catalogue, the second 
column the magnitude, the third and fourth the ncrKf 
^ and decimation, the fifth the -.££££**£ tl 

\ S in the nevt column shows whether the star ml 
annates north or south of the zenith: t he stars with fte la^e 

*For a full explanauon of flu. subject see 



OBSERVING LIST 


* 273 


487 


declinations culminate 1101 th, those with the small declina- 
tion south The setting, given m the last column, is the mean 
of the zenith distances 


U S Northern Boundary Survey —Astronomical Station No 4 
Observing List for Zenith I elescope 1873, June 27 Apptox </> 49" o 
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16 

44 
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6 
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As will be seen, the selection of a good list of stars involves 
considerable labor Where great accuracy is requued 
especial care should be exercised in selecting the stars, and: 
none should be employed whose declinations are not well 
determined This part of the subject will be considered 
moie m detail hereafter. 


Directions for Observing 

2*73. A suitable list of stars having been prepared, the in* 
strument adjusted, and the chronometer eiror deteimmed, 
the obseiver sets the vertical circle at the proper reading*, 
the telescope is directed towards that side ot the zenith 
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where the first star will culminate, and the bubble brought 
to the middle of the level-tube by means of the tangent- 
screw connected with the horizontal axis At the tune 
of culmination, as shown by the chronometer, the star is bi- 
sected by the micrometer-thread, and the micrometer and 
level are read, the instiument is then reveised in azimuth 
and the second star observed in the same way this foims a 
complete observation* 

During the operations desenbed the tangent-screw of 
the vertical circle must not be touched, but the tangent- 
screw which moves the telescope, and consequently the level, 
may be turned after reversing, in the exceptional case where 
the vertical axis is not well adjusted 

If for any reason the bisection is not obtained at the in- 
stant of culmination, the star may be observed off the meridian 
and the time of observation recorded, when a correction may 
be computed to reduce it to the meridian Seveial bisections 
might be made while the star is crossing the field, and the 
observations 1 educed to the meridian in a similar manner ; 
but experience shows that little or nothing is gained in this 
way The accuiacy with which a bisection can be made by 
a skilled obseiver being greater than that of the average de- 
clinations which will be employed, it is advisable to increase 
the number of stars observed rather than to multiply obser- 
vations on the same star undei the same cn cumstances 


Determination of Value of Micrometer-screw 

274 This value may be detei mined most advantageously 
by means of a circumpolar star obseived near elongation 
One of the four close circumpolar stars whose places are 
given in the Amencan Ephemens will geneially be selected 
for the purpose, viz , 51 Cephei, d, or * UiScE Minons 
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The observations are made as follows Fiom 15 to 30 min- 
utes before the stai reaches elongation the telescope is 
pointed to the star, the miciometei-thiead being near that 
end of the screw fiom which the star is moving The tele- 
scope is set at such an elevation that the thiead is a little 111 
advance of the star, and the bubble of the level brought into 
the middle of the tube, without disturbing the position of 
the telescope The time of tiansit ol the star over the thiead 
is then observed and the level lead The thiead is then 
moved foiwaid one revolution (or sometimes only half a 
revolution) and the transit of the star observed m the new 

position, and so on throughout the entile length ot the 
screw 

It is well to time the work so that the elongation will 
occui near the middle of the senes, though this is not'ossen- 
tial With this in view it may be borne m mind that the 
tune required for Polaris to pass over a space equal to the 
iange of an ouhnaiy zenith telescope micrometer will be 
about 50 m , foi A Ursac Minons 7o ,n , for 51 Ccphei 30 111 * 

The record of the observations will be kept according to 
the following or a similar schedule . 
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To prepare for the observation, the chronometer time of 
elongation must be computed It will facilitate setting the 
instrument on the star if the azimuth and zenith distance are 
also computed 
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In the triangle formed by the arcs of great circles joining 
^o°_S _ the zenith, the pole, and the star, the angle at the 
star 5 will be a right angle at the time of elonga 
tion Then by Napier’s rules, 



sin a = 


cos z = 


cos 8 

COS cp 1 
sin cp 


sin 6 

cos t = tan cp cot 8 J 
Let T = the chronometer time of elongation 

W 


Then 


T= oc±t — AT 


( 474 ) 


l E f elon g a tion . (474), 


Method of Reduction 

275. We have by observation a series of times correspond- 
ing to observed transits of the star over the thread at succes- 
sive equal distances If now the star moved uniformly in a 
great circle the intervals between these observed times would 
be uniform, aside from errors of observation and the effect 
of change of level The star, howevei, moves m a small 
circle which is tangent to the vertical circle at the point of 
elongation We may, however, compute the correction 
necessary to convert this motion in the small circle to uni- 
form motion m a great circle, as follows 
For any one of our observed transits let 


T = the interval of time between ob- 
servation and elongation , 
z ” — the number of seconds of aic from 
elongation measured on the 
vertical circle = SK 


s 



Fig 56 


Then the angle SPK = 157 expressed m arc r and 
sin z" = cos 8 sin (15T). . . 


or 


r" — 


— cos 8 


sin (157) 


( 475 ) 


sin r 
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By expansion, 

sin(isr) = (i S r) sin i"- }(iS r sin i / 0'+ T hOS r sin i")* 

If the time of elongation falls anywhere within the series 
the last term is never likely to be appieciablc, so we shall 
have with sufficient accuracy 

z " = 15 cos 6 [r - j(i 5 sin i")V] (475), 

In which log- 1(15 sin i") J = 094518 - 10 

This term may be readily computed from the foimula, but 
the following table is nioie convenient, where its value is 
given for eveiy minute of time fiom elongation 1065"'. It 
will seldom be advisable to e\tend the observations farther 
from elongation than this F01 this intei val, vi-4 , C5'", the 
term in r‘ is o"2i, and may veiy well be neglected, but it 
would soon become appreciable 


r 

Term 

r 

Term 

r 

Term 

tn 

s 

m 

s 

m 

s 
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0 0 

26 

3 3 

46 

is 5 

7 

0 I 

27 

3 7 

47 

19 7 

8 

0 1 

28 

4 2 

48 

21 0 

9 

0 r 

29 

4 6 

49 

22 3 

10 

0 2 

30 

5 1 

50 

23 7 

IX 

0 2 
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5 7 

51 

23 2 

12 

0 3 

32 

6 2 

52 

26 7 

T 3 

0 4 

33 

6 8 
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28 3 

14 

0 5 

34 

7 5 

54 
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15 

0 6 

35 

8 2 

55 

3t 6 

16 

0 8 

3f> 

89 

56 

33 3 

17 

09 

37 

9 6 

57 

35 l 

18 

1 1 

38 

10 4 

58 

37 0 

*9 

I 3 

39 

II 3 

59 
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20 

1 3 

40 

12 2 

60 

41 0 

21 

1 8 

41 

13 I 

6r 

43 1 

22 

2 0 

42 

14 I 

62 

45 2 

23 

2 3 

43 

15 I 

63 

47 4 

24 

2 6 

44 

16 2 

64 

49 7 

25 

3 0 

45 

1 

65 
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Instead of applying- this correction to r (the difference be- 
tween the time of elongation and observation) it is nioie con- 
venient to apply it directly to the observed time It will be 

plus before and minus after either elongation We thus 

reduce the observed times to what they would have been if 
the star had moved uniformly in a vertical cu cle 
276. Correction for Change of Level Reading A change m 
the lev el reading indicates a change in the angle which the 
line of colhmation forms with the horizon The correction 
necessary to apply to the observed times will be derived as 
follows 

Let n, s = any level reading , 

*•» = an assumed level reading to which all are to be 

reduced 


Then 


/ = d\_\(n — s) — i(fi 


This quantity will he an increment to z", and since it will 
always be very small it may be treated as a differential To 

(47S) 6 neCGSSary COrrectlon to r we differentiate equation 
cos z" dz" = cos 6 cos (157-) ^(157-) 

Writing dz" = / roc *•" — r 

this gnus D ’ 

Sr — L — d 

15 cos <5 ± 30 cos S^ n J ) “ ( n ° ~ x o)] f elongation (476) 

to 1 thf nh S and / he correctl0n ta ken from the table Art. 
275 to the observed times wp cKqII 

the readings of the m.erometer, and 

reduced to what they would have been ,f the str W i 
uniformly m vertical cirrlp nr . A f r. the Star had mov ed 

m the position of the instrument ^tL^ 6 had taken place 
instrument These may now be com- 
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bined by subtiactmg the first fiom the middle one, the sec 
ond from the middle plus one, and so on 

If n is the numbei ot revolutions of the micrometer between 
the first and middle observations, we thus have a senes of 
values for the time icquired foi the stai to pass o\er this 
space, if all errors could be avoided, these times would con- 
sequently be the same flic mean of these values multiplied 
, 1 5 cos S, 

^ n , in accoi dance with loi inula (475X, then gives the 

value of one revolution expi essed m seconds of arc 

2 77 - MicrovuUr Value wlun Liiul Valin i\ not known Thcie 
is no more convenient 01 satisfactoij method lor determin- 
ing the value of the miciometer-sci ew than that just explained, 
when the value of the level has been previously detei mined 
This may be done by a level-tner, or by a finely graduated 
circle, as nlieady explained 111 Ait 164 

Cncumstances sometimes make it necessary to detei nunc 
the values of both micrometer and level when no special ap- 
pliances aie at hand foi the latter In such a case the value 
of the level must first be determined in terms of the miciom- 
eter, as follows 

The telescope is directed to a sharply-defined maik, as the 
threads of a collimating telescope, and the bubble bi ought 
near one end of the tube, the mark is caicfully bisected by 
the thiead of the nnciometcr, and both micrometer and level 
are read The instrument is then moved through a small 
vertical angle so as to bring the bubble towards the other 
end of the tube, and the mark again bisected by the microm- 
eter 

The difference between the two leadings of the microm- 
eter is the measure of the angle through which the instrument 
has been moved in teims of the micrometer, and the differ- 
ence between the two level readings is the measure of the 
same angle in terms of the level 
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Let M 9 M' = the two miciometer readings , 

Z, L = the two lex el leadings , 

Ry d = value of nncrometei and lex el respectively 

Then d{L - L) = R(M - M') (477) 


The value of both d and R may now be determined by a 
series of approximations, as follows The value of R is deter- 
mined by the method just explained, neglecting the level 
correction , then with this value of R, d is computed by (477J, 
and the value used in a recomputation of R This more 
accurate value of R gives a more accuiate approximation to 
the value of d , and the operation may be again repeated if 
necessarx If the instrument is mounted on a good founda- 
tion, the change of level during the time of observation will 
generally be so small that a very close approximation to the 
true value of R is obtained by neglecting the level coriec- 
tion It will seldom happen that the change will be gieat 
enough to render more than one repetition of the computa- 
tion necessary 

A method theoretically more rigorous is as follows 



-j— — — = D — the value of one division of the 
level expressed in teims of the 
miciometei , 

z 0 y T q , M 0 , Z 0 = zenith distance, time, micrometer, 
and level of a circumpolar star 
observed at elongation , 

Ty My L = the same quantities at time T 
RD = d = value of one division of the level 


Then s = *, + (M - M,)JR - (L - L,)RD, 
** = *, + W' - M„)R - (U - L,)RD, 

for a second observation. 
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From these, 


r If f» ) if £»j 

* (M' -M)- (£' - £)2> 


(477)i 


^ — ^ 0 , ar 7 — ar 0 are the same as the quantity which we 
have called 2" in the pievious foimula, and maybe com- 
puted by (475) The coriection 5(15 sin i")V may of couise 
be taken from the table and applied directly to the time of 
observation as befoie We shall then have in one column 
the readings of the micrometer, and in another the times re- 
duced to the vertical circle We combine as before by sub- 
tracting the first fiom the middle, the second from the 
middle plus one, and so on , then divide each by its value of 
(M — M') — {L — L')D This gives the time lequired for 
the star to pass over a space equal to one revolution of the 
nuciometer, which multiplied b} 15 cos 8 gives the value m 
seconds of arc 

We might compute z — z a directly for each observation 
bv (475) This will involve a little more laboi than the 
method outlined above, as each term must be multiplied by 
15 cos 8 , while in the other case only one such multiplication 
is necessai y 


Example 

278 Polaris was observed at eastern elongation 1874, June 18, for deter- 
mining the value of one revolution of the micrometer of zenith telescope 
Wtirdemann, No 20 

Station Fort Buford, Dakota Observer Captain J F Gregory 

The preliminary computation necessary to prepare for the observation is 
first given, viz , the computation of the azimuth, zenith distance, and time of 
elongation by formulae (474) 

For this purpose the right ascension and declination of Polanszxt taken from 
the Nautical Almanac, viz 

a = i h i2 m 6 s 4, 

6 = 88° 38' 3' 3 

The latitude of station was <p = 47 0 59' 7 ' 
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The computation is as follows 

cos 5 = 8 37721 sin 5 = 9 99988 'ot 5 = 8 37733 

cos <p — 9 82563 sin q> = 9 87097 tan = 04534 

sin 0 = 8 55158 cos 2 = 9 87109 # cos * = 8 42267 

^ = 2° 2' 27" z = 4i n 59' 50" t = 88° 29' 1" 

t = 5 1 * 53^ 56 s 
a = 1 12 06 
nr — / = 19 18 10 

AT- - 2 

Chronometer time of elongation = ar — t — AT — I9 h i8 m 12“ 

The transit of Polaris was observed over the micrometer thread at every half 
turn, beginning with revolution 35 and ending with 5 5 — sixtv transits in all 
In the example I have only used those observed at the even revolutions, as this 
will be sufficient for illustrating the method of reduction 
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f I he hist five < olumns rtquire no explanation T. he sixth contains the quanti- 
tU'Stthuh \u haw tailed r I lit “reduction to v<i tic al” is taken from the table 
Ait 275 Ihe “(eduction to mean state of level” is (// — 0 — (?/ 0 — fo)> 
where 0) o in this ease Ihe 4 con tenon for level” is this quantity 


multiplied by ^ I Ik value of one division of the level, d = ” 803 

jo ( os 0 

Then foie this I utoi equals 1 2 * 

Ihe clung uinn bt ing uist tilt sign of the level reduction is munn 
'Ihe “it due lion to vcimal” and “collection fox level” bung applied to the 
observed time, we have the 44 reduced tunes” of the last column We combine 
these quantities bj submitting No 1 fiom j(j, No 2 fiom 17, No 15 fiom 
30, thus obtaining a strus of values for the tune required for the st u to pass 
over a space equal to 15 revolutions of the serevv Ihe me in of these quanti 

ties multiplied by ^ < OS ^ ■= eos <5 then will give the value of one revolution 
in seconds of arc 

The numerical woik is as follows 


Nos 

I ime of t«; 
Revolutions 

V 

’ 

16 — I 

43 m 28" 8 

3 9 

T5 2T 

17 - 2 

43 27 1 

2 2 

\ t>4 

Ife— J 

43 2« S 

3 6 

12 (/> 

19-4 

43 28 6 

3 7 

13 69 

20 — 5 

43 t) 

4 0 

If) OO 

21— 6 

43 2() 5 

1 6 

2 56 

22—7 

o 20 9 

2 0 

* OO 

23 — 8 

4* 24 \ 

*5 

25 

24-9 

43 3 *6 

3 

oy 

25 — 10 

43 21 8 

3 l 

() hi 

26 — IX 

43 23 7 

I 2 

1 4 * 

27 — 12 

*3 ry y 

<5 « 

25 00 

28 — 13 

43 20 2 

4 7 

22 09 

29 — X 4 

43 23 T 

I 8 

3 2* 

30—15 

43 210 

3 y 

15 21 


\ 7 > v ] =- 146* 19 

Mean 43 m 24" 93 

-= 2604* 93 log = 3 4x57961 

COS S esr 8 3772074 

log one revolution =- 1 7930035 
One xevohition 6 2” 0874 

Correction for refraction — 0315 

Corrected value 62” 056 
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The correction for differential refraction is computed by the last of formulae 
( 481 ), viz , 

r — r' = [6 44676] sec 2 z{z — s') 6 4468 

log (c — 5) = I 7930 
sec 2 z — 2578 

log (; — 1 ) = 8 4976 ; — r'=." 0315 

The probable error is computed from the sum of the squares of the residuals 
m the last column by formula (27), viz , 



m in this case being 15 Substituting in this formula, we find 

'0 = 8 563 

This is now the probable error of the determination of the time required for the 
star to pass over 15 revolutions of the screw The probable error of the above 
determination of the value of one levolution of the screw will be obtained from 

this quantity b v multipl>mg by the factor - 5 -- 7 ° S ^ = C os d, viz , ± " 013 

From this series we therefore conclude the most probable value of one revo- 
lution of the screw to be 

R = 62 ' 056 ± " 013 


Value of One Division of Level 

279 An example has been given (Art 164) of the determinat.on of the level 
value bv means of the level trier Opposite is given an example of the deter- 
mination of the level value of the above instrument by means of the tmcrome- 
ter See equation (477) 
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1^73, June is Observer, 

L Boss 

Mark cross-threads of transit telescope 

No 

Microme- 
ter 1st 
position 

hs 

IH 

I C 
XSt P<>‘ 

N 

vel 

ation 

S 

Lu 
»d pos 

N 

/el 

mon 

S 

i Mean 

, Change of 1 
Le\ el 

Mean 

Change of j 
Microm 

A' 

V 

vv 

1 

ax 03A 

ax SW 

* 1 s 

44 9 

49 * 

9 3 

35 <5 

50 6 

X 421 

0x9 

000361 

4 

91 5# 

•4 X JX 

8 s 

49 7 

5* 8 

5 9 

43 7 

59 1 

X 357 

083 

6889 

l 

47 l *)7 

7 ft*»o 

7 6 

49 8 

41 7 

14 4 

37 25 

55 3 

i 485 

045 

2025 

4 

40 754 

-7 

5 x 

5* 9 

19 a 

7 x 

45 45 

6 ! 5 

x 439 

oxx 

X2X 

5 

10 845 


6 9 

48 *> 

41 9 

IX 4 

37 X 

56 x 

x 512 

072 

5X84 

0 

40 jftl 

.0 889 

6 3 

49 0 

44 5 

xo 8 

38 3 

54 8 

1 582 

058 

3364 

7 

40 8-> * 

*»* MS 

5 1 

49 9 

|8 1 

(> 8 

l* 95 

59 ’ 

i 381 

059 

3481 

8 

4J« 

IX 986 

9 5 

45 5 

48 - 

ft 5 

*8 85 

54 8 

1 4 ix 

039 

841 

9 

4t 0Q4 

•a 515 

5 7 

48 i) 

41 x 

10 3 

1* 5 

56 3 

1 462 

032 

484 

to 


13 058 

7 7 

40 ft 

m a 

n 5 

35 x 

51 0 

X 453 

0X3 

XO9 

it 

*4 

13 910 

41 l 

5 t 

6 x 

48 s 

43 *5 

03 3 

1 441 

OOl 

X 

14 

M 9 «3 

1 i 4*1 

41 ' 

X<> 7 

10 4 

H 5 

14 9 

49 0 

1 489 

O49 

240X 

t\ 

n 415 

14 848 

48 X 

5 ft 

7 9 

46 0 

40 45 

58 7 

I 45* 

01 X 

X3X 

*4 

17 *46 

17 A70 

8 1 

45 J> 

44 5 

8 q 

1ft 4 

52 4 

1 440 

000 

O 

*s 

44 8 >4 

M sxo 

7 1 

15 9 

40 0 

14 q 

32 95 

48 8 

x 481 

041 

l68l 

xft 

•*5 9K 

6 537 

5 J 

47 5 

46 3 

6 x 

4 1 3 5 

59 3 

* 438 

003 

4 











\vv\ a 

: 027127 



Mean 

value of - r 
A 

- x 4396 ± 

0071 





The above value of R' is " 62056 
Therefore d j= " 893 ± 004 

If both the level and micrometer values were unknown, the above series of 
observations of Rolans would give for one division of the micrometer, by neg- 
lecting the Uvtl readings, R‘ = " C209, which gives practically the same value 
of d as above 

With this value of d the level corrections would then be computed and the 
final value of the micrometer determined, no second approximation to the value 
of d being required 

280 tor the puipose of illustrating the method of Art 277 let us apply it to 
tht example already solved The fiist part of the computation will be precisely 
the same as before except the correction for level Applying to the observed 
chronometer times the “reduction to vertical” already found, we have the 
“reduced times” of the following table 
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No 

Micrometer 

1 

35 

2 

34 

3 

33 

4 

32 

5 

3 X 

6 

30 

7 

29 

8 

28 

9 

27 

10 

26 

11 

25 

12 

24 

T 3 

23 

x 4 

22 

J 5 

21 

16 

20 

J 7 

IQ 

j8 

l8 

x 9 

17 

20 

1 6 

21 

15 

22 

x 4 

23 

x 3 

24 

12 

25 

11 

26 

10 

27 

9 

28 

8 

29 

7 

30 

6 


Reduced 

Times 


j8 h 3 8 m 5i« 8 

18 41 47 3 

44 40 1 

47 33 x 

50 28 r 

53 23 5 

5° X5 7 

18 59 11 3 

19 2 5 2 

504 
7 52 5 

10 49 1 
13 4 i 9 
16 35 o 
19 29 o 
22 21 9 
25 16 2 
28 10 4 
3i 3 5 
33 58 2 
36 5i 4 
39 44 x 
42 37 2 

45 3i 3 

48 23 8 

51 *8 1 

54 10 7 

57 3 4 

x 9 59 59 5 

5i 4 


Level 


N S 


18 6 
18 5 
18 6 

18 7 

19 o 

19 o 

19 o 
19 5 
19 2 
19 6 

19 7 

T9 6 

20 o 
20 2 
20 3 
20 5 

20 6 


20 7 

21 o 


21 o 
21 o 


19 I 
19 I 
19 2 
19 2 
19 O 

IQ I 

19 2 
19 I 

19 2 

39 3 

x 9 5 
*9 5 
x 9 4 
J 9 3 

x 9 4 

J 9 5 
x 9 5 


x 9 5 
*9 o 
x 9 5 
19 4 
19 0 
19 7 
19 8 


Nos 


16— 1 

17— 2 

18— 3 

19— 4 

20— 5 

21— 6 

22— 7 

23— 8 

24— 9 

25— 10 

26— 11 

27— 12 

28— 13 

29— 14 

30— 15 


I 

1 

* 

77 

~+ 

Times 

Time of 
one Revolu 
tion 

?' 

- 

- 55 

0079 

15 0079 

2610“ 

1 

T 73“ 9 2 

25 

- 

- 75 

0108 

15 0108 

2608 

9 

173 8 ° 

13 

- 

" 75 

0108 

15 0108 

2610 


173 90 

23 

- 

^ 75 

0108 

15 0108 

2610 

4 

173 9 ° 

23 


r 50 

0072 

15 0072 

2610 

1 

173 9-* 

®5 


H 55 

0079 

15 0079 

2607 

9 

*71 77 

xo 


- 60 

0086 

15 0080 

2608 

4 

173 88 

21 


- DO 

0086 

15 0086 

2D05 

9 

173 <53 

4 


- 70 

0101 

15 0101 

260b 

3 

173 64 

3 

n 

" 65 

0094 

15 0094 

2603 

4 

>73 45 

23 

-| 

" 75 

0108 

15 0108 

2605 

0 

173 58 

9 

- 

- 70 

0101 

15 0101 

2601 

6 

173 32 

35 


" 55 

0079 

15 0079 

2601 

5 

*73 34 

33 


- 55 

0079 

15 0079 

2604 

5 

*73 54 

33 

- 

- 5a 

°°79 

15 0079 

2602 

4 

*73 40 

27 


625 

169 

529 

529 

625 

TOO 

44 1 
10 
<) 

529 

81 

1225 

1089 

169 

7*9 


6865 = [vvj 

Mean time of one revolution = 173“ 666 ± 0385 

The \alue of one revolution is now found by 
multiplying this time by 15 cos 6, vtz , 


J? = 62 " 0S88 ± 0138 
Refraction = 0315 

Final value of H =r 62" 057 ± 014 

If the chronometer employed has an appreciable rate the interval of time 
corresponding to one revolution of the screw will require a correction which 
may be determined as follows 

Let S T = the daily rate of the micrometer, when losing , 

/1 = any interval expressed in terms of chronometer , 

/= true value of interval 

Then I /, = aa" 24'“ - S T = 86400* 86400* - ST , 

1 _ , , . 87 

— /1 — — nearly 


II 1 = 2 4 h 

1=1,- 


1 — d T 1 1 86400 

86400 

If, for example the above observat.ons had been made with a mean time 
chronometer, for ST 'Tit should have 3 m 56 s = 236 s Iheiefore 

7 = 7l + 7l = 7l + 1 0 02 735 = 173* 666 + 474 = r74 . I40 

reduct,on 1S made manner the term (V -L)D will be ± for ^ j. elonga- 
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General Formula for the Latitude 

281. Let m = the micrometer leading for the south star, 
expressed in seconds of arc , 

— the micrometer reading for the zero-point 
of the micrometer , 

/ = the correction for level, plus when the north 
leading is large , 
r — the coriection for lefraction 

Then a = ss„ (m — m a ) -f- l -(- r for south star. 
Similarly s' = - j- {in' — m 0 ) — l' -j- r' for north star 

•s - XT' = (m - m) + (/+ /') + (r - r') 

Substituting this value in equation (472), 

<p = + S') + i( m _ m') + if + /') + if - rf (478) / 

It has been assumed in the foregoing that the readings of 
the micrometer increase with the zenith distance, but, whether 
they increase 01 diminish, practically a case will very seldom 
occur wheie the algebraic sign of the term £(m — m!) will 
be m doubt, as may be seen by leferrmg to the numerical 
example 

Equation (478) shows that the value of the latitude is found 
by adding to the mean of the declinations of the two stars 
thiee corrections first, the correction for micrometer, 
second, the correction for level , third, for refraction 

# Any point may be assumed arbitrarily as the zero-point, for by referring to 
equations (478) and (479) it will be seen that only the difference of micrometer 
readings on the two stars is required, and this will be the same wherever we 
assume the zero to be It will be convenient to assume this point so far to one 
end of the scale that the readings will all be plus 
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282 The Correction for Micrometer 

lattMandM' = the micrometer readings for the south 
and north stars respectively , 

R = the value of one revolution of the screw- 
expressed in seconds of arc 

Then \{m - m') = $R(M - M f ) . (479) 

If the micrometer reads towards the zenith the algebraic 
sign will simply be reversed 

283 The Correction for Level If the mean of the north 
readings in both positions of the instrument is greater than 
the mean of the south readings, it shows that the vertical axis 
produced pierces the celestial sphere south of the zenith, 
therefore the instrumental zenith distance of a south star is 
too small, and of a north star too large 

Let n and s = readings of north and south ends of bubble 
for south star , 

n' and s' = readings of north and south ends of bubble 
for north star , 
r — the error of the level , 
d — the value of one division of the level m sec- 
onds of arc 

Th en / = \d{n - s) + x, 

/' = id(n' -s') -x, 

W+Z') = \d[(n + n') — (s + y)] . (480) 

284 Correction for Refraction The difference of zenith 
distance is so small that nothing is gained by applying to 
the correction for refraction the terms depending on the ba- 
rometer and thermometer 
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Bessel’s formula for mean refraction is 

r = a tan * . . (a) 

Ai for present purposes is considered constant and equal to 

57 " 7 

The correction r — r' being \ery small, we may use a dif- 
ferential formula, viz , 

r ~ r ' = £(* - O; • • (*) 

(It 

and from ( a), = 5 7" 7 sec 2 # 

If # — #' as-given in minutes w e may write (3) as follows 

r — r' = 57" 7 sec 2 # sin i' (# — -s' 7 ), 
or r — r 7 = [8 22491] sec° # (# — #'). 

If (# — #') is expressed m seconds, 

(r — r') = [6 44676] sec 2 z (z — z') J 

As usual the numerical quantities in brackets are logarithms 
The computation by either of these formulas is quite 
simple, but as this collection must be applied to every pair 
of stars observed the following table has been added, being 
the same as t hat given bj Schott, of the U S Coast Survey 
The vertical argument is one half the diffeience of zenith 
distance, for which we may use \(m — m ') The horizontal 
argument is the zenith distance, the table being extended to 
35 0 In the exceptional cases where stars are observed at 
greater zenith distances the coi rection must be computed by 
the formula (481) The algebraic sign will always be the 
same as that of the micrometer correction 
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TABLE B— DIFFERENTIAL REFRACTION 


Half Difference in 
Zenith Distance 

Zenith Distance 

0 ° 

10 ° 

20 ° 

2 S° 

30 ° 

35 ° 

» 

it 

11 

n 

n 

a 

" 

O 

00 

00 

00 

OO 

00 

00 

0 5 

01 

01 

01 

01 

01 

01 

1 

02 

02 

02 

02 

02 

02 

1 5 

03 

03 

03 

03 

03 

03 

2 

03 

03 

04 

04 

04 

05 


04 

04 

05 

05 

05 

06 


05 

05 

06 

06 

07 

08 


06 

06 

07 

07 

08 

09 

■ . - n 

07 

07 

08 

08 

09 

10 


08 

08 

09 

09 

10 

11 

5 

08 

09 

10 

IO 

11 

13 

5 5 

Og 

IO 

10 

II 

12 

14 

6 

10 

10 

II 

12 

13 

15 

65 

II 

II 

12 

13 

14 

16 

7 

12 

12 

13 

14 

15 

18 

7 5 

13 

13 

14 

15 

16 

19 

8 

13 

14 

15 

16 

18 

21 

8 5 

14 

15 

l6 

17 

19 

22 

9 

15 

l6 

17 

18 

20 

23 

9 5 

l6 

17 

18 


21 

24 

10 

17 

18 

19 

21 

23 

26 

10 5 

18 

*9 

20 

22 

24 

27 

IT 

18 

19 

21 

23 

25 

28 

11 5 

19 

20 

22 

24 

26 

30 

12 

20 

21 

23 

25 

27 

3 i 

12 5 

21 

21 

24 

26 

28 

32 


285 Reduction to the Meridian If the observation has been 
missed at the instant of the star’s meridian passage, it may 
be observed off the meridian in either of two ways 
First The instrument may be revolved in azimuth so as to 
bisect the star m the middle of the field, or 
Second The instrument may be allowed to remain in the 
meridian, and the star may be bisected off the line of colh- 
mation before it passes out of the'field 
In the first case the correction to the zenith distance will 
be precisely the same as that already derived for reducing 
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circummeridian altitudes, viz— see equations (XIII), Art. 
149 — 


cos <p co s 6 2 sin 2 \t 
sin z sin i" ’ 

where t is the hour-angle of the star at the instant of observa- 
tion 

The quantity given by this formula is to be subtracted from 
the zenith distance at the instant of observation , therefore 
by referring to (472) we see that the correction to the latitude 
will be 


Acp = ± 


1 cos <p cos £ 2 sin 2 \t 


sin z 


sin 1 


. (482) 


Aep will be plus for a noi th and minus for a south star. 
2 Sin 11 4 / 

— — is taken from table VIII A at the end of this volume, 
sm 1 

286 When the star zr observed off the line of colltmatton, the 
instrument remaining in tJu meridian I11 the 
figuie, PK is the mendian, PS the hour- 
circle passing through the stai If the star 
is observed on the meridian, SK will be the 
position of the micrometer-thread If ob- 
served off the meridian at S', this thread will 
have the position S'K' 

Let KK = x 

Then PK' = 90° - (f + x), Fl0 S7 



and, by Napier’s second rule, 


cos t = tan 6 cot (<? -(- x) 
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tan 8 — (1 — 2 sin” \i) 


tan $ -j- tan x 
1 — tan b tan x 


Clearing' of fi actions and neglecting the small term 
tan x 2 sm 5 ht, we readily find 

tan x = sin 8 cos 6 2 sin 5 

or, with sufficient accuracy, 


x = % sin 26 pr • • (483)1 

As the apparent zenith distance is diminished for a south 
star and increased for a north star when obsei ved in this man- 
ner, the conection to the latitude will always be plus and 
will be equal to -fax That is, 

4 <p = i sin 26 -V/ (483) 

This method of proceeding will generally be preferred 
when the observation on the meridian is lost, as when the 
other method is used the stop must be unclamped, and where 
other stars follow in quick succession a pair maj be lost in 
consequence If the star cannot be observed befoie it gets 
beyond the field of view, the observer will generally prefei 
to let it go altogether 

The computation of dcp by the above foimula is very 
simple, but a table is added fiom which the value of x = 2zf <p 
may be taken at once The horizontal argument is the houi- 
angle of the star, and the vertical aigument the decimation 
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TABLE C — REDUCTION TO MERIDIAN 



I os 

*5* 

JOS 


■*W 

35* 


45* 

50 s 

55 f 

60 s 



It 

It 

t! 

ft 

It 

tt 

tt 

tt 

it 

it 

it 

<5 

s" 

00 

OI 

02 

03 

04 

06 

08 

10 

12 

14 

17 

85° 

10 

01 

02 

<H 

06 

08 

IX 

15 

19 

23 

28 

34 

80 

IS 

01 

03 

OS 

()() 

12 

17 

22 

28 

34 

41 

49 

75 

20 I 

02 

0[ 

07 

II 

if) 

22 

28 

36 

44 

53 

63 

70 

25 

02 

05 

OS 

13 

19 

26 

34 

42 

52 

63 

75 1 

65 

3<> 

02 

05 

Ot) 

15 

21 

29 

3^ 

48 

59 

7i 

85 

60 

35 

03 

Ob 

10 

16 

23 

31 

41 

53 

64 

77 

92 

55 

40 

OJ 

06 

n 

17 

24 

33 

43 

54 

67 

81 

97 

50 

+5 

03 

06 

n 

17 

25 

33 

44 

55 

68 

82 

98 

45 


287 Formula for Computation of Latitude from Observations 
with the Zenith 1 elescopc 


<p = ^-\-6')-\-\(m-~in') J ri{l J rl') J r\ir—r'), 

= $R{M — M'), 

i(l + /') _ ^ K" + »') — (■» + -0J. 

*i(r- r') = [8 224;i | see^ 4(5 - s') 

Reduction to Meridian 


Kxxiii) 


1 cos <p cos 6 2 sin^i 

P ~ ^ 2 sin a sin 1" 

1 2 sin a \t 

\ Acp z= - sin 2* -^-pr 



C ombmatton of the Individual Values of the Latitude 

288 For man) purposes a sufficient degree of accuracy 
will be given by simply taking the arithmetical mean of the 
individual values, giving all equal weight 


* See table, p 504 


f See table above 
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When a more rigorous procedure is demanded we must 
consider the weights of the separate values This weight 
depends on the probable errors of the declinations of the 
stars observed, and on the probable error of observation. 

p = the number of separate pairs employed 
m determining a latitude , 

n v n v n & • = the numbei of observations on each 

pair respectiveh , 

n=n 1 -\-n i -\- -\-n p ~ the whole number of observations, 

e = the probable error of a single observa- 
tion 


Then, from (35), 

(»,- i)ee = (6745)^], 
(n, - i)ee = ( 6 74 5) a [> A ], 

(«„ - i)ee = ( 6 74S ) a [ v g 

The sum of these equations gives 

(« — p)ee = (6 74 5) a [ OT ], 


therefore 


= ««VJ= L 


p 


(484) 


[*w] W the sum of the squares of the residuals formed by 
taking the differences between the mean of the observations 
on the first pair and each individual value, and similarly for 
[*Wj. favp], J 

M M + [»,wj + + 
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The determination of the probable errors of the decima- 
tions is a much more complicated problem For a discussion 
of this subject the reader will 1 efei to Articles 346 and 347 
In order to obtain the expression for the weight of the 
value of <p derived from a single pair, 

Let f e , = the probable errors of the declinations, 

•£'«* = i W + #8'". 

Then if «, is the number of observations on this pair the 
probable error of the mean will be 



and 





being the probable error of the resulting latitude 
The relative weights aie pioportional to the reciprocals of 
the squares of the probable errois, or, since the unit of weight 
is arbitrary, we may write 



1 


e 5* -f~ ^ S'' - | — 



- ( 485 ) 


Value of Micrometer from the Latitude Observations. 

289 If no special observations have been made for deter- 
mining the value of the micrometer-screw, it maybe derived 
from the latitude observations themselves. 


* Equation (29) 
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Let R = an assumed value of one revolution as near 
the true value as possible, 

AR = the correction required 
Then R-\- AR = the tiue value of one revolution, 

<p' = the latitude computed with the assumed 
value of R from all of the observations, 

<p' -\- A g> = true value of the latitude 


Then from (478), 


<P'+ A <P = iV + <*0 + i(R+ A R) 


Let n — the sum of the known quantities of this equation, 
that is, n = -f (/+/') - t(r-r'). 

Then Acp - \{M - M')AR = „ ( 4 86) 


Each pair of stars observed will give an equation of this 
form for determining Acp and AR 

This process is sometimes employed when there is jeason 
to suspect that the adopted value of R\§ erroneous, but if the 
value has been carefully determined by the transits of cir- 
cumpolar stars the result will generally be accented as ab- 
solute. 

290. The example which follows is taken from the leport 
of the U. S Northern Boundaiy Suney The station is 47 
miles west of Pembina, the approximate position being 

Latitude 49 0 oo', Longitude i h 24” 52’ west of Washington 


§ 2 Q 0 EXAMPLE OP LATITUDE DETERMINATION 5 X 1 

Twenty-mne pans of stais were obsexved from two to five 
times each, in all 81 observations 

The fotm in which the example is given will be found a 
convenient one foi the lecoid and pielinunaiy 1 eduction 
For this pui pose a book will be requned with a page of about 
7 inches in width It will be ruled or printed 111 blauk form 
as shown 
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Astronomical Station No 4 — West side of Pembina Mountain 
Observer, Lewis Boss 

Zenith Telescope, WUrdcmann No 20 Chronometer, Negus Sidereal No 1513- 
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Star 1 1 

Date J 

BA C ] 

une 4 

6780 

6817 

2s £ 


26 


30 

6937 

26 

6970 


30 

7024 

26 

7073 

30 

7100 

26 

7166 
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26 
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30 

7320 

26 

30 


Si" 53 


5 1 50 j 
50 93 


51 21 


52 23 
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5 1 3i 
Si 57 


S 3 2 7 
Si ®9 


53 18 


Si 62 


Si 44 
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V 

vv 

Star 

B A C 

Date 

lune 

Lati- 

tude 

48° 59 ' 

Mean 

48 ° 59 ' 

. 1 

vv | 

43 

1849 

7377 

7 j 9 & 
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34 
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4 
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IOO 

13 
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51 67 

1 10 
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4 *3 
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7627 
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26 
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76 
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26 

52 *9 


9 

81 

92 
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30 

52 01 
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9 
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[vv 

’] = 1 

5 0396 

26 93 

86 49 



1 





It we taK-c me «■ 

weights to all, we find as the tesult 

q> = 48 ° 59' 5i" 60 ^ °4 8 

, , Q f orecision, we must combine the val 

391 If we desire the highe g according to their respective 

— - - — 

[ww] above by means of formula (484), V1Z ■ 


e = 6745 




therefore e — " 3^3 


In this case « = 8x, p — 2 9. 

L „ .» , ,n computing the weights by formula ( 486 ) 

We shall assume * - ° 4 in co “P 6 . of f are those given by 

; u —r B °“ “” e ” 
»«-“ ’ ,u *• de “ iy ”*"• 

stood 
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2 4- iS S6y = — 57, 

2 I lx — 13 72V = + 25, 

2 0<) \ + 10 30V = — 155 
1 5V - 12 51/ = — 24, 

1 33^ — 20;' — + 77, 

I S2\ + 3 (k)V = + 35, 

1 03^ - 2 99V = — 19, 

I 00 \ 4" 2 88v = 4“ to, 

M 7 '- 35 V =- 04, 

I 51 ' "h 7 °7v = - 53, 

1 - 4 6cjy = -I- 09, 

83** + 7 63V “ — 10, 

1 5 ^ — & 81 v = 4 - 1 XI , 

1 03A — 2 8iy = 4” 7 2 > 

I 541 + T 4 = 4 “ 66, 

T 6ijt 4“ 7 78v = — 14, 

I 04 A + 1 2 iy = 4 - 1 49 , 

I 53^4“ 3 oiy = + 17, 

I (>9 X “ 4 77v = 4" 39, 

I 54* - 5 70V = 4~ 83 

Proceeding in the usual manner, we derive fiom these the two normal equations 

7398^4- 17 657 = — 0 °4» 

17 65 r 4" 2732 357 =■ — 85 80 

From these, * = + 007 ± 054, 

y = — 03 X ± 009 

The most probable values of the latitude and micrometer-screw as indicated 
by this series of observations are therefore 

(/> = 48° 59' 5* ;/ 567 ± 054, 

R = 62" 025 ± 009 

In order to have the value of X determined in this way of any value in com- 
parison with that determined by transits of circumpolar stars, the declinations 
of the stars employed must be well determined 

2015. There are various ways in which the observation of 
stars in pans at equal or nearly equal altitudes by means o 
the zenith telescope may be employed for the determination 
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of latitude and time As may be seen, the instrument is 
adapted to the solution of any pioblcm of Spherical Astron- 
omy which depends upon the obseivation of two or moie 
bodies at the same altitude The most favorable condition 
for latitude determination is when the two stars are on the 
meridian, one north, the other south, while time is best de- 
termined by observing two stars on the prime vertical, one 

east the other west , , n A 

On account of the facility with which the latitude is deter- 
mined m the manner already explained, and the ease with 
which the mstiument may be conveited into a transit when 
^ lb necessary to employ it for determining the approximate 
time other solutions of the pioblem depending on observa- 
tions out of the meridian have never met with much favor 
Some of these methods aie interesting fi om a theoretica 
point of view, but for the reasons stated the subject will not 
be developed further in this connection 



CHAPTER IX 


DEILRM1NA I ION OF AZIMUTH 


294. The Azimuth ol a point on the eaith’s surface is the 
an^h* between the plane of the meridian and the vertical 
plane whu h passes tlnough this point and the eye of the 
ohsenei 

Smee the veitu.il plane is dctei mined by the direction of 
the plumb line, and this line may deviate from the true 

nonnal to the e nth’s sm face, a corresponding deviation in 
tlu* a/unuth must exist We must therefore distinguish be- 
tween tin Astronomnal Azimuth and the Geodetic Azimuth 
The Astnmomual Azimuth of a point is the angle between 
two planes diawn through the plumb-line at the point of 
obset vat 1011, the lust plane parallel to the earth’s axis, and 
the second pass.ng thiough the point 

Tlu (ieodt tit Azimuth is the angle between two planes 
a, awn thiough the noim.il to the eaith’s surface at the point 
ot obsei v.ition, the first plane passing through the earths 
axis, and the second through the point 

It is with the Astronomical Azimuth only that we are at 
present concerned The azimuth may be leckoned from 
j.ithot the north or south point of the horizon For astro- 
nomu-al I>UI poses it is usually leckoned from the south point 
towards the west horn aero to 360° I" determining the 
azimuth of a point on the eaith’s suifacc it is more conven- 
'd to use stars near the noith pole of the 
quently for geodetic purposes the azimuth is generally 
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reckoned from the north point For the sake of umformit\ 
we shall in this chapter always suppose the azimuth reckoned 
from the north in the direction N , E , S , W. A minus azi- 
muth will be reckoned from north towards west 

Extreme accuracy in the determination of azimuth is re- 
quired in connection with the geodetic operations of primary 
ti langulation The principal methods emplojed m such 
cases will be given, when it will be shown how they may be 
abridged where a less degree of accuracy is demanded 
There is a variety of these methods, depending on the form 
of instrument employed and the position of the stars ob- 
served The instrument will be either the theodolite, used 
for measuring horizontal angles, or the astronomical transit. 
In any case the azimuth of the point is determined by meas- 
uring instrumental!} the difference between the azimuth of 
the point and a star The azimuth of the star is computed by 
its known right ascension and declination, and the local time 
and latitude, which have been previously determined; from 


these data we have the azimuth of the point 

295 The Theodolite Figures 58 a and 58^ show two forms 
of instruments used on the U S Coast Survey The older 
foim, Fig 58a, has a horizontal circle from 20 to 30 inches 
m diameter 'With the newer instruments, circles from 12 to 
20 inches are considered sufficient!) large, as such circles 
can now be graduated much more accurately than formerly ; 
the instrument can therefore be made more compact and 
portable, a matter of some importance in the field ^ 

The horizontal circle is commonly divided directly to 5 , 
these spaces being subdivided by reading microscopes 
directly to single seconds, and by estimation to tenths of a 
second. Two or three microscopes are used The essential 
features of the instruments will be understood from the 
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be used For magnetic work or ordmarj land-surveying a 
common surveyor's transit with 5- or 6-mch circle will fre- 
quently be employed It is peihaps unnecessary to saj that 
the instillment must be carefully adjusted in even particular 
296 The Signal For observing at night an illuminated 
mark is lequired A convenient maik is a square wooden 
box firmly mounted on a post or other support, the light of 



a bull’s-e-ye lantern being thrown through a small holem the 
front The box itself may be painted so as to form a con- 
venient target for day observation This mark must be 
placed far enough from the station so that no change will be 
required in the sidereal focus of the telescope about one 
mile will generally be sufficient. When from anv cause a 
distant mark is not practicable a collimating telescope may 
be used, but the greatest care must be exercised m mount- 
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ing both the instrument and collimator firmly, piers of solid 
masonry being used for both 

297 Choice of Stars For first-class 'azimuths only close 
circumpolar stars will be used Preference will be given to 
the four circumpolar stais whose places are given m the 
ephemens, viz , ar, d, and A Uisae Minons, and 51 Cephei. 
Fig 59 shows their relative positions, and will assist in 
finding the smaller ones which are not readily distinguished 
with the naked eye unless the position is pieviously known 

298 Method of Observing A complete series of obseiva- 
tions on one star will consist of tenor twelve leadings on the 
mark and about the same number on the star, the instiument 
being reversed about the middle of the series The follow- 
ing order of observation is recommended - 

1st 6 readings on the mark 

2d 6 readings on the star 

3d Read the level 

4th Reverse 

5th Read level 

6th 6 readings on the star 

7th 6 readings on the mark 

If more than one series is taken it is advisable to change 
the position of the horizontal circle so as to bung the read- 
ings in another place, in Older to eliminate to some extent 
the errors of graduation 

Readings are sometimes taken on the star directly, and on 
its image reflected from a basin of mercury When this is 
done reading the level may be dispensed with 

By the process above described we have a carefully-exe- 
cuted measurement of the difference m azimuth between the 
star and mark It only remains to compute the azimuth of 
the star, when we shall have the azimuth of the mark 
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Let m = reading of circle on nnik , 
s = reading of circle on stai , 

A = azimuth of mailc measuied from north towards 
east , 

a — azimuth of star measured from north towards 
east 

Then A — a - (- (in — s) • (487) 

Different methods of computing a will be employed, de- 
pending on the position of the star when observed. 


Errors of Collvmation and Level 


299 The mark and star being at different altitudes above 
the horizon, the measured difference of azimuth will be 
affected by an error of collnnation, also b\ a want of parallel- 
ism between the horizontal a\is and the horizon 

Other theoretical errors of the instiument we need not 
consider, since their effect may be made inappreciable by 
careful adjustment 

In the figure let NWSE represent the horizon, s the 
zenith, ^ any star, w' the point 
where the horizontal axis pro- 
duced pierces the celestial 
sphere 

x# is the inclination, + wlien^ 
west end of axis is high , 

*c, error of collimation, -j- when 
thread is east of collima- 
tion axis , 

x, error in reading of horizon- 
tal circle due to b and c F10.& 



* This designation is 
have occasion to apply 


sufficiently general for our purpose, since 
it to stars observed near the pole 


we shall only 
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Then in the triangle sw'z, sc = z = zenith distance of star, 

zw — go 0 — b , w's = 90 0 + <? , w'zs = 90° + ^ 

Therefore — sin c = sm £ cos # — • cos b sin z sin x 


Or, since c , £, and will be very small, the above may be 
written 


from which 


— c = b cos 2 — x sin z , 
c b 


X = 


sin £ tan 2 


( 487 )! 


It will seldom be necessary to apply the correction for 
collmiation, since it may be eliminated by observing in 
both positions of the axis 

If the mark is not in the houzon a similar coirection to 
readings on maik will be required, wheie, of course, for z we 
shall have the zenith distance of the mark 


Azimuth by a Circumpolar Star near Elongation 

300 When the star is within a short distance of elongation, 
either east or west, the position is especially favorable, since 
the motion in azimuth then is very slow Only one reading 
can be taken at elongation, but we may applj a correction 
to the leadings near elongation to reduce them to the read- 
ing at elongation 

The azimuth and hour-angle of the star at elongation are 
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computed by considering the right-angle triangle formed at 
this instant by the zenith, pole, and star 

Let — a* and t e be the azimuth and hour- Pr — 
angle at elongation , y** 

a, d, and 6 , the right ascension, declina- \ 

tion, and sidereal time. \ / 

Then f \ / 


— sin a e = cos d sec q>> 
cos t e = cot d tan cp , 

6 = a±i c \ we ® tern 
6 ( eastern 


6 = a± ^ | eastern 11 } elon S atlon (488 > Fig z 

Chronometer time of elongation = 6 — A 6 m 


The chionometer correction should be known within about 
one second, and may be determined by an}' of the methods 
previously given, 01 the theodolite itself maybe used for 
the puipose, either as a transit or by measuring altitudes 
as with the sextant, provided it has a good vertical cncle 
301 The formulae for reducing the readings to elongation 
will now be developed 

Formulae (121) give the values of h and a in terms of d and 
t for a star at any hour-angle Recollecting that we now 
measure the azimuth from the north instead of the south 
point, these equations are 

(a) cos h cos a = sind cos cp — cos d sm cp cos t , 

(b) cos h sm a = — cos d sin t 

* — <7e Since a plus value of the hour-angle t e corresponds to a minus azimuth 

f If many observations of the same star are to be made, it will be convenient 
to prepare in adv ince a table of the values of a e and Q extending over the time 
during which it is intended to observe 
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At elongation we have 


V) 


— sin a e 


cos d sin d cos 
cos cp ~ sin <p ’ 


cos a e = sm d sin t e 


Multiplying together hist (a) and (c), then ( b ) and (1 d ), we 
have 


( e ) — cos h cos a sin a e = sin d cos d — sin d cos d cos t cos t e , 

( f ) cos h sin a cos a e — — sin d cos d sm t sin 

Add (/) to ( e ), 

— cos h sin [a e — a) = sin d cos d— sin d cos d cos 

„ , , , sin d cos d 

From this, sin(# 6 — a) = — — t — 2 sm % (t e — t) 


The computation will be more convenient if for cos h we 
substitute its value in terms of a t and d, viz , 


cos h = — cot cot d, 

and therefore sin (a e — a) = tan a e sin* d 2 sm 5 — f) (489) 


We now have an equation which gives the difference 
between the azimuth at elongation and at any hour-angle t 
As this will only be used for stars near elongation, and 
consequently t e — t, a small quantity, it will be convenient 
to expand it into a senes, viz , 


..2sin a Uf,— i) I,. . *>. Osin* 4(4— *)? * 

. - o = tan a e sin a S + -g (tana, sm 6) — p 


* y = sin 




6 sin i” 


etc 


In this case (o* — a) = sin 1 [tan a e sm 3 8 2 sin 3 Kt e — *)] 


(490) 
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When this formula is applied to the close circumpolar 
stais, sin J 6 differs but little from unity, and the last term 
will in all practical cases be inappreciable 
We have therefore the simple formula 




— a = tan 


2 sin 3 — t) 
sin 1" 


( 491 ) 


302 Correction for Inclination of Axis When the wist end 
of the axis is high the reading of the honzontal circle will 
be small, therefoie the coirection will bz plus 

The inclination will be given by the formula derived for 
transit instrument, (289) 


b = — \_{w -f- «/) — {e -(- e / )'] . . . (49 2 ) 

4 

Or if the level is reversed more than once, 

b = ^\_W- E] . • • • (493) 

Where W and JE are the means of the readings of the east 
and west ends respectively 

The effect upon the reading of the horizontal circle we 
have by equation (487)1) V1Z > 


Where h is the altitude of the star 

Such a correction must also be applied 
mark when appreciable. 


to the reading oa 
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With the circumpolar stais observed at elongation we may 
write tan cp for tan h Then we have 


Correction for level = da — — \ W — E~\ tan cp 

Ai 


(494) 



303. Correction for Diurnal Aberra- 
tion Suppose at the instant of obser- 
vation the point from which observa- 
tion is made to be moving in the 
direction AB 

Let SA be the true direction of a 
raj of light coming fiom a star, then 
m consequence of aberration the star 
will appear 111 the direction AS' 

Let AC be drawn equal to the dis- 
tance travel sed by the 
k ray of light in one second 

= V, 

AD, the distance traversed by 
the point on the eaith’s 
surface m one second 
— v 


Let angle SA£=S, S'AB^S' Then ACD—S — S' — AS 
sm AS 


Then 


sin S 


v 

V' 


v .. 

or AS = -y sin S 


We have found, equation (286), 


v 

V 


= o" 319 COS <P 


Therefore 


AS = "319 cos cp sin S' 


(495) 


§303 


53i 


azimuth by circumpolar stars 

This gives the displacement in the plane determined by 
the direction of the ray of light and the direction of motion 
of the point of observation It re- 
mains to determine its effect on the 
star's azimuth 

In Fig 63 let j be any star, NS 
the mendian, NESW the honzon 
jA is diawn perpendicular to the 
honzon, and therefoie equals the 
altitude NA equals the azimuth 
The angle at E is called y 

Since the point occupied by the 

observer is moving directly towards 

the east point of the horizon at the instant of observation,^ 
will be equal to 3 

Then the right triangle sEA gives the equations 

^ cos h cos a = sm S cos y , 

(jfy cos h sin a = cos S 

We require the effect produced on a by a small change m 
therefore we differentiate with respect to h, a, and » 

_ cos Ti sin a da — sin h cos adh= cos Sr cos ydSr , 

cos h cos a da — sin h sm a dh— — sin Sr dSr 




da = 


S32 
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Substitute for d$- the value of AS given by (495), and recol- 
lect that the azimuth is reckoned from the north, we have 


da — 


319 cos <p cos a 
cos h 


(496) 


For a close circumpolar star this will not differ appre- 
ciably from 


da = " 319 cos a . . . (497) 


This will be added algebraically to the computed azimuth 
of the star 

304 Formula for Azimuth by a Circumpolar Star near Elon- 
gation 


sm a 6 = cos d sec <p , 
cos t e = cot d tan cp , 

Chron time = a ± t e — dt* ^ easteriT } 1 
2 sin' i(f e — t ) 


a e — a = tan a e 
d. 


sm i 


Level = -\W - K\ tan cp, 

Aberration = "319 cos a , 

A = a e -\-{m—s)*— level -j- aberration 


(XXIV) 


* m = reading of circle on mark, j = reading on star 
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Example 

1847, October 17th, Polaris was observed near western elongation at Aga- 
menticus, York County, Maine, with one of the 30 inch theodolites of the Coast 
Survey, as follows 


No Object Tel 


7 Mark 

8 


Time by 
Sidereal 
Chrono 
meter 


Azimuth Circle 


6 47 12 
49 06 

51 38 

52 12 5 

53 55 5 

7 00 54 

2 25 5 
4<« 5 
5 5 1 
7 5 


A 

B 

d 


d 


d 


d 


39 

7 

39 

0 

27 

5 

2 l 

0 

4i 

0 

39 

7 

27 

0 

28 

0 

4 1 

0 

41 

0 

29 

8 

29 

0 

26 

2 

28 

2 

16 

8 

17 

0 

25 

5 

28 

0 

17 

0 

17 

0 

27 

0 

29 

0 

19 

0 

19 

0 

68 

0 

67 

0 

61 

5 

6,3 

0 

6s 

0 

6s 

0 

63 5 

63 

2 

62 

8 

62 

8 

57 

0 

59 

8 

58 

0 

58 

0 

54 

0 

52 

5 

56 

0 

57 

0 

5i 

z 

52 

0 

48 

2 

48 

7 

45 

2 

45 

0 

48 

0 

49 

2 

43 

2 

44 

2 

48 

0 

48 

7 

43 

0 

44 

7 

49 

0 

49 

0 

44 

7 

45 

0 

49 

2 

50 

5 

44 

8 

44 

8 

40 

0 

40 

0 

23 

0 

25 

c 

It 

7 

39 

7 

23 

0 

23 

c 

0 

39 

0 

21 

5 

22 

7 

26 

0 

26 

5 

13 

7 

14 

c 

26 

8 

26 

8 

14 

5 

14 

£ 

26 

7 

27 

3 

14 

0 

13 

c 


b ldlv =°" 971 


64 5 643 S 
63 1 60 5 g 

60 o 58 2 u 

55 3 53 5 ! -5 

53 o 52 o c 0 

47 7 45 8 £ 0 _ 

45 o 44 8 ! u 

46 8 45 ° ; h 

47 9 46 9 i © 

47 3 4° 3 


Si Si 


The horizontal circle was read by means of three microscopes designated 
ABC respectively, the value of one division of the micrometer head cor- 
responding to one second of arc, subject to the correction for run The circle 
being graduated directly to 5', if five revolutions of the screw exactly cover this 
space there is no correction for run, otherwise it represents the excess or 
deficiency 

For reducing these observations we have 

Right ascension of Polaris = a. = I* 5 “ 3 s * 0 

Declination of Polaris = * = 88* 29' 54 r *7 

Latitude of station = <P —43 ® 

Chronometer correction = 48 = — x* 5 x‘ 8 
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"We first compute the azimuth and time of elongation 

cos ( 5 = 8 4-183795 cot S = 8 4185287 

cos cp = 9 8625407 tan cp = g 9730531 

sin «« = 8 5558388 cos t e = 8 3915818 

= — 2° 3' 39" 21 4 = 88 ° 35' 17" 8 

is minus, since elongation is west ) t t = 5 11 54™ 21 s 2 

a = 1 5 33 o 

6 = 6 59 54 2 
46 = — 1 51 8 

Chronometer time of elongation = 7 11 1“ 46 s o 

In the table which follows, the column marked corrected leadings is the if * * 
of the readings of the three microscopes corrected for run when necessary, 1 
remaining columns will be explained by referring to formulae (XXIV) 



Mean of readings on mark = m = 243° 55' 24" 86 

Mean of readings on star = s — 127 42 48 03 

m — s = 116 12 36 83 

Azimuth of star = a e = — 2 3 39 21 

Azimuth of mark A = 114 8 57 62 

Diurnal aberration -J- 32 

Final value of azimuth, 114 0 8' 57" 94 
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STAR AT ANY HOUR-ANGLE 


From the level readings we have — 

Direct Reverse 

E = 53 50 53 50 

W = 53 00 53 50 


-[W- E] =- 24 


^ = "97 


Azimuth by a Circumpolar Star observed at any Hour angle. 


305 This method differs from the preceding m the manner 
of computing the azimuth of the star, which may be con- 
veniently done by either of thiee methods 

First By the fundamental equations (a) and {b), Art (301J, 
we readily find 


tan a = 


sin t 

cos <p tan d — sin <p cos t 


(498) 


Second We may apply Napier’s analogies to the triangle 
formed by the zenith, pole, and star, viz , 


sin j<d — <P ) 
tan + <*■) - cos£(d+ 9 ) 
cos £(d — <p) 
tan i(s - a) = — ^ 


cot it , 
cot it j 


a = i(? + a ) — 


• (499) 


Third By expansion into senes 
In equation (498) wnte/ = 90° — d Then 

sin t sin p __ 

tan a — — cos cos p -”sm <p cos t sin/ 

* and p being small, we may expand tan sin/, cos/into 
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series, when the equation becomes, to terms of the third order 
inclusive, 

. , 3 _ sin t[p - if) 

a + ta - - cos ^ _ sin <p cos t(j> - \p')' 

or 

a cos cp— —p sin t-\-ap sin <p cos t-^ap'cos <p — i«’cos 9>+-&^’sin t 

Solving this equation for a by approximations, we have for 
the first approximation 

sin t 


This value substituted in the second teim of the second mem- 
ber of the above equation gives for a second approximation 

sm t r i o , 7 \ 

a = — p + P tan cp cos t 

cos cp \j 1 r ^ J 

This value substituted in the second, third, and fourth terms 
of the above gives finally 

a = _ iH^^^4-/slnI ,, tan^cos/^-fe5 3 sln 2 I , [(i+ 4 tan» cos 2 /-tanV] (Soo) 
c°s cp L J 

For Polaris within the limits of the United States the term 
in / will not exceed 2", while the terms neglected will not 
be greater than o" 1 

For a close circumpolar star observed near culmination 
this formula may be written 

a= — iSLil" /0-/> 3 sini"tan <p cos + start (p ) 1 (501) 

cos cpif -i 

The corrections for level reading and aberration will be com- 
puted by the same formulae as in the previous case 
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Correction of the Mean Azimuth for Second Differences 

306 In applying the foregoing method to a series of ten 
or more readings on a star we may proceed m either of two 
ways first, we may reduce each reading separateh , com- 
puting the azimuth of the star for each time of observation , 
or second, we may take the mean of the readings and com- 
pute the azimuth for the mean of the corresponding times, 
applying to this computed azimuth a small conection for 
second diffeiences 

The fiist method involves considerable labor, but at the 
same time the individual values furnish a rough check on the 
accuracy of the work When the second method is pre- 
ferred we may derive the expression for the correction as 
follows 

Let t„ t v t n = the observed times , 

a„a,,a„ a n — the corresponding azimuths of the star, 

*1+ 4 + ~t~ _ t _ t he mean of the observed times , 

n ° 

a a = the azimuth corresponding to t. 

Let At, = t, — t,, At, = t, — t 0 , . Ai K = t n — t*. 

Then we have At, + At, + + — o 


We may now write 

da . d a , — 

«, = / w = A*' J r At ^ = a ° + dt At ' + ~df iJtl 5 
«. = fih) = + A Q= a ' + W /lt ' + 7? % - At ' ; 


ggg PRACT1CA1 ASTRONOMY § 3°^ 

The mean of these expressions will be 

*. + «, + • + «*_.. , dj*\W±A*LL +JJ± 

J -“• + df 2 n 

The quantities At will be expiessed in time multiplying 
by 15 to reduce to arc, and also multiplying each quantity 

of the form (15 Atf by sin 1", the term multiplied by 

will be 

(I i) a sin x „ At ' + At ? ± +- 4ZL = [6 73672]^^ (502) 

2 ^ 

Or if preferred, this term may be computed by table VIII A, 
for’ since the quantities At will be small, we shall have prac- 

t,Ca ' ly , „ 

^ At sm 1 = "sinT 77- "’ 

and the above term becomes 


12 sin °iAt 
— ' 


11 


sin r 


(503) 

d*a 

It remains to determine a convenient expression tor 
Differentiating equation (b), Art 301, with respect to a 

and t, we find , „ > 

d'a , tan a ( cos" t — cos 

s 1 a / 


df 


sin 


•* t V cos' 


( 5 ° 4 ) 


For a close circumpolar star cosV differs but little from 
unity, so that we shall have very nearly 

( 505 ) 


da 

— = — tan a 
df 


* It will be seen that the expression which we have derived for reducing the 
reading taken near elongation to the readmg at elongation is a special case of 
this same form 
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W e thei efore have for the mean of the azimuths 


f*dL£L±__i^ = tan * 0 [6 73672] ^At, (506) 


where, as usual, the quantity in brackets is a logarithm, and 
the quantities At are expressed in seconds of time 

Example 

307 1848, April 5 Observations on Polcnis at Dollar Point, Galveston 

Bay, Texas Instrument, 18 inch Troughton & Simms theodolite 

One division of level = o' 82 
cp = 29 0 26' 2" 6 , 
a = i h 4 m 4 s 7 , 

S = 88° 29' 57" 83 , 

JT= — I s 8 





Azimuth Circle 


Level 

Object 

Position 

Chronometer 

Time 








/ 


W 



A 

B 

c 

E 

Mark 

D 


158° 50' 55 " 

65" 

50" 

129 

7 i 5 

R 


51 20 

20 

00 

81 

126 

JI 9 

74 

Star 

D 

9 h 3 m 33 * 5 

337 18 40 

35 

20 

83 

117 


4 47 5 

18 55 

55 

35 





6 70 

18 75 

70 

55 




R 

98 65 

19 45 

55 

40 





9 24 0 

19 65 

75 

55 





10 23 s 

20 20 

30 

10 

121 5 

79 

Mark 

D 

R 


158 50 55 

51 20 

65 

15 

50 

00 

80 

121 5 

120 

78 






77 5 

122 


The reduction is now as follows 


Object 

Position 

Reduced 

Reading 

Mean of 
Readings 

Chronometer 

A/ 

AT* 

Mark 

Star 

Mark 

D 

R 

D 

R 

D 

R 

158° 5 °' 56" 7 
51 13 3 

337 *8 31 7 
18 48 3 

18 66 7 

19 46 7 
19 05 0 

337 20 20 0 

158 5 ® 56 7 
51 11 7 

337 ° i 9 7 a ^ // 4 

158 5 1 4 6 

9 * 3 m 33 * 5 

4 47 5 

6 70 

8 65 

9 24 0 

9 10 23 5 

210* 2 
I36 2 

56 7 
62 8 
140 3 
199 8 

44184 

18523 

3«5 

4 $ 

399 ®° 
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Formula (506) 

^2 At 1 = 129470 log = 5 1122 Mean of times = 9 h 7 m 3“ 7 

log — =92218 AT — — ib 8 

n 

Constant log = 6 7367 <2 = 14 47 

tan a = 8 4092 n t — 8 b 2 m 57 s 2 = I 20 ° 44 'i 8 " o 

log correction = 9 4800# 

Correction = — 0" 3 

The azimuth of the star may now be computed either by equation (498), 
(499), or (500) We shall compute it by each method for illustration 


Formula (498) is tan a = 


sm t 

cos cp tan $ — sin cp cos t 


<p = 29 0 26' 2" 6 
6 = 88 29 57 83 


a — — i° 28' 11" 5 


cos cp — 9 9399792 
tan d = 1 5817575 
Sum r = 1 5217367 
* Zech 0032688 
log denom = 1 5250055 
sin t = 9 9342512 
tan a = 8 4092457 


sin cp = 9 6914542 
cos / = 9 7085212** 
Sum 2 = 9 3999754* 
xi — st = 2 1217613 


Formulae (499) 


tan + a ) = 


tan -K^ — a ) = 


sin — cp ) 

cos 4* 9) 

cos 4(£ — cp) 

sin 4- <p) 


cot \t , 
cot 


* = 88° 29' 57" 83 
cp — 29 26 26 
s - <P = 59 3 55 23 

¥ s ~ < p )= 29 31 57 61 
( s + < P ) =117 56 o 43 
58 58 o 21 
= 60 22 90 

Vs + a ) = 28 32 20 60 
Vs —°) =30 o 32 09 
a = — 1 28 11 5 


sm = 9 6927762 

cos = 9 7122589 
cot = 9 7549528 
tan 1(7 + a) = 9 7354701 


cos = 9 9395566 

sin = 9 9329140 
cot = 9 7549528 
tan% — a )= 9 7615954 


* Addition and subtraction logarithms 
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Formula (500) 


a = — sin x ” tan <P C0S ^ + sini r " {(* + 4 tan 2 9) cos 2 * — tan 9 <p}]. 



/ = i° 30' 2" 17 



= 5402" 17 


log/ =3 73257 



log / 2 = 7 46514 

log /* = IX 1977 

tan 2 9 = 9 5029 

sin 1" = 4 68557 

sin 2 1" = 9 37ii 

log 4 = 6021 

tan 9 = 9 75147 

log i = 9 5229 

Sum = 0 1050 

cos * = 9 70852 * 


log (l + 4 tan 2 9) = 3567 



cos 2 1 = 9 4170 

log 2d term = 1 61070 * 

factor = 9 4401 

Sum = 9 7737 

log 3d term = 9 5318 

tan 2 9 = 9 5029 



Zech = 9 9372 



log factor = 9 4401 

2d term 

— — 40” 80 


3d term 

a 

+ 

11 


Sum 

= 5361 71 



log sum = 3 7293° 
sin * = 9 93425 
log sec 9 = 06002 

log 0 = 3 72357* ^ = — 529 1 " 4 

a = — i° 28' 11" 4 

For computing a single azimuth, as in the present case, formula (498) will be 
preferred For other cases, where a larger number of values are required, (499) 
and (500) will sometimes be found more convenient 
For the level correction 


W - £] tan 9 = ^[97 56 - 102 44] tan 9 = - 2 00 X tan 


Mean reading on star level correction 
Mean reading on mark 

Azimuth of star + correction for aberration 

Azimuth of mark = a -|- (*» s ) 


= 337° 19' 25" 3 = J 
= 158 5i 4 •* = *1 
= — I 28 10 .9 = A- 
= 180 3 28 4 = ^ 


The aberration, as 


before, is given by the formula " 32 cos a 
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Condition «■ favorable to Accuracy 

308 Reckoning the azimuth from the noith point equations (121) become, 

(a) cos h cos a — sm 8 cos cp — cos 8 sm cp cos t } 

(b) cos h sm a = — cos 8 sin t , 

(c) sin h — sin 8 sm cp -f- cos <5 cos cp cos / 

Also from the tnangle whose veitices are the zenith, pole and star, 

(d) sm q sm 8 = cos a sm t — sm a cos / sm cp , 

(<?) sm q cos 8 = — sm a cos qo , 

(/) cos q = — cos a cos t — sm a sm t sm cp , 

q being the angle at the star 
Dividing (a) by (b) we find 

(?) sm t cot a — — tan d cos cp + cos t sm cp 

Differentiating with respect to a and t, and 1 educing by (/), 

da __ sm a cos q 

dt sm t ( 5 ° 7 ) 

This reduces to zero when q = go 0 , a condition possible with any star whose 
decimation is greater than cp 

With a close circumpolar star at elongation, / will at the same time be near 90° 
or 270°, and sm a will be small , this will therefore give the most favorable con- 
dition when small enors m t are to be apprehended 
Differentiating (g) with lespect to a and 8 and reducing by (b) and (e), 

da _ ^ cos cp sm a _ sm q 

db cos h cos 8 cos h * ( 5 ° 9 ) 

Differentiating with respect to (a) and (cp), 

Jqj = tan k sm a ( 5Io) 

Both (509) and (510) vanish when the star is on the meridian appioachmg near 
maxima values for a circumpolar star at elongation, but as they have different 
signs on opposite sides of the mendian they will vanish from the mean of two 
determinations arranged symmetrically with respect to the meridian 
It therefore appeals that the azimuth will be practically free from the effects of 
small errors m d, t, and cp if it is determined from circumpolar stars obsened an 
equal number of times at both eastern and western elongation 

For a mo-e elaborate tieatment of this subject Craigs I realise on Azimuth may 
be consulted J 
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Azimuth by the Sun or a Star at any Hour-angle , the Time not 

being Known 

309 In determining azimuths for the ordinary purposes 
of land-surveying or for magnetic work extreme accuiacy is 
not requned In such cases it may be derived without a 
knowledge of the local time by using a theodolite and read- 
ing both horizontal and veitical circles 

Eithei a star or the sun may be employed , in the latter 
case the thi eads are placed tangent to the limbs and a con ec- 
tion for semidiameter applied The veitical thread is placed 
alternately tangent to the fiist and second limbs, and the 
horizontal thread tangent to the upper and lower limbs. If 
the observations are ai ranged s} mmetrically with respect to 
the limbs the semidiameter will disappear from the mean 
The azimuth of the star is computed as follows : 

The last of equations (113), substituting 90° — ir for h y 
and recollecting that the azimuth is reckoned from the north 
point, is 

sin d = cos z sin cp + sin z cos cp cos a 


6 and cp are known, * is the zenith distance measured as in- 
dicated, and corrected for refraction, and, when the sun is 
employed, for parallax We therefore solve the equation 


lor a , * 1 

Writing cos a = 1 — 2 sirf \a> , then cos a = — 1 + 2 cos \a y 

we find by a familiar reduction 

__ / cos gg + 9 + 6 ) sin E* + 9 ~~ ^ 
sin \a — a/ sin z cos cp 


cos = 


/ sin £(z — cp +d) cos z 9 <?). I,. 

— \f sin z cos cp f 


/c os j(z + 9 + g) sm j(z + <P — jj . 
tan \a — y cos \{z — 9 - sm — 9 + 6 ) ^ 
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The azimuth of the star may be computed by either of 
these formulae, the last being most accurate As this method 
will not be employed when extreme accuracy is required 
this consideration will have less weight than m other cases 
When the sun is employed the correction for seimdiame- 
ter is obtained as follows 


Let 5 — the sun’s semidiameter taken from the ephemens 

Then from the right-angle triangle formed 
by the great circles joining the zenith, cen- 
tre, and limb of the sun we have, calling the 
angle at the zenith 6a, ° 



sin 5 = sin z sm 6a, 
6 a = ± 

sin#’ ' * 


(512) 


fig - 64 the proper algebraic sign being obvious. 

If the time is also required, we derive it from the meas- 
ured altitudes by the method of Articles (124) and (125) 

Conditions favorable to Accuracy 

310 In order to investigate the effect upon the azimuth of small errors m 
assumed latitude and zenith distance we resume the fundamental equation 

sm 6 = cos z sm cp -J- sin z cos cp cos a 

have 56 ” 1111411118 £rSt Wlth reSpect to a and *> then Wlth respect to a and <p, we 


d s a — [— tan <p cosec a cot * cot a]dz , ) 
d$a = [— tan cp cot a cot z cosec d\dcp ) 


(513) 

The coefficients of both A and d<p dimmish as * and a approach 90“ also the 

rnsrs rrs sl- *■— - -s. 

« “ stala u - p™» — - 

When mi ordin^y tteodhht. ,, need .here well be „„ pro™, on (or 
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illuminating the field , this may, however, be done by a bull’s-eye lantern held m 
front and a little to one side of the object glass 


Example 

31 1 Station, Capital, Washington, D C 

Sun near prime vertical, August 15, a m , 1856 Observer, Charles A Schott 
Instrument, 5-inch theodolite Longitude 5 h 8 m i 8 west of Greenwich 


Chronom 

eter* 

Time 

Horizontal Circle 

Vertical Circle 

A 

B 

A 

B 


O ’s upper and first limb Telescope D 

5 h 2 m 53 s 

5 34 

6 55 5 

25 0 24' 30" 
35 5 <> 45 

26 4 jO 

205° 24' 30" 

205 51 30 

206 5 15 

6i° 56' 0" 
61 24 30 

61 8 45 

6 i °56 / 0" 
61 25 0 

61 g 30 


O’s lower and second limb Telescope R 

5 9 

to 32 

XI 42 

205 54 15 

206 7 15 

206 18 30 

25 54 00 

26 6 45 

26 18 15 

61 ig 30 

61 4 00 

60 50 00 

61 18 30 

61 3 0 

60 49 45 


Thermometer 73 0 


Barometer 30 inches* 


We also have <p = 38° 53' 18" Mean chronometer time* — 5 h 7 ra 48* 1 
$ == 13 55 33 Horizontal circle = 25°56'4o" 

Sun’s eq parallax * = 8" 5 Vertical circle = 61 1702 

Refraction = r = + I 4* 7 
Parallax — 7 4 

Corrected zenith dist = 6 i ° i 8'36" 


We compute azimuth of star by the last of (5x1) 


Vfi+<p + S) = 57° 3 44" 
£(*+9-$) = 43 8 11 

£(* - <p - 6 ) = 4 14 53 
£(* — <p + 6 ) = 18 10 26 


cos = 9 73538 
sin = 9 83489 
sec = 00120 

cosec = 50598 


07745 

\a = 47 0 33' 3" 0 tan \a = 03872 5 

a = 95 6 7 

Hor circle = 25 56 40 

2 qo 50 33 = Reading of circle for north point 

' * A sidereal chronometer was used The tune is only required for taking * from the ephem- 
era and need not be very exact When a star is nsed no record of the time is required 
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Azimuth by the Transit Instrument 

312 It has already been shown, in connection with the 
general theory of the transit lnstiument, how the azimuth of 
the line of collimation is determined, either by special obser- 
vations made for this purpose or from a series of transits re- 
duced by least squares If now the direction of this line is 
fixed by a meridian mark, we have the azimuth of the mark 
Such a determination, though not of the highest order of ac- 
curacy, is sufficient for many purposes 

When the greatest precision is required, the telescope 
must be provided with an eyepiece micrometer moving a 
veitical thread The instrument will generally be mounted 
either m the meridian or m the vertical plane of a circum- 
polar star at elongation 

313 Azimuth by a Close Circumpolar Star near Culmination 
The instrument is set up and adjusted as already explained 
in Articles 166-9 The mark whose azimuth is to be deter- 
mined must be placed so near the meridian that it may be 
well obseived without changing the azimuth of the instru- 
ment In positions where a distant meridian mark is not 
available a collimating telescope may be used, in which case 
the fiimest possible mounting will be lequned for both tran- 
sit and collimator 

The observations will be made as follows A shoit time 
before the star’s culmination the telescope is dnected to the 
mark and a sei les of readings taken with the micrometer, 
both in dnect and reverse position of the instrument The 
level is then read and a series of tiansits observed ovei the 
micrometer-thread, which is moved fonvaid successively one 
turn or less The instrument may be reversed or not at the 
middle of the series The level is again read and a senes 
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of readings on the maik taken Tiansits of zenith and equa- 
tonal staiswill also beobseived for determining the clock 
correction 

314 Method of Reduction The value of one revolution of 
the miciometer-screw is requued If not previous!} known 
this maybe denved fiom the observed transits of the star, 
by the same method used for determining the equatorial 
intervals of the transit-threads, viz 


Let I = the interval of time required for the star to pass 
over the space corresponding to one revolution 
of the screw 


Then, eq (291), R = 15/ cos 8 Vcos / . . ( 5 M-) 


Vcos / being taken from table Art 174 when it differs 
appreciably from unity R, the value of one revolution, will 
be expiessed in seconds of arc 

The collimation constant may be derived either from the 
transits of the star, the instrument being reversed at the 
middle of the series, or by means of the readings on the mark 
111 the two positions as explained in Art 182 

When the transits of the star are used for the purpose the 
formula for c is (see Art 185) 


e = £( T - T ) cos tf+K T- T)S T cos S -j- *(£'- b) cos (?>-<*). 

It is well to derive c from both the star and mark, the two 

determinations mutually checking each other. 

The mean of the observed times must next be re- 
duced to the time over the line of collimation of the telescope. 
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Letr„ t\, r m = the successive readings of the micro- 
metei, 

t„ t v t m = chronometer times of observation, 

r 0 and t 0 = micrometer reading and time for line of 
collimation 

_ _ r i + r » + + r m j + + t m 


Then, from (291 ) t , t c - t 0 = ^^_^ sec $ Vsec JT 0 - 7 0 ). (515) 

The factor Vsec (4 — r„) is taken from the table Art 174 
if it differs appreciably from unity We thus have T, the 
chronometer time of transit over the line of collimation 
Then, equations (284), (285), (287), 

a = T-\- AT -|- Aa -(- Bb -f C{c — 6 021 cos <p »);* 

in which A = sin (<p- 6 ) sec 6 , B=c os (<?-<?) sec C=sec 

Let r = * - [r+ + , 02I cos <p)]i (s l6) 

that is, the algebraic sum of the known terms. 


Then a-lll 

A 


(Si 7 ) 


is the expression for the azimuth of the star m seconds of arc 
It will, however, be remembered that in the theory of the 


* If the mean of the times has been reduced to the line of collimation ,, 
supposed above, c will be zero if not c = t c — f Q 
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transit instrument where the above foimula is derived, a is 
considered plus when the south end of the telescope devi- 
ates to the east For present purposes, therefore, the alge- 
braic sign must be reversed, giving for azimuth of star 


The azimuth of the mark then follows at once from the dif- 
ference between the micrometer readings on the mark and 
star 

By observing the same star at both upper and lower cul- 
mination the effect of any constant error m the right ascen- 
sion or clock correction will be eliminated from the mean. 


Example 


$ Ursa Minons at Lower Culmination 51 Cephei at Upper Culmination 

1882, March 20 Instrument, Simms Transit C S No 8 


Chro- 

nome 

tei 

Mark 

Chro 

nome- 

ter 

5 Urs,e Minoris 

Level 

51 Cephfi 

Lev el 

Lamp 

E 

Lamp 

W 

Micro- 

meter 

Chro- 

nometer 

E 

W 

Micro 

meter 

Chro- 

nometer 

E 

w 

5 h 20 m 

5 h 30 “ 

18 760 
18 760 

18 750 

18 760 
18 750 
18 750 
18 751 

75 l 

18 758 
18 750 

12 670 
12 665 
12 67O 
12 665 
12 675 
12 675 
T2 670 
12 672 
12 670 
12 665 

5 h 40™ 

5 h 50“ 

x8 22 

17 72 

17 22 

16 72 

16 22 

IS 72 

IS 22 

14 72 

T4 22 

I 3 72 

13 32 

6 Hi 8 “ 44 » 

19 11 

19 37 5 
so 4 5 

20 31 5 

20 59 

21 25 5 
21 52 

22 19 

22 46 

6 h 33 »i 3 . 

49 8 

35 0 

50 8 

36 3 

t 1 

63 0 

f a 

63 0 

13 22 

13 72 

14 22 

14 72 

15 22 

15 7 2 

16 22 

16 72 

1 7 22 

17 72 

18 23 

6 b 27 “ 34 * 

28 8 

28 4® 5 

29 is 

29 48 

30 22 

30 54 

31 29 

3 * * 5 

32 36 
6*33*10^ 

Ah. nL~.a 

38 0 
53 5 

39 0 
53 5 

63 0 
49 © 
63 5 
49 0 1 

e*A 


IS 7 2 6*20“ 5 8* 46 42 98 55 58 15 7* 64 4600 56-12 


& Ursae Minons 

cp = 29” i 30" 6 = 93 ° 24' 24" 

£ — 51*30 a= 20“ 5*6l 


51 Cepbei 

5 = 87° 15' 33" 
a = 6* 29“33* 15 
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By the foregoing formulae we compute — 

8 Ursae Mmons 51 Cephei 

A = + 15 16 A — — 17 76 

B — — 7 30 5 = + ii 04 

C = — 16 83 C = -j- 20 91 

b = -f 6" 30 = o 8 42 £ = + 5" 06 = o* 337 

We now derive the value of the micrometer screw from the observed tran- 
sits of each star, as follows Subtracting in each case the first time fiom the 
seventh, the second from the eighth, etc , we have the following values 


log I = 1 82607 
log 15 = 1 17609 
cos 8 = 8 67961 

log A’ = 1 68177 
B = 48 06 

3tui*ns — 2 m 41® 4 3 turns = 3 m 2i B 

1 turn = 53 80 = / 1 turn = 67 o = / Mean J? = 48" 00 


The mean of the readings on the mark E and W gives r c = 15 712 There- 
fore, by formulae (515), (516), and (518)— 

8 Ursae Minons 51 Cephei 


Observed time = 6 h 20 m 58 s 46 

6 h 30 m 

21* 

64 

+ 

n 

■ 4 * 

1 

42 

— 


54 

T — 6 h 2o m 

5& B 88 

6 h 30 111 

21 s 

10 

AT= - 

5 i 30 

— 

51 

30 

bB — — 

3 07 

+ 

3 

73 

*CA = + 

3 i 

— 


38 

a = 6 20 

5 61 

6 29 

33 

15 

r = + 

6 79 

r = 

0 

00 

a ! = - 

0" 78 

a ' = 


00 


* cis = o, since we have reduced the times to the axis of collimation Therefore 

c* = — ■ 021 cos <f> 

= — 018 


8 Ursae Minons Si Cephei 


Nos 

Interval 

log I = i 73078 

Nos 

Interval 

7 - I 

2 m 41 8 5 

log 15 = i 17609 

7 - I 

3 m 20 s 

8 — 2 

2 41 O 

cos <5 = 8 77395 

8 - 2 

3 21 

9-3 

2 41 5 


9-3 

3 21 

10 — 4 

2 41 5 

log A’ = I 68082 

10 — 4 

3 21 

11 - 5 

2 41 5 

R - 47 95 

11 - 5 

3 22 
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Mark west of collimation axis 3 042 revolutions = 2} 26" 02 

Mean value of a’ = — 39 

Azimuth of mark = — 2 25 63 

316 If the telescope is not provided with an eye-piece micrometer, the azi 
muth screw at the end of the axis may be employed (see description of instru- 
ment, Art 158) The mark in this case must be quite near the meridian as the 
range of the screw is small The method of observing is the Mint as that de- 
scribed in the last article 

Detei mutation of the Value of the Sciew For this purpose a series of transits 
of a circumpolar star near culmination will be observed, extending over the en 
tire available range of the screw It will be as well not to extend it to the ex- 
treme limit in either direction 

Let M = the micrometer reading at any observed time t , 

= the micrometer reading at time of culmination t 0 , 

R — the value of one revolution of screw 

Then since the screw moves the instrument in azimuth, we have, by (517)* 
R{M - Me) = ^ (* 5 *>- 


where r = t — t 0 

This is a little more accurately written 

R(M — Me) sm 1 " = sm (15*0, 
or =-L[i 5 r-Ki5ri J sin’i"], 

R{M - M„) = l -j[r ~ *05 sin Wl 


(51V 


Where the log K15 sm i") s = ° 94518 - to, and the quantity K *5 su. 

W V. f the table Art 275 When this correction is appreciable it 

may be taken from tne taDie au 

will be convenient to apply it directly to the observed times, 
have these times reduced to what they would have been if the ® Ur ^ “°^ 
uniformly in a great circle The method of combining these reduced times « 
the same as that illustrated in the preceding article 
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Example 

8 Ursa Mmons near lower culmination , February 5, 1869 
Chronometer time of lower culmination, 6 h I5 m 48“ 


Micr 

Chron time 

Time from 
culmina- 
tion 

Red’n 

Red d time 

Time of 3 turns 

< 

h m s 

m 

j 

h in s 

t t 

w 

s 

21 O 

5 55 57 

19 9 

+ 1 5 

5 55 58 S 

21 to 18 

9 

62 7 

20 5 

57 40 

18 1 

1 1 

57 x 

205 175 

9 

59 5 

20 O 

59 2 3 5 

16 4 

0 8 

59 24 3 

20 17 

9 

55 7 

19 5 

6 01 02 5 

14 8 

0 6 

6 01 03 1 

195 10 5 

9 

59 9 

IQ O 

02 41 s 

13 1 

0 4 

02 41 9 

19 16 

9 

57 x 

18 s 

04 21 0 

« 5 

0 3 

04 21 3 

185 i 5 5 

9 

5 i 7 

18 0 

06 01 0 

9 8 

0 2 

06 01 2 

18 15 

9 

55 8 

17 5 

07 4 ° 5 

8 1 

0 1 

07 40 6 




17 0 

09 20 0 

6 5 

0 0 

09 20 0 

Mean 

9 

57 07 

is! 

11 00 0 

4 8 

0 0 

11 00 0 





12 39 0 

3 2 

0 0 

12 39 0 




15 5 

14 13 0 

1 6 

0 0 

14 13 0 




15 0 

15 57 0 

0 1 

0 0 

15 57 0 





Time of three revolutions 597 s 07 

One revolution = r = 199 8 o log = 2 29885 

log 15 = 1 17609 

log ~ = 8 82216 
A 

log R = 2 29710 

R = 198" 2 

Star’s declination = <5 = 93 0 23' 48" 

Latitude ■=. cp — 30 13 54 

The computation of the azimuth of the star at the mean of the observed times, 
and the determination of the azimuth of the mark from the combination of the 
readings on star and on mark, will require no further illustration 


Azimuth by Circumpolar Star at any Hour-angle 

317 When extreme accuracy is required the instrument 
must be provided with an eye-piece micrometer The mark, 
of course, must be near the line of colhmation The method 
of observing will be the same as with the theodolite, Art 
298, except that the readings are made with the micrometer. 

If there is no eye-piece micrometer the azimuth-screw may 
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be used, m which case the reduction will be precisely the 
same as that given for the theodolite, formulae (XXIV), Art 

304 

When the micrometer is em- 
ployed the reduction will be as 
follows 

In the figure JYESW repre- 
sents the horizon, P the pole, s the 
star, Z the zenith, the mark, CZ W 
the direction of the line of collima- 
tion, w' the point where the west 
end of axis pierces the celestial 
sphere 

Fig 65 

Let M 0 = micrometer reading on line of collimation , 

M = micrometer reading on star, 

M' = micrometer reading on mark , 

R = value of one revolution of screw , 
b = elevation of west end of axis 

Then from the micrometer and level readings we require the 
expression for the difference in azimuth of s and M- 

Let R[M — M 0 ) = m , 

R{M' — M t ) =m'. 

Then from figure, 

fiz = z') sz — z’, zu/=gp°— b; 

■w's=go°-\-m, zt//x=90°+tn'; w'zs=go°+a lt tef'z/t=go°+a l '. 

Then if a = azimuth of star, a' = azimuth of mark; 

a _ a ' — a x — a/ = required difference of azimuth. 
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From triangle w'zs , 


§ 


-sin m = sin b cos z — cos b sin z sin a x . 


From tnangle w'zv, 

— sin m' = sm b cos — cos b sm z r sin a x 


m, irt \ b , a v and a x will alwa} s be small quantities , therefore 
the above equations may be written 


— m — b cos z — a x sin z , 

— m' = b cos z' — a/ sm z f 

From these equations we obtain 

, m m sin iz r — z) 

£ ft — — - — 1— b T - . 

sm # sm z 1 sm ^ sin z 


(520) 


The micrometer reading is supposed to increase with the 
azimuth , if the opposite is the case the signs of in and m! 
will be changed 

b includes the correction for inequality of pivots , also for 
flexure, if the instrument is of the form shown in Fig 28 
(See Art 192 ) Thus the complete expression for b is 

6 = ^(W-E) + p+f (S2i) 


P is the correction for inequality of pivots, and /“the flexure 
The azimuth of the star being computed by any of the 
methods before given, we have by (520) the required azimuth 
of the mai k 

318 A Circumpolar Star near Elongation It will be best 
when practicable to observe the stai s near the time of elon- 
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gation The leadings on the star may then be reduced to 
the reading at elongation as follows In the figure let 


s e = position of the star at time 
T e = elongation , 

j = position of the star at time T 

Then s e a = x is the correction re- 
quired to reduce the reading at j to 
the reading at elongation 

From the right-angle ti langle sPa, we have 

cos (t e — t) = tan 8 cot (8 -f- x) 

From this, by the process given for deriving equation (483) 



x = £ sin 28 


2 sin 3 — 
sin 1" 


0 


(522} 


On account of the rapidity and accuracy with which the 
micrometer readings may be made several sets may betaken 
at one elongation if thought desirable 


Example 

310 In Vol XXXVII, Memoirs Royal Astronomical Society, Captain Clarke 
gives among others the following observation of Polaris 

Station Findlay Seat, 1868, October 23 


Position E 

W - E = - 1 30 

M - M* = 58o 19 

M' - Mo = - 77 01 
Sidereal time =: 18 11 4 i m 3 °* 11 


Latitude q> = 57* 34' 5t>" o 
Decimation 8 = 88 36 34 4 
Right ascension a = i h n“ 57* 
Hour-T-ngle / = 17 3 2 ^5 

/ = 262° 23' 7 S 


Zenith dist of mark s’ = 93 * 


■We also have 


One division of level 
One division of microm 
Inequality of pivots 
Flexure 


= J=i" 810 

screw = E = ' ®345 
’* 650 

/= 3 r 
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The observations given are the means of a series taken m the following 
order 

1st Level 
2d Mark 

3d Direct telescope to star and read level 

4th Three readings on star 

5th Level 

6th Mark 

7th Level 

The instrument is then reversed and another series taken m the same order 
The level reading given is the mean of the four above indicated 

We shall first reduce the observation by computing the azimuth of the star at 
the instant of observation 

As both zenith distance and azimuth are required, equations (II), Art (65), 
may be employed These equations are rewritten here for convenience 

tan 8 


tan M = 


Proof 


tan a = 

tan h 
cos M 


cos t* 
cos M 

sin (< p — M) 
cos a 

' tan ( <p — M) 
cos 8 cos / 


tan t y 


sin {<p — M) ~ cos h cos a 
By means of these formulae we readily find 

a = 2° 33' 23" 58 
h = 57 22 13 38 
2 = 32 37 47 

By formula (521), 

b = — 65 X 1" 81 + 3" I 7 I + " 650 = 2 ' 645 

m = 580 19 X 8345 log = 2 68500 

m f — — 77 01 X 8345 log = I 80798 n. 


—-= + 14 5/ 92 


m' , 

sin z 1 ' 

j Sln — z ) _ 
sin 2 sin z ' 


1 4 36 


a ~ a f — 16 6 

Azimuth of star =- a = 2 33 23 
Azimuth ol mark a! — 2 C 17 17' 


27 

55 

58 

03 


This still requires the correction for 
diurnal aberration, viz , o" 32 cos a . 
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320 The observations, of the foregoing example are taken too far from elon 
gation for reduction by formula (522), but they will serve to illustrate the method 
We compute the azimuth and time of elongation by the formulae 

sin a e = cos 8 sec cp 
cos t e = cot 8 tan <p 
Time of elongation T e = a — t e 
We readily find a e = 2 0 35' 39 ' 11 

T e = ig b 20 m 43® 13 
Time of observation T — 18 41 30 11 

T e — T — t e — t — 39 13 02 

Then by (522), log 2 — “ = 3 47892 

2 8 = 177 0 13' 8" 8 sin = 8 68589 

log i = 9 69897 

log X = I 86378 

Reduction to elongation = * = 73" 08 
Micrometer reading on star m = 484 18 
Reading at elongation = in -f- x = 557 26 

^ * now takes the place of ^ m equation (520) When the observation is 

within a few minutes of elongation we take for z the zenith distance at time of 
•elongation , hut in the present example this will not be admissible Using for 
* the value derived in the previous reduction, we have 


17' 13" 48 

sin z 


in' 

sin z' 


1 4 36 


, sin ( s' — a) _ 

U f" 

sin z sm z 
a — o' = 
a = 2 
o' =2 

Aberration = 
Azimuth of mark = 2° 


4 27 

18 22 11 

35 39 11 
17 17 00 
o 32 

17' *7"-32 


CHAPTER X 


PRECESSION — NUTATION — ABERRATION — PROPER MOTION 

321 The heavenly bodies which are employed for any of 
the purposes treated of in the foregoing pages are, fiist, the 
sun, moon, and planets, and second, the fixed stais 

In solving the pioblems of practical astronomy, we have 
in most cases supposed the position of the object observed 
to be accurately known The co-ordinates which we have 
in most cases employed are the right ascension and declina- 
tion 

The motions of the sun, moon, and planets are of a com- 
plicated character, and the pi ediction of their places for any- 
given instant belongs to another department of astronomy. 
When their co-01 dinates aie required for any of the fore- 
going pui poses they will simply be taken fiom the American 
Ephemens 01 a similar publication 

With the fixed stars the case is different , their relative 
positions change veiy slightly from age to age In most 
cases no change at all has been discovered 

The appaient co-ordinates of all stais, however, are vary- 
ing slowly but continuously, owing to two causes which are 
independent of the stai’s motion, viz first, a shifting of the 
planes of reference, giving rise to pi ecession and nutation ; 
and second, an apparent motion of the star, due to the earth’s 
motion combined with the progressive motion of light, called 
abei 1 ation 
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Secular and Periodic Changes 

322 The small changes to which many of the quantities 
employed in astronomical opeiations are subject are divided 
into two classes, viz , secular and pei iodic 

Secular changes aie those which aie progressive in the same 
direction from year to year, requiring long periods of time — 
stculce— to complete a cycle, so that dining short periods the 
changes mav be considered as pi oportional to the time 

Periodic changes are those which complete their cycle in a 
comparatively short time, and where the motion fiom maxi- 
mum to minimum, or the reveise, is so lapid that the change 
cannot be considered proportional to the time, except for 
very short intervals 

The precession of the equinoxes produces a secular change m 
the co-ordinates of all stars referred either to the equator or 
ecliptic It will be remembered that this is the name given 
to the slow motion which takes place in the line of intersec- 
tion of the ecliptic and equator, causing the pole of the equa- 
tor to descnbe a circle about the pole of the ecliptic in a 
period of about 25>ooo yeais This motion is due to the 
spheroidal form of theeaith, inconsequence of which one 
component of the attractive force of the sun and moon tends 
to draw the equator into coincidence with the ecliptic 
This component of the attraction is not uniform It is a 
maximum when the sun and moon are farthest from the 
plane of the equator, and a minimum when they are in the 
equator 

Nutation The want of uniformity m the forces pi educing 
precession gives rise to small changes of short peuod which 
together are called nutation There are a number of small 
changes embraced under this head, but the puncipal one 
causes the actual pole of the earth’s equator to describe a 
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small ellipse about the mean pole, the major axis of this 
ellipse is directed to the pole of the ecliptic and embraces 
about 18" of arc The length of the conjugate axis is about 
14" The period is about 18 years 


Mean, Apparent, and True Place of a Star 

323 Suppose the right ascension and declination of a star 
to be accurately observed with a suitable instrument the 
place of the star so determined will be the apparent plate 
The apparent direction of the star is affected by aberration, 
the effect of which vull be consideied moie fully hereaftei 
If we apply to the apparent right ascension and decimation 
the conections necessary to fiee them from the effect of 
aberration, we have the true place 

If now we apply to this tiue place the small periodic cor- 
rections called nutation, we have as the result the mean place 
In catalogues of stars the right ascensions and decimations 
are given, referred to the mean equator and equinox for the 
beginning of the year of the catalogue If then the apparent 
place of the star is required for any given date, the preces- 
sion must be applied to reduce the mean place of the cata- 
logue to the mean place at the given date, the nutation and 
aberration must then be applied to reduce the mean place 
to apparent place The determination of these reductions 
will be the immediate object of the present chapter. 


Precession 

324 The change in the position of the equinoxes is due 
to two causes first, the action of the sun and moon, and 
second, that of the planets The first gives rise to luni-solar 
precession, and the second to planetary precession 
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By the processes of physical astronomy it is shown that the 
atti actions of the sun and moon upon the matter accumulated 
about the earth’s equator, which gives it its spheroidal form, 
produce a slow retrograde motion in the line of intersection 
of the equator and ecliptic, without changing the angle be- 
tween these planes As the celestial longitudes are measured 
from this line, or rather from one of the points where it 
pierces the celestial sphere, the effect is a constant increase 
m the longitudes, with no change in the latitudes 

This is lum-solar precession, and is due simply to a motion 
of the equator 

The atti actions exerted upon the earth by the other planets 
of the solar system tend to change the plane in which it re- 
volves about the sun, without changing the position of the 
equator, this change is relatively small and tends to diminish 
the light ascensions without affecting the declinations 

The lattei is called planetary precession and is due to a mo- 
tion of the ecliptic 

The combined effect of the lum-solar and planetary pre- 
cession is to produce small secular changes in the right ascen- 
sions and declinations, also of the longitudes and latitudes of 
all stars, and m the obliquity of the ecliptic. 

325 In older to be able to determine the position of the 
equator or the ecliptic at any given instant it w ill be neces- 
sary to select the positions of those circles at some given 
epoch as fixed circles to which all motions mav be referred 
Let these fundamental circles be the mean equator and eclip- 
tic for 18000 

In Fig 67, let A A a be the mean equator for 18000, 

A' A", the mean equator for 1800 + t 

Let EEs and EE' be the mean ecliptic for 18000 and 
1800 + t respectively 

Then BD, the part of the fixed ecliptic over which the 
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point of intersection has moved, is the luni-solar preces- 
sion in t years = f 

Let D l be the point on the movable ecliptic which coin- 
cided with D when the ecliptic had the position EE 0 
Then CD ' is the general precession for t jears = if x 
Since B is the point of the equator which at the instant 
18000 was at D, BC is the arc of the equator over which 


E 0 



the intersection with the ecliptic has moved in a forward 
direction 

BC is therefore the planetary precession in the interval 
t yeais = 3 

Let g? 0 = the mean obliquity of the ecliptic for 18000 

= A n DE, 

go x = the obhquit\ of the fixed ecliptic for 1800 + t 
= A" BE, 

go = the mean obliquity of the movable ecliptic for 
1 800 + t = A"CE , 

7T = the inclination of the mean ecliptic for 1800 + * 
to the fixed ecliptic — BEC 

D is the mean equinox of 1800, C is the mean equinox of 

l800 “j- tm 
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Since longitudes are reckoned in the direction DE^E will 
be the descending node of the movable on the fixed ecliptic 

Let H — the longitude of the ascending node of the mov- 
able on the fixed ecliptic, leckoned from the 
mean equinox of 1800 
Then II — 180° — DE 

326 The determination of the values of the above con- 
stants, by means of which the position of the mean ecliptic 
and equator at any time 1800 + * can be detei mined m 
reference to the fixed ecliptic and equator of 18000, belongs 
to the depaitment of physical astronomy Three different 
series of values have been quite extensively employed, viz , 
those of Bessel, Struve and Peters, and Leverner Bessel's 
values aie given for the mean ecliptic and equinox of 1750, 
those of Struve and Peters for 1800, and Leverrier’s for 1850 o 
The values which we shall employ are those of Struve and 
Peteis, being those which are more extensively used at 
present than either of the others If, however, it is pieferrcd 
to use other values, it will be a simple matter to make the 
necessary changes in the formulas which will be derived 
The values are as follows * 

ip = 50" 3798/ — o 000 1084 A 
ip x = 50" 241 1* + o 000 1134A 
<S>0 = 23 ° 27' 54" 22, 

GD 1 = G? 0 — J— 000 0073S/ 9 , 
f GO = G? 0 — " 4738/ — OOO OOI4/ 3 , 

n = I72°45' 31"- 8" 505/, 

7 1 — n 4776/ — " 000 0035/“; 

S’ = o" 15119/— 000 241 86/ 2 

* Dr C A F Peters’ Numerus Constans Nutatioms, p 66 et 71 

f In the American Ephemeris the value of the annual diminution employed 
is o ,f 4645, instead of n 4738 The difference is so small as to be practically 
almost inappreciable 
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Bessel gives the following values for the epoch 1750 * 


ip = 50" 375 72* — " 000 1217945/“ , 

= 50 21129/ + 000 1221483/“ , 

cu, = 23 0 28' 18" o -j- oo° 00984233/“ , 

qo = 23 28 18 o— 48368/— 00000272295/“, 

n = 171 0 36' 10" — 5" 21/, 

7 t =0" 48892/ — 000 00307I9/ n , 

5=01 7926/ — 000 2660394/“ 


r(S 2 4) 


The following are Leverriei ’s values, the epoch being 1850 : 


tp = 50" 36924/ — " 000 1088 1/' , 

= 50 23465/ + 000 11288/“ , 

oo l = 23 0 27' 31" 83 -j- 000 00719/’, 

00 = 23 2731 83— 47593/ — " 00000149/“, 

n = 173 0 0' 12" — 8" 694 / , 

7 t = o " 47950/ — 000 00312 /“ , 

5 =o 14672/ — 00024174/' 


[ ( 525 ) 


Assuming the values ot the above quantities to be known, 
we may now solve the following pioblems 
327 Problem First l'o find the precession in longitude 
and latitude for any star between 1800 0 and 1800 -|- / 

Let the star be referred to a system of rectangular axes, 
the fixed ecliptic for 1800 being the plane of XY, the positive 
axis of A - being directed to the ascending node of the ecliptic 
of 1800 + / on the fixed ecliptic, the positive axis of Z being- 
directed to the pole of the fixed ecliptic 
Let L and B — the longitude and latitude foi 1800 Then 

x = cos B cos (Z — 27) , y = cos B sin (Z — Tl) , s = sin B ( a ) 

Next, let the plane of XYbe the mean ecliptic of 1800+ /, 

* Tabulae Regiomontanae, p v, Introduction 
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the new axis of X coinciding with the old, and the new mns 
of Z directed to the pole of the ecliptic of 1800 + t 
Let A and /3 = the longitude and latitude for 1800 4- 1 . 
Then 


*'=cos/? cos (X—n—fr), /= cos /? sin (A-U- £), ^= S m fi ( 6 ) 

II is the same in both (a) and (£), being the value for 1800 0. 

The new axes of Y and Z make the angle it with the old. 
Therefore 

x'=x, y'=y cos it -j- z sin it , z'——y sin n-\- z cos it ( c ) 

From (a), ( 6 ), and (c), 

id) cos /3 cos (A — II — ip x ) = cos B cos ( L — il), \ 

(0 cos fi sm (A — II — ipj) = cos B sin ( L — II) cos rt-\- sin B sin it, t (526) 
(/) sin fi = — cos B sin (Z — II) sm tf-|-sin B cos ic ) 

These equations are rigorous, but in practice they may be 
much abridged 

n is so small that no appreciable error will be involved in 
writing cos = 1, even when the interval t is several cen- 
turies 

Making cos n = i, and multiplying [d) by sin (. L — II), 
(e) by cos (L — II), and subtracting, we have 

cos sm (A — L — = sm 7 t sin B cos (. L — II) 

Then multiplying by cos (L — II) and sm (. L — II), and add- 
ing, we find 

cos cos (A. — L — = cos B + sm n sm B sm ( L — II), 

and by division, 


tan (A — L — fa) = 


sin 7 t tan B cos ( L — U) 

1 + sin n tan B sm (L — 11 )' 
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Developing this into a series and writing sm n = n, we 
have* 

\ — L— i/>i = a tan £ cos (X — II) — J-ir’ tan s B sm 2 (L — II) — etc , (527) 

where the term in n % may always be omitted 
The last of (526) may be written 

sm ft = sin B — sin it cos B sm ( L — 22 ) 

ft is a function of n Developing by Maclaurm’s formula, 
we have 

ft — B = — Tt sin (L — II) -f in 2 tan B sin s ( L — 22 ), etc (528) 

Formulae (527) and (528) solve the problem, where, as be- 
fore remarked, the terms in may always be dropped 


* This expansion, which is of frequent application, is obtained as follows 

Writing (X — L — ipi) = x, « tan B = m, 

9 o° — (L— II) = y, 

m sin y sin x 

the above formula becomes tan * = I + OTC0SJ = — 

From this we have sin x — m sin (y — x ) 

Adding both members to m sin x, then subtracting both members ftom m sm x 
and dividing, 

m -|- 1 _ sm x -|- sm (y — x) _ tan jy 
m — 1 sin x — sm (y — x) tan {x — %y) 


Now write — - = p, x — \y = \y = v 

m + 1 

and by Moivre’s formula, equation (135), 


2u V — 1 
e — I 


2uV~^l 

e 


+ * 


= / 


2vV^l 

e 



tan u = p tan v; 
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328 P?oblem Second To find the pieccssion m longitude 
and latitude between two given dates 1800 -f- / and 1800 + / 

Let A and ft be the longitude and latitude foi 1800 + t, 

A' and ft' be the longitude and latitude for 1800 + ft 

Then by (527), ^ — L = i/j, -j- n tan B cos (L — 21 ), 

V - L = ip/ + n' tan B cos ( L - U') 

Subti acting, 

X' — X=(ip/ — 7r' tan B cos(Z — II') —ntanB cos(L — 71 ) (529) 

This may be placed in a better form by assuming the 
auxiliary equations 

a sin A = (n' + n) sin i(il' — J7), 1 f . 

a cos A = ( 7 ft - n) cos}(iT - IT) f * ' 


From this we find e 


4/ l 

- 2» ( p_ + IV -(/>-!) 

, , , — 

U> 4- IV - U> - 1 ) 


2 (u + u) v — 1 i -f- me 


2vV - 1 


I + me 


— 2vY — 1 


P 1 

since - — - — — — m 

P ~ 1 

Taking the logarithms of both members of the above and expanding, 

2 (« v) V — 1 = me 2l,V “ 1 — -Jv / 0 “ 1 _|_ -J-w 8 * ^ \ etc 

- + e -»<r=i _ imi etc 

Or u + v = m sin 2 v — -Jw 3 sin 4V + sin 6 v, etc 

Writing for u, v> and m their values, we have 

\ — L — tfi = it tan B cos (L — IJ) - tan 3 Z sin 2 (Z — iT) 

— -J 7 T 3 tan 8 Z sin 3(Z — II), etc 
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Combining these with (529), and eliminating it and it', we 
find 

V — \ — (ip/ — i>,) + a cos [l — — y - — (531) 

Similarly fiom (528) we have for 1800 + t and 1800 + 

ft — B — — it sin (Z — 12 ), 

/ 3 ' — B = — it' sin ( L - n ') 


Subtracting and eliminating it a id it' by the auxiliary equa- 
tions (530), we find 

P' — P = ~ a sin [l - — a) (532) 

For the auxiliary quantities a and A we find, from (530), 
tan A = — j-— — tan -J- ( h 9 — IT). 

71 — 7t * J 


If we substitute foi n and n f their values from (523), neg- 
lecting the term m f, and recollecting that i(ZI / — U ) is veiy 
small, this equation may be wntten 


A = 


t r -j- t 
2 


n f - n 

f - 1 


= - 8 ' 


t f + t 

505 — ~ 


• ( 533 ) 


A being therefore very small even for large values of 
t and t' y we may write cos A — 1 in (530), when 


a — it f — n = (/' — i) " 4776 — ( t ' 3 — f) " 000 0035 (534) 
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In equations (53 1 ) and (532) we may wilted — i/\ for L, 
and P for B t Introducing the auxiliary angle M such that 


11 '+ 21 


- A =X — M, 


(S3S) 


and substituting 111 (531), (532), and (534) for */’/, tc, 77, 
Struve and Peters’ values— equation (523) — we have finally 
the following practical formulas for computing the preces- 
sion m longitude and latitude between any two intervals 
1800 -J- 7 aqd 1800 -f- t' 

M = 172° 45' 31" -j- t 50 ' 241 - ( f t) 8" 505, 

A' - A = ( l ’ - t) [50" 2411 + (/' + *) o" 000 1134] I . 

+ — 7 ) [ o" 4776 — ( / + e ) 000 0035] cos (A —M) tan fi, ” 3 

P' — fi = — (f — t)[ o" 4776 — (I -j -t) o" 000 0035] sin (A — M) 


329 If we divide the expressions for (A/ — A) and (/?' — P) 
b y — t)> and then make 7 = f, we shall have the values 

r d\ dp 

ct ~dt and Hi' or the ex P ressions for the precession in longi- 
tude and latitude respectively at the instant t, viz 


M = 172 0 45' 3i // + 33" 231/, 

d A 

-fa = 50" 2411 -|- o OOO 22687, 

+ [o'' 4776 — o OOO 00707] cos (A — M) tan p, 
dp r „ , 

-fa = — [o ' 4776 — o 000 00707] sin (A — M ) 


r (537) 


These formulae may be used to compute the entire pre- 
cession between two dates 1800 -(- 7 and 1800 -f- 7', if we 
compute the values of the diffeiential coefficients for the 
middle interval, viz , 1800 + £(7 + 7') The result will be 
accurate to terms of the second oidci inclusive 
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We have developed these formulae (536) and (537) (which 
are those of Bessel, except that we have employed other 
constants) for the sake of completeness, although they will 
not be used in connection with the problems of the present 
treatise, the co-01 dinates commonly employed being the 
right ascension and declination 

Example The mean longitude and latitude of a Lyuz for 1850 0 are as fol- 
lows 

A = 283° 12' 48" 12, 

{3 = 61 44 25 45 

Required the mean longitude and latitude for 1884 o 

Here t = 50, t' = 84, t' - t = 34, f + t= 134 
Therefore we find, by (536), 


M= 173° 8' 23", 

A. — M = no 4 25, 

7 J _ A = (i 1 - t) X so" 2563 + (*' - t) X 4771 cos (A — M) tan /?, 

/ 3 r — /3 =-{£’- t) X 4771 sin (A — AT) 

A' — A = 28' 18" 36 ft 1 - /5 = - 15" 24 

A = 283" 12' 48" 12 yd = 6i° 44' 25" 45 

A' = 283° 41' 6" 48 / 3 ' = 6i° 44' 10" 21 

If we wish to employ (537), we shall have for / the middle of the interval be- 
tween 1850 and 1884, viz , t = 67 For A m the second member we require 
the longitude for 1867 which we shall have with all necessary accuracy by 
adding to the longitude for 1850 the general precession for 17 years and neg 
lectmg the smaller terms Calling this value A 0 , we have 

A 0 = 283° 12' 48' 7 + 50" 24 X 17 = 283° 27' 2", 

M = 172 45 3 i + 33 231 X 67 = 173 22 37, 

A 0 — M = no 4 25, 

~ = 50" 2563 + 4771 cos (A 0 - M) tan /3 = 49" 9517, 

at 

dfi 

dt 


— 4771 sin (/to — M) 


= -« 4481 


# 33 ° 
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Therefore X 1 - X = — t) — 28' 18" 36; 

= = - I5 " 24> 

agreeing with the values obtained by the other formula 

330 Problem Third Given the mean right ascension and 
declination of a star for the date 1800 + required the right 
ascension and decimation for 1800 + 

We first require the values of certain auxiliary constants 
similar to those employed in solving the corresponding piob- 
lem for the ecliptic. 


s 



In Fig. 68 let V X V X = the fixed ecliptic for 1800, 

QV t = the equator for 1800 + /, 

QV . '/ = the equator for 1800 + t', 

V X V X = the lum-solai precession m the in- 
terval {f — t) 

Therefore FjF/ = tp' — ^ 

Let QV> = 9° 0 -*, QV>'= 90°+^, KQV'=e 

z r, and 6 will be quite small quantities, even when the in- 

terval (t r — t) is considerable 

In accordance with our notation, angle QV X V X = 180 0 — oo v 
QV'V^gd' 

Then m the triangle QV X V X the quantities a?/, go x> and 



PRACTICAL ASTRONOMY 


572 


§ 331 


tj>' — ip are given by (523), we can therefore determine z, z' , 
and Q 

By Napier’s analogies, we readily find 


tan + z) = 
tan ^(V — z) == 
tan id = 


cos + oo,) 

cos £(<*>/ - <»,) tan “*)’ 

*N cot ^ 

sinf(V + .sr) , . . 

cosi(y - z ) tan + ">)» 


1- 


( 538 ) 


The second of these may be written 


W - z) 


CO tj{lp' — if) 

sin £(£»/+<»,) 


— °°d 


In the first and third the denominator may be written equal 
to unity- 

331 We can now solve our problem, viz, to determine 
the right ascension and decimation for 1800 -(- t ', having 
given those quantities for 1800 + t 

In Fig 68, 5 being any star, Sa = d, Sa! = 

If V a and V/ represent the position of the mean equinox 
for 1800 + 1 and 1800 + 1 ' respectively, then 

The planetary precession in the interval t = V l V, = 5, 

The planetary precession in the interval t' = VI VI— 3'. 

The right ascension V a a = a, V& = 90° — z — S-; 

Via' = a', VI Q = 90° 4 -z' — 

Considering now the rectangular co-ordinates of the star, 
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the mean equator of 1800 + 1 being the plane of XY, the posi- 
tive axis of X being directed to the point Q, we have 

x = cos 8 sin (a -j- z + ^)> 
y = cos 8 COS (ar -j- z -j- tyt 
z = sin £ 

Similarly for the equator of 1800 -(- t ' 9 

x r = cos d 7 sin (a: 7 — ■ ^ -f- S' 7 ), 
j/ 7 = cos tf 7 cos (a! — - si + 

* 7 = sin <? 7 . 

The formulae for x\ y' f and z' y in terms of x y y y and z y are 
x l — x, 

/ =y cos 9 — z sm 0, 
z 7 = y sin 9 -j- z cos 9 

Therefore 


cos S' sm (a 1 — s' -|- S 7 ) = cos 8 sin {a 4 - z + 5 ), \ 

cos S' cos (a' — z' + $ f ) = cos 8 cos (a + z + 3 ) cos 0 — sm 8 sm 0 , t ( 539 ) 

sin 8 f = cos 8 cos (a -|- z-\- 3) sm 0 +• sm 8 cos 0 ; 


We might have derived these equations by applying the 


formulae of spherical trigonometry to the triangle 
formed by joining the place of the star with the 
pole of the equator in the two positions 

Thus in Fig 69, 5 being the star, and P and P the 
pole of the equator at the time 1800+/ and i8oo+£ 7 
respectively, we have the following for the sides 
and angles of the triangle Calling the angle at 
the star C y 



Fig 69 


pf = e, 

SPP =«+*+$ 

SFP= 180 0 — («'-*'+$') 


PS = 90°-S, FS=go°-Y; 
= A, say, for convenience, 
= 180 0 — A' 
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Another solution of the problem is obtained by applying 
Gauss’ equations to this triangle, viz 


cos •^ - (90 0 --|-$ / ) cos -^(A^-^- £ 1 ) — cos *^(90°--j-(^-|— cos ^A , 
cos 4(90°+^) sin i(A'-\-C)=c os ^(90°+^— 6) sin 
sin 4(90°+^') cos-J(A'— C)=sm -Kgo^d+^cosi^, 
sin i(90°+^ / ) sin %(A'—C )= sin K 9 ° 0 +^ — sin ^ „ 


^ ( 540 ) 


The auxiliary quantities z, z\ and 6 being computed by 
(538), either (539) or (540) give the required solution of our 
problem, these equations being solved in the usual manner 
332 Practically it is more convenient to compute the dif- 
ferences, ( a ' — a) and ( 6 ' — 6 ) A formula for (a' — a ) is 
conveniently derived from the first and second of (539), 
which we write as follows 


cos d' sin A f = cos d sin A, 

cos S' cos A ' = cos d cos A cos 6 — sm d sin d 

Multiply the first of these by cos A , the second bysin^,and 
subtract, then multiply the first by sin A , the second by 
cos A, and add We readily find 

cos 8 f sin ( A f ■— A) = cos 8 sin A sin 0 [tan 8 -f- cos A tan -§0], 
cos 8 f cos ( A f — A) = cos 8 — cos 8 cos A sin 0[tan 8 -|- cos A tan -£ 0 ] 

Let p = sin 0 [tan d -|- cos A tan { 6 ] 

Tb«n tan (A’-A) = 

(«'-«) = (^'-^)+(a'+,)-(S'-S) . 

By the first of Napiei’s analogies, 

. «... , . -cos \[A ' -j- A ) 

taa«« -<S) = J 


• (542) 
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It will be necessary to make the computation in this com- 
plete foi m for circumpolar stars when the interval it' — t ) is 
large When the star is not too near the pole the computa- 
tion will be much simpler, as we shall see 


Example The mean place of Polaris for 1825 o is as follows 

Right ascension a — o h 58“ 15 s 32, 

= 14 0 33' 49" 8 

Declination 8 = 88° 22 1 31" 47 


Required the precession m right ascension and decimation between 1825 and 
1900 

We have here t — 25, i 1 = 100 We therefore find, from formulae (523), 

= 23 0 27' 54" 22459, ip = 1259" 43, 3 = 3" 628, 

go/ = 23 27 54 29350, Tp r = 5036 90, 3 ' = 12 700 

Then by formulae (538), which we may write 

tan \{z’ 4 - *) = cos -$(00/ -)- coi) tan — ip), 

$(z f — 2) = -£(00/ — goO cot — -0) cosec i(c£>/ + OOx), 


tan — sin 4- z ) tan i(®x' + ®i) 


— f ) — 31' 28" 74 

£(001 4- ooi ') = 23 0 27' 54" 26 

%( z f 4 r ®) = o° 28 52 55 


tan = 7 9617592 cot = 2 03824 
cos = 9 9625128 cosec = 3999 1 

tan = 7 9242720 


K ®! 1 — ®0 = °" °3446 


log = 8 53732 


W — *) = 9 45 


log i(y — *) = o 97547 


s' =- o° 29' 2" 00 tan i(o*i + cox') = 9 6375775 

£f = o 28 43 10 sin -J(s' 4 - «) = 7 9242567 


tan -JO = 7 5618342 
|0 = o°i2'32" 07 
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<x = 14° 33' 49" 8 
2 = 28 43 10 

S = 3 63 

-4 = 15° 2' 36" 53 


sin A = 9 4142243 
log p = 9 4101647 
cos =9 9848553 

^ cos A ~ g 3950200 
Zech = 1239697 

log denominator = 9 8760303 
log numerator = 8 8243890 


tan $0 = 7 56183 
cos A = g 98486 

Sum = 7 54669 
Zech = 434 

tan d = 1 5472620 
sin 0 = 7 8628593 

log p = 9 4101647 


\(A'—A) = 2° 32' 13" 06 sec = o 0004259 

%{A'-\-A) = 17 34 49 60 cos = 9 9792268 

tan $0 — 7 5618342 


$(<5'— <5) = o 11 57 65 tan = 7 5414869 

S' — 8 = o 23 55 30 


tan (, A ' — A) = 8 9483587 
A‘-A= 5 0 4' 26" 13 
A = 1$ 2 36 53 


A' = 20° 7' 2" 66 


(^' — A) — 5 0 4' 26" 13 
+ (2' + s) = 57 45 10 

— (3' — £) = — 9 07 


— a = 6° 2’ 2" 16 
= ® h 24 m 8 8 144 


333 By means of the foregoing formulae we readily find 

the precession in right ascension and decimation, viz , ^ 

at 

and at any given instant 1800 + * 

We have (A' — A) = (a' -a)- (*' + *) + (S' — B) (543) 
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If now we make t' = t in the fust of (541), we may make 
6' = 8, sin (A' — A) = A' — A, sin 9 = 9, sin A = sin(ar-}-9'), 
also, sm 9 tan $9 will vanish, being an infinitesimal of the 
second order 

Therefore this equation becomes 


A' — A = 9 tan 8 sin ( a -j- -S') (544) 

From (538), the same condition existing, viz , t = t' , we have 


z' + Z = {if}' — if) cos GO,, 1 
9 = (if>' — f) sin co, ) 


(545) 


Combining (543), (544) and (545), writing da, d$, and dtp 
for {a' — a) 7 etc , and dividing- by cLt, 


doc dB d[} 
di = -^+di cos 


dh_ 

dt 


sin go x tan £ sm ( a -f- 


*) 


(546) 


The last of (542) by a similar process gives 



dd d*b 


(547) 


dt =dF sma3 ' cos • 

Writing 

dB dfi 

dip 

n = di Sin “> j 

- • . 

*(548) 


* If we draw in the plane of the equator lines to the mean equinox of (i8oo-j-/) 
and (j8oo-f- t -\- i) years, it will be observed that m represents the angle be- 
tween them, assuming the rate of change to be uniform during one year Also, 
n will be the angle between the two lines drawn to the poles of the equator m 
the two positions 
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From the values of '/, a> v and & — equation (523) — vve have 


m — 46" 0623 -f- " 000 2849/, 
= 3 s 07082 + '000018991', 
n = 20" 0607 — " 000 0863/, 

= m n sin a tan 6 , 

dS 

—r - — n cos a 
dt 


(549) 


We have written a m place of ( a -|- $) 9 no appreciable 
enor lesultmg from neglecting ~ 

These formulae maj be employed for computing the pre- 
cession between any two dates 1800 + t and 1800 -\- t ' If the 

values of ^ and aie computed for the middle date, viz , 

1800 + -f zf'), the result will be accurate to terms of the 
second order in ( t ' — t ) inclusive We shall leturn to these 
formulae hereafter 


Proper Motion 

334* When the co-ordinates of a star observed at different 
dates are 1 educed to the same epoch by means of the pre- 
cession formulae, a considerable difference in the values is 
often found, indicating a motion of the star itself This 
change is called proper motion , and ma\ be due either to an 
actual motion of the star in space or to the motion of the 
solar s\ stem, pi oducing an apparent motion of the star The 
observed piopei motion is in fact the resultant of the two 
For our pm poses it is not necessary to attempt to separate 
these components The piopei motions in most cases are 
veiy small, lequirmg many }eais to produce an appieciable 
change in the star's place, but there are a few important ex- 
ceptions to this rule 
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In investigating the subject, the path of the star is assumed 
to coincide with a great circle, and the motion to be umfoi m 
It is not probable that either assumption is true, but such 
deviations as may exist will be veiy small 

In older to determine a star’s proper motion, its place 
must be observed on at least two dates which we may call 
1800 -f* t and 1800 + f The greater the interval ( t ' — /) 
the moie accurate will be the results, other things being 
equal 

Let oc and d = the observed mean light as- 

cension and declination for 
1800 + t, 

a -f- Aa and d + Ad = the values given by reduc- 
ing the values observed at 
1800 + t' to the first date by 
the application of the pre- 
cession only 

Then A a and Ad will be the changes in a and d due to pioper 
motion in the interval ( t’ — t) 

Let and p! = the annual pioper motion in right ascen- 
, sion and declination respectively 

„ Aa Ad 

Then jt = ^ (55°) 

These values will be referied to the mean equator of 
1800 + t If we had reduced the co-ordinates for this date 
to 1800 + t f we should have obtained the proper motions 
refeired to the equator of the latter date 


A a! 
— t 


Ad ' 
f - f 


M = 


and jj! = 


(S5i) 
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These values foi stars near the pole may differ very con 
siderably from the fiist 

335 Problem I To 1 educe the light ascension and dec- 
lination of a stai from the epoch 1800 + t to 1800 + t', the 
proper motion being known 

First Suppose the proper motion given in reference to the 
mean equator of 1800 + /, the solution is as follows 

Add to the light ascension for 1800+^ the effect ol pi ope r 
motion for the interval (t' — t), viz, //(/' — t) y similarly add 
to the decimation //(/ — t) With these values of the 1 lght 
ascension and declination the precession is computed as 
before by formulas (542) 

Second The proper motion being given for the mean 
equatoi of 1800 + f 

Reduce the star’s place to 1800 + t' by formulae (542), and 
add to the results p{t' — t) and p!(t l — t) respectively 

336 Problem II Having given the proper motion in right 
ascension and declination, referred to the mean equator of 
1800 -|- t, to denve the values 111 reference to the equator of 
1800 + t' 

Equations (539), giving the values of a' and in teims of 
a and d, are as follows 

cos d ' sin {ex’ — z -f- 3 ') = cos 8 sin (a + * + 3 ), j 

cos 8’ cos (a' — z + $') = cos 8 cos (cr -j- z -j- 3) cos 0 — sin 8 sm 0 , j- ( 552 ) 

sin 8' = cos 8 cos (a -f- s + 3 ) sm 0 sin 8 cos 0 ) 

W e also have 

cos 8 sin {a 4 - * + 3) = cos 8' sin (a' — z' -|- 3'), \ 

cos 8 cos (a + g + 5) = cos 8' cos (V — z + 3') cos 0 4" sin sin 0 [ (553) 

sin 8 = — cos 8' cos (a' — z' 4 * $') sm 0 -|- sin 8 f cos 0 ; 

The proper motion which changes the position of the star 
itself produces no change in the quantities z, z' , S', S', or Q, 
as these quantities meielyseive to fix the positions of the 
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reference planes Therefoie, proper motion alone being 
considered, these quantities will be constants, a, a', S, S' 
being \ anable 

Differentiating the first two of (55?) on this hypothesis, 
we have 


cos S' cos (a' — z' + 3 ) dec 1 — sin 8' sin (cc' — s' 3') dd' 

= tos 8 cos (a + 2 + 3) dec — sin 6 sin (a + z 3) da , 
— cos d' sin (cc' — s' + 3') dec — sin 6' cos (a 1 — s' + 3') 

= — cos <5 sin (tt-j-c-j-3) cos 0*/a — sin 8 cos (u-j-s-j-3) cos Odd — cos 6 sin Odd 


Multiply the first of these by cos \af + 3 '), the second 
by sm ( a ' — z' -f- S 7 ), subti acting and 1 educing by (552) and 
(553), then multiply the first by sm {a' — z' + 3 '), the sec- 
ond by cos ( a ' — z' + 3 '), add, and 1 educe We find 

Aa' = Aa [cos 9 + sin 9 tan 5' cos (a' - zf + *')] + — > sin 0 M . a . ^ ~ ~ L± 

cos 0 cos 0 ' 

Afi (554) 

AS' 5= - Aa sm 9 sm (a' — s' + *0 4* cos 5' [cos 9 + smflUnfi' cos (a' — z’ + £')] 


<fa, dS, da.', and dS’ have been changed to Aa, AS, etc 
These equations solve the problem above enunciated with 
all necessary precision , A a, AS, etc , being so small that it 
is unnecessary to consider terms of the higher orders They 
may be used for the entire proper motion between the two 
dates t and f or for the annual proper motion 
337 Problem III The proper motion being given m 
reference to the mean equator of 1800 + t' to derive the 
values of Aa and AS in reference to the mean equator of 
1 800 — (- t 

Diffeientiating equations (553) and reducing by (552) and 
(553) in a manner similar to that explained above, we have 

Aa 5 = A a' [cos d — sin 0 tan 6 cos (a -}- z -f- $)] —t. sin 6 — —— ~ b j* ^ 

COS o' cos 0 ’ 

A5' 

v AS = Aa' sm 9 sin (a + z + &) -|- cos 8 [cos $ — sin 9 tan 8 cos (a + z -f- &)] 


(sss) 
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Example 

In the example Art 332 we have found by applying the 
precession to the catalogue place of Polans the mean posi- 
tion for 19000, as follows 

a 1 — Aoc' — i h 22 m 23 s 46 , S' — AS' = 88° 46 ' 26" 77 
From Newcomb’s catalogue we find for 1900* 

a = i h 22 m 33 s 76 , S' = 88° 46 7 26" 66 

Therefore = + 10 s 30 , AS' = — " u 

t' — t = 7 5 years Therefore 

V = + 8 1373, M ' = - "00147 

These values are leferred to the mean equator of 1900 
If we wish to reduce them to the equatoi of 1825 we employ 
formulae (555) Fiom the values of (a -L # -f- 5) and 
Art 332, we find 

Ad [cos 0 — sin 0 tan 8 cos *+-$)] — 7 B 74 2 

AS sin 0 sin (cr + « + 3 ) __ 

' 15 cos S’ cos 8 ~ — 

A a = + 7 s 765 Therefore /*=-(-* 1035 

Also, j 15 Ad sm 0 sin {a 4- z + 3 ) = -f-" 2924 
AS' 

cos 8 [cos 0— sin 0 tan 8 cos (cr+sf+S)] = — 1096 

COS o 

A8 = +" 1828 **'=+" 0244 

The above treatment of the problem is due to Bessel 


* This is, of course, not an observed place, but it answers equally well for 
illustrating the method 

f Ad being given in time and A 8' in arc 
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Proper Motion on the Arc of a Great Circle 

33 8 . Let p = the annual motion on the arc of a great circle; 

X = the angle which this great circle forms 
w ith the hour-circle of the star p 

When the star is on the meridian, /! 
X will be measuied from the / 
north, towards the east / 

In the figure P is the pole, 5 and S' the first and s \~7 A 
second positions of the star lespectively X s 

Fig 70 , 

SS' = p, PSS' = Xi SA = Ad ~ p cos x y ) /W/Oi 
S' A = A a COS d - p Sin X, p i = Ad* + A a* cos 3 ) ^ 5S ^ 


Expansion into Series 

339 The foregoing problem of reducing the mean place 
of a star from one epoch to another is treated in a very con- 
venient and elegant mannei by expansion into series m terms 
of the time 

If we let a 0 and £ 0 = the right ascension and declination 

for an) time T, 

ol and $ = the right ascension and declination 
foi any time T + t, 

we have by Maclaunn’s foimula 


. r dor I i r d*a i i Vd i 

" ~ "• + lit i 2 L drj + r 3 rit'~Y + ctc I 
. _ . , r*n # . i Vd'6-\ , . i rd's n , f (557) 

tf -^ + LsJ ,+ jL* r J / +i- 3 l^>+ etc 

When pieccssion and proper motion are both considered, 
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the changes in a and d are functions of these two independ- 
ent variables, and etc , are the total differential 

coefficients with lespect to both precession and pioper 
motion 

If we wnte d p t v, d p S to indicate a variation due to pre- 
cession, and d p a, d^S to indicate changes due to pioper mo- 
tion, we have 

rda~\_d p a dpa rte«\ 

LliJ ~ 'dt ' dt ’ L dt J “ dt ~ dt ’ ^ W 

I - d'dl dp" a dpd^a dp a 

Ld?J-~dF + 2 dt 1 + df ’ 

and similarly for the othei coefficients 

d p nt , d p c 

-f antl -% 


Equations (549) give us ~ and viz , 


d„a 


= in + n sin a tan S, 


dt 

dt 


— 11 cos a. 


( 559 > 


Differentiating these, we have 

— ^01 j_ — sin 2a -{- 1 sin a -j- vm cos a "1 tan 5 + » 9 sin 2a tan 9 5 , 
dt* dt 2 L at -J 

= — vm sin a 4 - cos a — » 9 sin 9 a tan 5 , 

dt % dt 

d v *a mn* , 3 „ ,3 dn 

- 4 b- = - nttfl cos 2a 4 - - n -7- sin 2 a 

dt 3 2 1 2 ' 2 dt 

4 - [(2» 9 — ;« fl -|- 3« 9 cos 2a) « sin a + ^2/* ~ 4- * J tan ^ 

4- J^3»»w 9 cos 2a -j- 3« sin 2ajtan 9 8 4" 2W * sm a (i -f- 2 cos 2a) tan 3 fi, 
= - (2m ^) sin a ~ + n * sm * a ) n cos a 

— mn 2 sin 2a 4 - 3** ^ sin 3 a ^tan S — 3»® sin 3 a cos a tan 9 5 


(s6o> 
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340 Let us now consider proper motion. 

P> X, M, and pi' have the same significance as before, Articles 
334 and 338 

a' and S' = the right ascension and decimation at end of 
time t, proper motion alone being considered 
In the triangle formed by the pole and the two positions 
of the star we have p 


PS = 90° - <r, PS' = 90° - <?', 
S' PS = a' - a, S'SP = % 

Therefore 


SS' = tp, 



sm 5'= sin S cos p^-j-cos 8 sm pi cos/, 1 
cos S' cos(«'— ai)=cos 8 cos pt— sin S sm pi cos /, t (561) 
cos S' sin(a'— a)= sin pi sin / ) 


Also, p sm / = p cos S, p cos / = p', p a = (pi? cos’ 8+ /t' a ) 


Differentiating the first of (561) with respect to S' and t, we 
find 


C0S ® ' ~dt P sin d sin pt -|- cos 8 cos pt p cos / 

Substituting for p cos * its value pf, and making /=o, we 
have 


dt 


— M- 


Differentiating a second and third time and reducing m a 
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similar manner, we have the following partial differential 
coefficients with respect to jx' 


[ d yf \ = - V sm 28, tel = - AV(l + 2 sin“ 5 ) (562) 

dt " L d£ J 2 L __ 


In a similar manner, by differentiating the third of (561), 
making t — o, and reducing, we find 

-h , =2^'tan 8 , = -2[yu 8 sin ! 5-(l+3tan ! 5)/i/i J ] (563) 

34.1 For the terms and we differentiate (559) 

with respect to p- and /x', viz , 


dpdiL<x 
dt 1 


= n cos a tan 5 


d^a 

dt 


i 2 k 

-|- n sin a sec 2 o 


dpdpfi 
dt 2 


— n sin a 


dfia 

dt 


Substituting for ~ and ~ the values given above, we 
have 


~w 

~dF~ 


n/x cos a tan 8 -|- n/ sm a sec J 8 , 
— n/x sm a 


( 564 ) 


Therefore, from (558), (560), (562), (563), and (564), 



in n sin tan 8 -j- fx , 
n cos a + dt 


/ 

• ( 565 ) 
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E d&\ = ~cii ■+• “ sin 22 + 2 «/*' sin a + sin a-K«* + 2 fO « cos a +a/m./4. J tan £ 

+ 2 « sin a(« cos a -f- [*.') tan 2 

E =■—(« + 2 m)« sin a + ~* cos a — -M. 3 sin 2 § — « 2 sm a a tan 6 


Also we have 

^ dp a \ « d p d | 

L^J 3 ~ ^ +3 dd + dt , (5° 

Differentiating the first of (560) with lespect to p, we find 


djdyfit. 


, d^a r dn d.a d u a~\ 

= n cos 2 a -j- l^^-cos a-~ — inn sin a-J-l tan <? 

1 I dn n 

-+■ |j^ Sin or -f - mn cos or sec <S~- 

+ 2 » a cos 2a tan” -|- 27 z a sin 2a tan 8 sec a 8 -^ 


In like manner, differentiating the fiist of (559) twice with 
respect to M, we find 

d p d^a (i ' a \* , , JJ d u a 

~dT = “ ” sin atan rf l 'ft ) + « cos a sec <S f f 

+ n cos atan n cos a sec" 8 ~- ~- 

dt dt dt 

( cL (J\ 3 /V 

+ 2 n sin a tan 8 sec a d(~-) « sm a sec a < 5 ~- 


Substituting in these equations for—, etc , their values from 
(562) and (563), then substituting in (566) these values, also 
~dF an< ^ ~d? ^ rom (S^o) and (563), we have the required 
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value of the third differential coefficient is found in 

a similar manner They are as follows 


v~d*a .~ | m m 2 dn ■s 

L ~dfi J = *"2 ^ 3 ~dt ^ S1Q a 3 W 4(*« + 2 / A ) cos a + “(»» 4 “ 2/0» a cos 2 a 

3 dn 

-4- - « — sin 2a— 2/u, 3 sin 2 5 
' 2 dt 

4 £(s« 2 — w* 2 — + 6^t /2 — 3W/X + 3« a cos 2a)» sin a 

+ (2** ^ + 3 cos a 4* 6«V' sin aaj tan 5 

4- [ 6 ^ /a +3 JgV Sin a -(- (12/1 -{- 3 cos a 

+3 sin 2a + (3*« 4- 6|u,)w a cos 2aJtan a S 
4 [(2« 2 -f ^ ,v )n sin a -j-- &m 2a -f 4« 3 sin a cos 2a] tan 3 fi, 

= — J*V' — ( 2 >« 4 sin a — (™ 2 4 3M 2 + 3W^)» cos a - Sin a 

— « 3 sin 2 a cos a — 3« a j«. / sm 2 a — 2 sin 5 S 

— sm a + \m -(- 2(i)* 2 sm 2a + 37^ sin 5 aj tan S 

— 3« 5 (w cos a -f* ft') sin 2 a tan 5 6 


( 567 ) 


342 These expressions for the third differential coefficients 
are too complicated for use in practical computation A 
senes of tables is given by Argelandei x by means of which 
that part may be readily derived which depends on preces- 
sion only These tables are convenient when the proper 
motion is so small that it may be disregarded They are 
given for the epoch 1850, and Bessel’s constants aie employed 
If the third differential coefficients are required, they may 
be obtained very conveniently by computing the values of 
the second differential coefficients (or two dates fifty j ears 
before and after the giverfi one and proceeding according to 
the method of Art 50 

If we male e/{T) = then f{T-w) and f(T+ w) will 


*See Untersuchungen uber die Eigenbewegungen von 250 Sternen, p 145 


EXP 4.N SION INTO SERIES 


§ 343 


589 


be the values for dates fifty years before and after the date 
1 - -Then the first of (101) gives 


d*at 

df 



(568 j 


the notation being that of formula (101), and the unit of time 
being one year 

343 If now we require the precession formulae for any 
given date, as 1875 0, we obtain them by substituting for m 
and n the values given b\ (549) m will generally be ex- 
pressed in time and;z in arc It will be convenient to give 
the formulae for the second differential coefficients the fol- 
lowing form. 


£!?"] _ iff?* m dn\ .dm Ida \ (d a \ 

L'^J “ \di ~n Ttl + din\di~ ,J -) + ns ™ 1 \7t+ M ) cos a tan 8 

1 » JdS , A 

+ -- sin 1 ^ +-/*' J sin a sec 2 8 + 2 sin 1" tan 8 , 
[aw] = 77 »(§ ~ V')- 1 5 “ Sln + /') sm a - (ig Vsmi"^ gm ^ 


m, 


doc 


TR 

dt* anc * ^ W1 ^ be evpiessed in time, n, and jj! in arc 


We then have the following foimulas for 1875 o 
= 3“ 07225 -f [0 126115] sin a tan 8 + 

=0 0000322 [4 0 3 38o](~— //)+[ 5 98778] (--)-/«) cos a tan 5 
+[4 8n6 0 ]g?+/,') sin a sec 2 5 + [4 9866]/*^' tan 8 , 


P da 

L*j 

r d — 

L'* 8 . 


rwr 

ldi_ 


= [1 302206] cos cx + M ’ » 


_dt* [4 63380]^ A') - !? l6 387l^,-+^Uma— [6 7 3 67] 1 a ) sm2iS 


(569) 
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The numerical quantities enclosed in brackets are loga- 
rithms as usual 

A numerical example illustrating the application of the 
foregoing formulae is given in Art 347 


Star Catalogues and Mean Places of Stars 

344 The various catalogues of stais which are in use may 
bedivided into two classes, \iz compilations and those dtnved 
from original observation 

Among the most important of the fii st class are the British 
Association Catalogue , Newcomb’s Catalogue of 1098 Standard 
Clock and Zodiacal Stars, Boss’ Catalogue of 500 Stars, and Saf- 
ford’s Catalogue These catalogues are of very diffeient 
degiees of excellence The British Association Catalogue 
(often written B A C) contains the light ascensions and 
noith-polar distances of 8377 stars reduced to the mean 
equator of January 1, 1850 The places of many of theseare, 
however, not well determined, eirors of from 5" to 10" in 
north-polar distance, and of conesponding magnitude m 
right ascension, not being uncommon It is a veiy conven- 
ient catalogue for use in preliminary woik, bnt the co-ordi- 
nates of the stars should be taken from other authorities 
when accuracy is required 

The places given in Newcomb’s and Boss’ catalogues, on 
the other hand, have been denved with gieat care fiom all 
of the moie leliable authorities, and aie entitled to great 
confidence 

The following aie among the most reliable ot the other 
class of catalogues, viz , those denved from original observa- 
tion 

Bradley's Observations reduced by Bessel Epoch of cata- 
logue 1755 
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Bradley's 

Piazzi 


Obseivations reduced by Auweis Epoch 1755 
Precipua ? um Stellarum Inert antzum Positioncs Medics 


Epoch 1800. 

Groomb? idgc A Catalogue of Circufnpolar Stais, deduced 
from the Observations of Stephen Groombridge 

Epoch 1810 

Struve Positioncs Medics Epoch 1830 

Argelandcr DXL Stellarum Fixarum Positzones Mediae 

Epoch 1830 

Airy First Cambridge Catalogue Epoch 1830 

Robinson Armagh Catalogue of 5345 Stars Epoch 1840 

Gilhss Observations made at Santiago, Chili Epoch 1850 

Pulkowa Catalogue in Vol 1 , Pulkowa Observations 

Epoch 1845 

Greenwich The various catalogues from observations at the 
Greenwich observatory 

Radclifft Several catalogues fiom observations made at the 
Radchffe observutoiy, Oxford 
Washington Catalogues derived from observations at the 
Naval Obseivatoi}, Washington,!) C, 

Besides these there are valuable catalogues published by 
the observatories of Brussels, Paris, Cambndge, England, 
Cambiidge, U S , Edinburgh, Vienna, and others 


These catalogues give the right ascension and declination 
(or noith-polar distance) of the stars refeired to the mean 
equator of the date of the catalogue Generally the data for 
reducing the star to the mean equator of any other date are 
also given These are commonly given under the headings 
precession and secular variation , the propel motion is some- 
times given when its value is known 

The quantities called precession are simply the values of 
d y dd 

jjr and f° r the date of the catalogue, precession only 
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being considered The secular variations aie the changes 

which take place m these quantities m ioo years , le, the 

, f d*a J d'd 
values of ioo and ioo 


Let/ a == the annual precession m right ascension = , 

s a = the secular variation — ioo *37- , 

dr 

a Q = the right ascension for epoch T> the date of the 
catalogue , 

a = the light ascension for epoch T -f- t. 


Then « = «. + *(?. + ~ j) • • • ( 57 °) 


The declination will be given by a similar process If proper 
motion is given, this must also be included in formula (570) 
In some catalogues the proper motion is included with the 
precession, when this is generally given under the heading 

annual motion , and it corresponds exactly to and ^ given 

by formulae (565) 

345 When a star’s place is reqimed with extreme accu- 
racy it should be sought for in as many original authorities 
as may be available, and the values of the co-ordinates given 
by the various catalogues combined by the method of least 
squares to determine the most probable values of these co- 
ordinates with the proper motion There are different 
methods tor working out the details of this process, the fol- 
lowing being perhaps more frequently employed than any 
other 

Suppose we require the mean place for 1875 o, together 
with proper motion If the star has been well observed at 
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epochs sepai ated by a considerable interval, the latter may 
be determined , otherwise not 

We hist denve the appi oximate right ascension and decli- 
nation foi i&75 ® by reducing to that date the place as given 
in one or more of the best modern catalogues, using foi tins 
purpose the annual motion and secular variation ot the cata- 
logue For tins preliminary place the Gi eenwich catalogues 
will geneially give a value of the right ascension within ' 2 
or s 3, and of the declination within 2" 01 3" of the tiuth 

We then compute accurate values of d -~, and ^4 

at at at ; dt 

foi 1875 o by formulae (569) , and if great precision is required, 
d’a , d *6 , 

~dt‘ an<1 dt ’ as ex P ainec * 111 Art 342 Our assumed co-ordi- 
nates are then to be corrected by comparing them with the 
places given in the various catalogues For this purpose 
the assumed right ascension and decimation are 1 educed to 
the date of each catalogue 

Let a, = the assumed right ascension for 1875 o , 

a i' = the value of or, 1 educed to the epoch of catalogue, 

1875 — 

a i = right ascension given by catalogue , 

= the annual pioper motion. 

The difference (a-, — ar/), supposing for the piesent ot, to 
be free fiom error, will consist of two parts, viz, the error 
111 the assumed value of ot , and the change due to pioper 
motion m the interval t Theiefore 

* - fa = O, - O (571) 

is an equation for determining the proper motion ft and the 
correction to the assumed right ascension x Each cat a'ogne 
will give us an equation of this form , from these the most 
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probable values of x and /« are derived by least squares A 
similar series of equations will also be obtained for the dech- 
nation 

346 The above is an outline of the method, practically it 
is much complicated by the fact that the different catalogues 
are of veiy different degiees of accuiacy, and in the same 
catalogue the weight will depend on the numbei of observa- 
tions made on the star It is impossible to give any infallible 
rule foi the assignment of weights , practicall) much must 
depend on the judgment of the investigator In general, 
however, the moie recent catalogues are entitled to much 
greater weight than the older ones Methods and instru- 
ments aie constantly impioving, and m consequence a much 
higher precision is possible now than was the case a hundred 
years ago The old catalogues are, however, indispensable 
in investigation of proper motion 

The following table shows the weights assigned by New- 
comb to the different authorities employed in deriving the 
right ascensions of the catalogue refened to above 


Number of Observations 

B 

B 

B 

fl 

B 

7 

IO 

15 

20 

25 

30 

40 

5 ° 

60 

80 

100 

Bessel’s Bradley 

Auwers 1 Bridlty 

* 

A 

A 



♦ 

i 

* 

* 

1- 

i 

i- 

* 

* 

4 - 

* 

IS 



1 

i 

t 

I 

1 

I 

2 

2 

3 

3 

3 

4 

4 

PlU/^l 

* ! \ 

i 

1 

* 

b 

I 

1 

1 

I 

I 

1 

1 

1 

X 

1 

Struve 

A- 

1 

1 

1 

2 

2 

3 

3 

4 

4 

s 

5 t 

6 

6 

7 

8 

1 Argel m lei, 1830 

1 Pond 

l 

1 

1 

1 

1 

1 

2 

2 

2 

2 

3 

3 

4 

4 

R 

44 

6 

Johnson 

| Airy, Cambridge, 1830 

1 Gilliss 1840 

u 

«( 

it 

44 

t 

44 

44 

44 

44 

44 



44 

it 

44 

44 

4 

44 


1 Airy, Greenwich, 1840 

t 




“ 


41 


“ 

44 

4 ‘ 


44 

“ 



I Arm igh, 1840 , 

i 

3 

* 

i 


1 

1 

2 

2 

3 

3 

4 

4 

s 

6 

1 Pulkowa, 1845 

1 

2 

2 

3 

4 

5 

7 

7 

8 

10 

I S 

20 

20 

25 

as 

30 

, RidclifTe, 18^ 

Airy, Greenwich, 1845 

Airy, Greenwich, 1850 

* 

1 

u 

I 

4 

1 

1 

1 

u 

t 

2 

44 

44 

2 

44 

/ 

2 

44 

? 

44 

3 

t 

it 

\ 

44 

& 

44 

6 

44 

4 

, Pulkown 18^0 

1 

2 

2 

\ 

4 

? 

14 

7 k 

l 

8 

IO 

*5 

13 

20 

2 5 

»3 

30 

Airy Greenwich, i860 

Y*un ill W ishington, i860 

t 

it 

tc 

41 

it 

d 

« 

U 

44 

44 

44 

44 

44 


44 

Airy, Greenwich 1864 

tl 

“ 

44 

“ 

“ 

“ 

44 

44 

4 

44 

44 


44 

44 

44 

“ 

j Engleman, Leipzig 1866 

44 

(i 

44 

u 



44 

“ 

44 

44 

44 


“ 

“ 

“ 

44 

1 Airy Greenwich, 1870 

“ 

44 


44 

44 

4 

* 

44 

44 

“ 



“ 

44 

“ 

44 

Washington, 1870 












44 
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Boss gives a similar table of weights for the decimation 
equations See Report of the U S Noithern Boundary 
Commission, p 566 

It an appioximate value of the proper motion is also known 
it may be employed in computing the diffeicntial coefficients 
by formulae (569), when we shall have in equation (571), in- 
stead of jj, the correction to the assumed value of //, \iz,A/z 


Example 

347 For purpose of illustrating the foregoing formulae and methods let 
us derive the mean co-ordinates and proper motion of the star B A C 2786” 
for the epoch 1875 o The following tabular statement shows the values of the 
coordinates given by the vauous authorities consulted It piobably explains 
itself sufficiently 


Catalogue 


Bradley 
Pi 1ZZ1 

Gould s D’Agelet 
Weiss’ Bessel 
Aigelandtr 
T lylor 
Armagh 
Brussels 


Cape of Good Hoj e 
Grtenwich 
R ldcliffc 
Greenwich 


W ishington 


8 

a— 

w 


1755 

lboo 

1800 

1825 

l8}0 

^35 

1840 

1858 

18(10 

i860 

1800 

1800 

1864 

1868 

1869 

1870 

1871 

1872 
3872 


n 

ar 
W 6 

c J 3 b 

gog 

2 


1783 3 
1820 2 


18302 

i8iO 1 

1838 1 
i860 1 
i8-,7 1 
1857 7 
i8ss o 
1863 7 
j868 2 
1869 2 


1872 2 


I No of Observa 

1 tions in a 

1 

Catalogue 

Right 

Ascension 

Mean Epoch of 
Observation 
in 5 

5 

8 11 s ra 8* 03 


7 

8 7 51 15 



8 7 5 j 3 

1783 3 

2 

8 9 ? 4 7 o 

1820 2 

8 

8 9 4 -« H 


6 

1 8 IO 

I Qfl 


1 

8 10 19 99 

1853 3 

6 

8 11 18 

t 8 t (i j 

4 

8 11 23 98 

1818 1 

1 

8 ” 33 n 

l 8 t >0 T 

2 

8 ti 33 38 

18S7 i 

8 

8 11 33 28 

> 8 s 7 7 

5 

8 xi 33 29 

i8s6 3 

6 

8 11 47 88 

1803 7 

3 

8 12 

2 53 

t8(>8 2 

X 

8 12 

6 22 

1869 2 

1870 2 

1871 2 

1872 2 

3 

8 12 17 08 

1872 2 


C 

<U*o 

a 

o: 


o- 


Cat ilogue 
Declination 


” 7 ° 59 ' 
2 7 

27 51 
27 46 
2 7 45 
27 44 
=7 43 
27 40 
27 40 


27 38 

27 *8 


27 37 
27 37 


22" 6 
13 o 

22 o 

34 o 
40 3 

46 8(» 

43 3 i 
49 37 
26 8 

5 5 
4 37 
1 1- 
4 

18 96 
33 76 

23 10 
11 63 

o jo 
49 03 
48 5 


We first require an approximate value of the star's pi ice for 1875 o, which we 
may readily derive from the four catalogues which give the co-ordinates for 
i860 o, V 17 , Brussels, Cape of Good Hope, Greenwich, and Radchffe Thus we 
find 

i860 a = 8 l1 n m 33 s 27 
8 = 27 0 40' d! f 5 


This is the number of the star in the British Association, catalogue 
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For reducing these to 1875 we take from the Greenwich catalogue the follow- 
ing quantities 

In right ascension, precession = 3® 661, 

secular variation = — 017 

In declination, precession = — io ,f 89, 

# secular variation =3 — 44, 

proper motion ja ! = — 38 

Therefore 

1875 a = 8 h n m 33" 27 + 15(3 661 — 7 5 X 00017) = 8 h I2 m 28 s 17, 

6 = 27 0 40' 4" 5 -j- I5( — 10" 89 — 7 5 X 0044 — 38) = 27 0 37 ; 15" 0 

We may reasonably expect these to prove very close approximations to the 
final values With these values of cc and S, and the above value of we next 


compute - d? — ■„ and— by (569) 

This computation is given in full 

Constant = o 126115 

Constant = 

4 63380* 

Constant = 4 63380* 

sin a = 9 923012 
tan 6 = 9 718710 

da 

s ~ * = 

56326 

dS 

- - H = l 03968* 

log = 9 767837 

log = 

5 I97°6« 

log = 5 67348 

Nat No = 0 58592 

Nat No 

- 000 015 7 

Nat No =-|- 000 047 15 

m — 3 07225 

Constant = 

5 98778 

Constant = 7 16387* 

da , 0 

di ~ M = 3 65817 

S’ + “ 

56326 

da 

— + /« = 56326 

log n = 1 302206 

cos a — 

9 73748® 

sin a — 9 92301 

cos a = 9 737476 * 

tan d — 

9 71871 


log = 1 039682* 

log = 

6 00723* 

log = 7 65014* 

Nat No = — 10 95676 

Nat No = - 

- 000 101 7 

Nat No =— 004468 30 

= - 38 

Constant = 

4 81169 


dS 

- = - u 3368 

dd . , 

7i + ,x = 

1 06881* 

d*5 

-jp =— 004 421 2. 


sin a = 

9 9 2 30i 



sec 3 d = 

10510 



log = 

5 90861* 



Nat No =- 

- 000 081 0 



Constant =+ 000 032 2 
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For deterirtnmg the third differential coefficients, we find for the dates 182s 
*nd 1925 respectively 3 

d*a 

1825 ~dp 000 164 5 , — = - 004 471 5 

d i a ^45 

I 9 2 5 -jja ——0001679, — = — 0043700 

We therefore find, by (568), 

d*a d*8 

dt* ~~ 000 000 ° 34 > = + 000 oor 014 

Substituting the above values of the differential coefficients in Maclaurm's 
formula, and making t minus, since we shall want to apply it to dates previous 
to 1875 we have 

a = a Q — *[3 8 65817 — 1~ /(" 000 083 1 — t 000 000 006)], 

8 = do + /[n" 336S — t( 002 211 -f -t 000 000 17)] 

By means of these formulae we next reduce the above assumed right ascen 
sion and decimation to the epoch of each of the authorities where our star is 
found 

The differences between these computed values and the obseived values are 
given in the following table The “correction for/*'” there given is applied 
to those catalogues where the epoch of observation differs considerably from 
the epoch of the catalogue For example Gould's D'A^tht The mean epoch 
of observation is 1783, the catalogue places are given for 1800 We have as- 
sumed /*'=—" 38, which in 17 years produces a change in 8 of — 6" 46 This 
is in this case, the “correction for fi‘ ” 
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The weights have been assigned in accordance with the systems of New- 
comb and Boss for the most part 

The quantities n are now the absolute terms of the system of equations of 
condition of the form 


Vp(A a — tju — n) and Vj>(A8 — tAja' = «) 


From these we derive the following normal equations in the usual manner, 
with the values ot the unknown quantities 


21 250 Act — 4 045/4 = — 304, 

- 4045^ + 1365^ = + 055, 

Act — — 015 ± 0197, 

JU = — 00005 ± 00078 

11 750 AS — 2 416 Ah' = — 3 263, 

— 2416^5+ gSyAju' = -\- 615, 

AS = — 301 ± 122, 

Aju' = — 001 14 ± 00420 


Applying these corrections to the assumed values of a S, and ju\ we have 
finally, as the most probable values 

a = 8 h 1 2 m 28“ 155 ± 0197, ju = — 6 00005 ± 0007S, 

S = 27 0 37' 14" 70 ± 122, ju' = — " 3811 ± 0042 


Nutation t 

348 Nutation has already been defined as the name applied 
to the periodic part of the precession The components of 
the attractive force of the sun and moon, which tend to draw 
the equator into coincidence with the ecliptic, are not con- 
stant with respect to either of those bodies The component 
has a maximum value when the attracting body is in the 
plane passing through the eaith’s axis and perpendicular to 
the ecliptic, and it is zero when the body is m the plane of 
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the equator The orbit of the moon and apparent orbit of 
the sun are ellipses, so that the distances of these bodies from 
the earth are constantly changing The angle between the 
plane of the moon's orbit and the equator is variable, so m a 

hVV i at betvveen the equator and ecliptic, or ap- 
parent orbit of the sun All of these circumstances produce 
periodic terms in the movement called piecession 
It will be seen that the law or laws governing this matter 
are intricate and difficult to im estigate , their discussion be- 
longs to the depai tment of Phjsical Astronomy Vanous 
investigators have given more or less attention to the deter 
mmation of the constants which enter into the formulas, the 

t'htr„7rct r r m0,t ei “ e " S,Veb ' Cd “ a- 

349 Since nutation is simply a motion of the equator the 
•ecliptic remaining unchanged, it follows that it will produce 
no effect upon the latitudes of stais The longitudes will be 
changed, also the obliquity of the ecliptic 

Let AX and Ago = the nutation in longitude and obliquity 
respectively 

Then, according to Peters, for 18000 

AX = 17 " 2405 smQ-t-" 2073 iin 2 S3-" 2041 sin 2 £+" o6 77 sin(C _m 

-i 269a .in 2 0+" » 79 «n (0 - D 0213 sin (O +P) 
o” 22 31 COS a -"0897 COS a Q +" oS86cos 2 C+" 5509 cos 20 f (572) 

0093 cos (O +T) j 

Wh er eQ = the mean longitude of the ascending node of the moon’s orbit * 

(L — the moon s true longitude , * 

O = the sun’s true longitude , 

r, =z true longitude of the sun’s perigee , 

r = true longitude of the moon’s perigee 


*That is, the point where the moon passes from below the ecliptic to above 
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The coefficients of the above formulae vary slowly with 
the time, so that, according to Peters, the values for 1900 
will be 


AX = — 17" 2577 sin Q+" 2073Sin2Q— " 204 ISln 2 C^~ ,, 0677 sin(£ — T ' ) * 

— 1" 2693 sin 2 O + " 1275 sm (O — T ) - " 0213 sin (O + -O » ^ ^ 

Aoo'=z-{- 9" 2240 cos £2 — 11 0896 cos 2Q +" 0885 cos 2<C + " 5506 cos 20 
-|- " 0092 cos (O + -O 

The numencal values of AX, and the true obliquity, 
= (»-)- Aoo, are given in the ephemeris foi every tenth day 
throughout the year AX is there called the equation of the 
equinoxes , and is additive algebiaically to the longitude re- 
ferred to the mean equinox in order to obtain the longitude 
referred to the true equinox 

350 To detirmme the nutation m right ascension and decima- 
tion Since the teims of the formulae aie always small, a 
sufficiently accurate result will be obtained by neglecting the 
squares and highei poweis of these quantities In other 
words, we may employ diffeiential foimulse, viz , 


da da 

Aa = dX AX + 5S \ Aw - 


doo 


dS ,, dS A 

AS = Tx ax + tJ" 


( 574 ) 


For the values of the differential coefficients we employ 
the equations obtained by applying the general formulae of 
tngonometi j to the triangle foimed by joining the poles of 
the equator and ecliptic with each other and with the star 


* In No 2387 Astronormsehe Nachnchten , Oppolzer gives formula for these 
quantities carried out so as to include all terms which are appreciable in the 
fourth decimal place 


NUTATION 


6ci 


j 


j 
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In Fig 72, P is the pole of the ecliptic, P' of the equator 
o any stai ’ 

PP' = to, PS = 90° _ / 3 , P'S = go ° _ <?, 

SPP' — 90 ° — t, SP>P=go° + a 

Theiefore 

cos S cos a = cos ft cos A , . 

cos $ sin a = cos sin X cos o> — sin /? sin 00, l (575) 
sin $ = cos p sin 1 sm ® + sin p cos 00 J Fig ?2 

Differentiating these equations, considenng p as constant 
smCe it is not aliected by nutation, ’ 



cos 6 sin eda + cos a sin 8db = cos ft sin \dX , 

cos <5 cos ada — sin a sin 6d8 = cos ft cos A cos oodX 

1 — (cos ft sm A sm cw+sm ft cos c o)dGQ, 

cosi 8 d 8 = cos ft cos A sin oodX -|- (cos ft sin A cos go— sm ft sm Qo)doo 

From the second and thud of ( 575 ) we derive 


cos ft sin A — cos 8 sin a cos go -|- sin 8 sin go 

i 

Reducing (576) by this and the first of (575), we have 

oos sm ada cos a sin 5 dS = (cos S sin a cos a> + sin 6 sin oa)dX, 
cos 8 cos cxda — sin a sin 8d8 — cos 8 cos a cos oodX — sin Sdoo , 1 

d8 = cos a sin oodX -f- sm adoo \ 


(S 77) 


Fiom these we derive 


da 

— cos go 4- sm go sm a tan 8 , 
da 

— — — cos a tan 8 , 


dS _ 
dX ~ 
dd __ 
doo 


cos a sm a? , 

sm or 


( 578 ) 


I 
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Substituting (572) and (578) in ( 574 ), we have* 


4 a=—( 15" 8148 -)- 6” 8650 sm « tan 5 ) sin & — - 9 22 3 ! cos a tan ® cos 0 
15 S321 6 S683 9 22 40 

-l- ( 1902 + 0825 sm a tan 5 ) sin 2 Q + 0897 cos a tan o cos 2 fl 

0895 

- ( 1872 4- 0813 sin a tan 5) sin 2C - 0SS6 cos or tan S cos 2 C 

0812 0885 

( 0621 + 0270 sin a tan 5 ) sin (<C — P) 

_L 000154 cos 2a tan 2 5 sin 2Q - 000 160 sin 2 a tan “5 cos 2Q 

- (1 1642 + 5054 sin a tan S) sin 2 0 - 5509 cos a tan S cos 2 O 

1 1644 5 ° 5 2 5506 

_|_ ( 1173 + ° 5°9 sln a tan sin ^.0 — P 

1170 0507 

-( 0195+ 0085 sin a tan S) sin(O-f-T)- 0093 cos a tan« cos( 0 + r )> 

0092 

6" 8650 cos a sin Q + 9" 22 3 i sin a cos Q 
6 8683 9 2240 

_|_ ' 0825 cos ft sin 2$ — ' 0897 sin ft cos 2Q 

0895 

— 0813 cos a sin 2d + 0886 sm tx cos 2<[ 

0812 0S85 

-|- 0270 cos a sin (([ — P) 

- 000 077 sinao. tan 5 sin2 Q -( 000023-)- 000 080 cosaa) tan 5 cos2 Q 

— 5054 cos <x sin 2 0 "h 55°9 sin a cos 2 0 

5052 55°6 

+ 0509 cos a sin (O — P) 

0507 

— 0085 cos a: sin (O + P) + 0093 sin <* cos (O + P) 

0092 


K 579 ) 


In case of those coefficients which change appreciably 
during the century the value for 1900 0 is written below that 
for 18000 

Tables have been prepared for facilitating the computation 
of the above formulas, but they do not lequire special con- 
sideration here For our purposes the necessary corrections 

See Peters* Ntttncvtis Constcins Nut attorns Also A stroHO?Hisc he N&chnchtei% r 
No 486 


35i 


ABERRATION 


603 

aie computed in a simple manner, as explained in Articles 
354 and following 


Aberration 

351 Aberration is an apparent displacement of a star’s 
position, resulting from the circumstance that the velocity of 
light is not infinitely great in comparison with the velocity 
of the eai th Two essentially different classes of phenomena 
result fiom this cause 

First The observer, who must paitake of all the motions 
of the eai th itself, does not see the object in its true posi- 
tion, since the observed direction of a ray of light is deter- 
mined not by the absolute direction of motion of the undu- 
lations coming fiom the object to the eye, but by the relative 
motion with respect to the observer This apparent change 
of position is called the aberration of the fixed stars 

Second The obseiver does not see the body in its tiue 
position at the instant when the light enters the eye, but m 
the position which it occupied when the light left the body 
This is called planetary aberration This latter we shall not 
have occasion to consider, as it belongs to another depart- 
ment of astronomy 

The aberration of the fixed stars is determined by the velo- 
c’ty and direction of the motion of the point on the earth’s 
surface occupied by the observer Of these motions there 
are thiee, viz , that due to the diurnal revolution of the earth 
on its axis, to its annual revolution about the sun, and to the 
motion of the earth with the sun in space 

The first* of these motions produces diurnal aberration, 
which has already been considered so fai as is necessary for 
our purposes * The last motion it is not important to con- 


* See Articles 173 and 303 
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sider, as it affects the place of the star by a constant quantity , 
further, it is not sufficiently well detei mined for the purpose, 
even if it were desuable to consider it It only remains, 
therefore, to investigate the change produced by the eaith’s 
motion m its orbit, called annual aberration 

352 Let the velocity of the ray of light coming from a 
star and of the earth respectively be considered with respect 
to three co-01 dinate axes, the equator being the plane of X, Y 

Let ^7-, ~ = the components of the earth’s velocity in 

l { the direction of the three axes (the 
measure of the velocity being the space 
passed over in 1 second) , 
k = the velocity of light = distance traversed 
m 1 sidereal second , 

a and 8 = true right ascension and declination of 
the star , 

= the co ordinates of point where the ray 
of light pierces the celestial sphere , 
S,rj, 5 = components of velocity of the ray of light 
in direction of the three co ordinate 
axes 

Then 

S — — k cos 8 cos a, r}—~k cos £ sin a, 2 , — — k sin 8 (580) 

These are minus, since the light moves in a direction oppo- 
site to that in which the star is seen 

Let the same symbols affected by accents represent the 
corresponding quantities affected by abei ration Then 

£'= — cos d' cos a', if=— i'cos d'sin a', 2 '=— K sin 8 ' (581) 

a' and 8 ' are then the apparent right ascension and decli- 
nation of the star, and S', v , are the components of the 
velocity lelatively to the earth 
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Since j;! ien the relative velocities are equal to the differ 
ences of the actual velocities, 4 e <lllter * 


k' cos S' cos a' = k cos Sc os a -I- — 

T dt' 

U cos S' sin a' = k cos Ssm a 4-4? 

~ dt ’ 


sm S' 


— k sm S 


, ds 

~ i ~~di 


k' 


Let j = h Then 
the following 


( 582 ) 


k ~ n * 1JC “ we readll y derive from these equations 


kcos <S' sin («'-«)=- cos , 

xcos 5' cos(a'— »)=cos 5-f 3 cos a -f d -?~ sm aj , 

« sm (5' -*) — cos «+ —smSsmar-^- cos ffj 
I P (tx dy “]• 

~ aF |_77 Sm " ~ 77 cos a _J tan s < 

X cos (S' -$) = I + ? ^ cos S cos or + cos S sin a+^sm 5~j 

I 1 r* dv I* 

+ 5P I* “ n 


1 (583) 


The first two of these are exact , the last two are exact to 
terms of the second order inclusive 
Dividing the fiist by the second and the third by the 
fomth, we have, neglecting terms of the third and higher 
orda s, 
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d ~ a = “ \ SeC S [S Sm * “ f ' C0S “] 

+ p sec2 5 [§- sin a - 4 cos *] x [§■ cosa +ft sm a ] - 


dx sin 5 cos sin 5 sin a - ^ cos 


3 P" dx dy 

“^L^ sma -^ cos 


-I 


tan £ 


+ sin 5 cos or + ^ s.n 5 sm a - g cos $] 

X jj^ cos 5 cos a + ^ cos 5 sin a -|- — sm 


(584) 


Let R = the ladius vector of the eaith, 

O = the sun’s geocentric longitude , then — O = the 
earth’s heliocentric longitude , 
go — the obliquity of the ecliptic 


Then x, y, z being the eaith’s lectangular co-ordinates, 

X — ^R cos O, y = — -Ksin O cosca, z= — i?smOsin<» (585) 


From these we have 


dx „ do „ 

Tt =J 7 s.O 


iR 

- 7 T COS O, 
at 


dv dQ) dR 

— R —7- cos O cos go — sin O cos go, 
dt dt at 


dz ~d O 

— = — R — tt cos O sm go 
dt dt 


dR 

dt 


sm O sin go 


(586) 


By means of these equations we have the values of a' — a 
and S' — S in teims of the sun’s distance and longitude, but 
they are not in a convenient form for piactical application 
unless we aie satisfied with an appioximation obtained by 
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regai ding the earth’s orbit as a circle and the motion uniform 

In this case we make = o and — the mean apparent 

angular velocity of the sun in longitude 
353 The tiue velocity of the earth in any part of its orbit 
may be taken into account as follows The orbit being an 
ellipse, its polai equation will be 

d _ a( 1 — e 1 ) 

1 -|- e cos (O — T)' ' ^87) 

a being the semi major axis, e the eccentricity, and — (O — V) 
the angle between the major axis and radius vector measured 
from the perihelion (O and T having the same significance 
as in Ait 349) 

Let F = the area of the ellipse = ncd Vi — e\ 

T — the time of one revolution of the earth = one 
sidereal year, 

df = an element of aiea between two consecutive radii 
vectores, 

dt = time requned to descube df 

Then by Kepler’s first law, viz —the areas described by the 
radius vector are proportional to the times— we have 


2 ~ _I«* 

T ~ r, ~Jf 1 


since the element of area df = \R'd { O — F) = iJFdO 
Therefore 


R W = (t) [I + ‘ cos (0 ~ r)] CS 8 9) 
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By differentiating (587) we find 

S =(Tb!=7' sm(0 - r) <590) 


But (^)is equal to the mean angular velocity of the earth 

111 its orbit about the sun , or, what is the same, the apparent 
angulai velocity of the mean sun about the earth Calling 
this velocity n , we have, from (586), (589), and (590), 



an 


Vi — e 


(sin O + e sin f), 




‘jy — — — - n - — cos go (cos O + e cos C), - 
dt Vl - e . 

* = - ■ , ^ == sin oi (cos O + * cos T) 

dt Vi - S J 


<590 


The auantity an = say, is called the constant of aber- 

H k V~i — / 

ration 

Substituting 111 (5S4) these values of the differential co- 
efficients, we theiefore have 


a' - a = — < sec 8 [sin O sin a + cos O cos a cos to] 

- — sin 1" sec 2 S[(i + cos 2 a>) sm 2a cos 2 O - 2 cos a> cos 2a sin aO] 

K 2 

— Ke sec 8 [sin T sin a 4- cos r cos a cos «] + “ sin 1 " secS ® sin 3<x sm3 
5/ _ 5 = _ fe[sin 8 cos a sin O — (cos <0 sin 8 sin a — sin to cos 8) cos O] 

_ !^ sin x tf tan 8 | [(1 + cos 2 w) cos 2 a - sin 0 <o] cos 2 0 +2 cos to sin 2 O sm 2 a j- 

— ck [sin 8 cos a sin r — (cos to sin 8 sm a — sin to cos 8) cos T 1 ] 

" tan S[(i 4 cos 2 to) — sin 2 to cos 2a] 


f (593) 


— — sin i' 
8 
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The last two terms in each are constant, or are only suDject 
to a slow secular change , they will therefore be combined 
with the mean right ascension and declination of the star, 
and will require no further consideiation in this connection, 
as we aie only concerned with the periodic terms 

The most commonly received value of the constant x is 
that of Struve, who found from a very carefully executed 
series of observations at the observatory of Pulkova 
k = 20" 445 1 (Recently Nyr6n finds from a still more ex- 
haustive investigation 20" 492 ) For 1875 o the mean value of 
the obliquity of the ecliptic is 00 = 23 0 27' 19" 

Substituting these values in (592), and dropping the con- 
stant terms, we have finally 


a 


8 ' 


= — 20" 4451 sec 8 [sin 0 sin nr + cos O cos nr cos go] 

— ooo 9330 sec 1 8 sm 20. cos 2 0 

+ 0009295 sec’ 8 cos 2nr sin 20 , 

= — 20" 4451 sin 6 cos nr sin O 

+ 20 4451 cos O [sin 8 sin nr cos go — cos 8 sin gd] 

— 0004648 tan 8 sm 2nr sin 20 

+ [0000401— 0004665 cos 2 nr] tan 5 cos 2 0 


r (593) 


Reduction to Apparent Place 

354 We have now deduced the essential formulae for re- 
ducing a star from mean to apparent place or the converse 
The place as given in the star catalogue will be the mean 
place foi the beginning of the jear of the catalogue The 
reduction of this place to the mean place at any othei date 
has been explained and illustrated with sufficient fulness 
In applying the formulae as we have done we obtain the 
mean place for the beginning of the } ear, to which we re- 
duce the star’s co-ordinates If now we wish to 1 educe this 
mean place to the apparent place at a time r from the be- 
ginning of the } ear (r being expressed as a fraction of a year), 
we must add to the mean light ascension and decimation the 
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precession and proper motion for the time r, as given by 
formulae (565) , the result is the mean place at time r To 
this mean place the nutation being added as given by (579)» 
we have the true place, finally adding the aberration (593), 
we have the required apparent right ascension and decima- 
tion of the star. 

The following are the formulae written out in full, omitting 
those terms m the nutation and aberration which are ordina- 
rily inappieciable 

a r — a = (m -f* n sin a tan S) r + r/i 

— (15" 8148 6 " 8650 sin a tan 8 ) sin £ 

15 8321 6 8683 

4- ( 1902 + 0825 sin a tan 8 ) sin 2Q 

— ( 1872 + 0813 sin a tan 8 ) sin 2([ 

( 0621 -j- 0270 sin cx tan 8 ) sin ((£ — P) 

— ( i 164.2 + 5054 sin a tan 8 ) sin 20 

4- ( 1173 + 0509 sin a tan sin (O — -O 

— ( 0195 -j- 0085 sin cx tan 5 ) sin (O + P) 

— 9 2231 cos cx tan 8 cos Q -f- 0897 cos cx tan 8 cos 2Q 
9 2240 

— 0886 cos a tan 8 cos 2d — 5509 cos tan $ cos 2 ° 

— 0093 cos a tan 8 cos (O + -O 

— 20 4451 cos CD sec 8 cos cx cos O 

— 20 4451 sec 8 sin cx sin O , 

$' — 8 = Ttl cos cx -f- 

— 6 " 8650 cos a smQ+ 9" 2231 sin a cos Q 

6 8683 9 22 40 

0825 cos cx sin 2 & — 0897 sin cx cos 2 Q 

— 0813 cos cx sin 2([ -f" 0886 sin cx cos 2(£ 

4- 0270 cos cx sin (C — P) 

— 5054 cos cx sin 2 O 4 " " 55°9 sin a cos 

-|- 0509 cos a sin (O — T) 

— 0085 cos a sin (0 + T) + " 0093 sm a cos (O + I) 

— 20" 4451 cos 00 cos O (tan go cos 5 — sm a sm 6 ) 

— 20 4451 cos cx sin 8 sm O 

The values of the constants are determined for 18000. 
Where the change is appreciable the value for 19000 is 
written below 
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355 The formulas as vmtten above aie complicated and 
veiy inconvenient for piactical application If no method 
could be devised for abridging the woik, star reduction 
would be such a formidable undertaking that but little prog- 
ress would be possible in this dnection The method m 
common use, however, originally proposed by Bessel, re- 
duces the labor to a small fiaction of that requned for apply- 
ing the foi mula. directly " 3 

It will be observed that the first part of («' - a ) consists 
of a number of terms which have a factor of the general form 
( m ' + ri sin a tan 8 ), the constants in ' and n ' in each case 
having nearly the same ratio to each other as m to n in the 
precession formulae, viz , 2 3 approximately Therefore let 

68650 = 712, 158148 = 7722 -1-/2, ' 

0825 - m \ 1902 = ini ' -j- h \ 

0813 = »*", 1872 = mi " + h ", 

0270 = 727'", 0621 = mi '" \- h "\ j- (395) 

5054 = 722 lv , 1 1642 = mi lv -(- hr , 

0509 = 722 ', 1173 = inf -f- h \ 

0085 = 722 vl , 0195 = 7 // 2 ' 1 4 - hr „ 

By introducing these values equations (594) may be 
written 

• 

a' = a ~b xfx -)- [r — z sin fi+z' sin 2 & — z" sin 2<[-b t '" sm (C —.T')— z^sm 20 

+ (O — -0 — 2 vl sin (O +- 0 ] X [tii -|- n sin a tan 5 ] 

— [9" 2231 cos Q — o" 0897 cos 2 £ +0" 0886 cos 2(C +0" 5509 COS 20 

4 - o" 0093 cos (o + Tj] cos or tan 8 

— 20" 4451 cos qo sec 8 cos or cos O—20” 4451 sectfsm or sin o 

— k sin Q +/fc'sin 2Q — h" sin 2([ + ,$"'sm (([ — F)~~ >& lv sin 20 

+ 7i v sin (O — P) — 7z vl sin (O + Pj, 

S' =r <5 + r>u'+ [r — z sin Q +i' SU12Q — z" sin 2([ -bz"'sin (([ — F) 

— z lv sm 2 0 + i y sin (0 — T) — z n sin (O -j- F) ] X « cos or 

■+ [9" 2231 cos Q — 0" 0897 cos 2 Q -|- o" 0886 cos z(£ + 5509 cos 2 0 

+ 0 0093 cos (o +-H] sm sx 

— 20" 4451 cos 00 cos 0(tan go cos 8 — sin or sm 8 ) 

— 20" 4451 cos or smtfsm O 
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[t will be observed that the corrections to the mean \ alues 
of a and consist of terms made up of two classes of factors, 
the first class independent of the star’s place andvaiying 
with the time, the other class depending on the star’s place 
and varying so slowly that they may be i egarded as constant 
for a considerable time Writing them in accoi dance with 
Bessel’s original notation, 

*A = r—i sin sin 2 Q sin 2 (£-\-t"' sm(([ - T') - *‘ v sin 20 ' 

+ t T sin(0 — r> — j v1 sin (O -4- T), 

B = — 9" 223ICOS fi +" 0897 COS2Q — 0886 COS 2(C — 5509 COS 2 O 
— 0093 cos (O +-T) 

C = — 20" 4451 COS GO cos O , 

D - — 20 " 4451 sin o I , 6 s 

E = — h sin Q f/z sin 2 Q — h sin 2([ + /z"'sin (,([ — T) — Si iV sin 2 0 
A v sin (O — r) — /* vl sin (O + -T), 

a — + » sin a tan <5),|* a — 71 cos a , 

£ = cos a tan 5 , V = — sin or, 

^ cos a: sec 5, c‘ = tan cos 5 — sin a sin < 5 , 

</= .^sinnrsecS, = cos a sin S 

Then oar formulae become 

a = oc TyU -|- Aa -f- Bb -f- Cc + Dd Ar E, \ (cqj') 
6' = d + r/ + + 56' + O' + Dd' \ 

^4, 5, C, 5, £ being the same for all stars are computed in 
advance foi every day thiou^liout the \ ear, and the values 
given m the nautical almanac and the similai publications of 
other countries, so for our purposes we need only take them 
fiom these souices 

In some star catalogues a , 6 , c> d and a\ b f , c', d l are given 
in connection with the star’s place For the pui poses of an 
accurate reduction, however, these become obsolete in a few 
years, as m , n, a , and go are all subject to slow secular 

* See Art 358 

] These are divided by 15 since the right ascension is generally given m time 
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changes It will be advisable to recompute them li much 
time has elapsed 

Example Required the apparent place of a Lyrae, 1884, November 10, for 
upper transit, Washington 


Mean cx. = i8 h 33™ 

o B 678 

Mean 8 — 3%* 40' 34'' 40 


/4 = 

8 0179 


M’ = + 

" 2726 





r = 0 863 






h m = 3* 0724 

) by formulae 





» = 20 ' 0534 J (5 19) 

Then 







log a = 0 3039 

log b — 

7 8842 

log c = 8 0884 

log d — 8 92 6g n 

N A p 284, 

log A = 9 9602 

log B - 

0 9619 

log c = 1 0894 

log D = 1 1883 


log a' = 0 4592 

log V s 

9 9955 

log tf' = 9 9809 

log <*' = 8 9^28 


lo gAa = 0 2641 

log Bb s= 

8 8461 

log Cc s= 9 1778 

log Zto? = 0 xi52 n 


log A a' = 0 4194 

log Bb f = 

0 9574 

log Cc.' = 1 0703 

log Dd’ = 0 1411 

Mean place 

a = i8 h 33 

m o 8 678 


5 = 38° 40' 34" 

40 


Aa = 

1 837 


Aa' = 2 

63 


Bb = 

070 


BV = 9 

07 


Cc = 

150 


11 

M 

M 

76 


Dd= - 

I 304 


Dd' = 1 

38 


E = 

001 





Tfl = 

016 


zy = 

23 

Apparent place a' = i8 h 33 

1U I 8 448 


d = 38" 40 59 " 47 


356 The above form of reduction is most convenient when a considerable 
number of apparent places is required or when the star catalogue gives reliable 
values of the constants a , b , c , d, etc If these quantities are not given and 
only one or two apparent places are required, a different form may be given to 
equations (597) which will be more convenient This transformation, also due 
to Bessel, is as follows 

Write f = m 4 -f- E f 1 — C tan go, 

g cos G — tiA , h cos H — D , 

g sin G — h sin H — C 

Then we have 

a' = a + r/i + / + g sin (G 4 - &) tan <5 -j» h sin {FI + a) sec 8 , ) , gv 

S' = S -|- tj.l ' -p * cos 8 g cos {G + or) + h cos {H -f- oc) sm S ) 

The values of r, f y G &, log g , log A, and log 1 are also given in the epheme 
ris for every day of the year 


r 
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As an example, let these formulae be applied to determine the apparent place 
of cc Lyrae on the date given above 

We have a — i8 h 33 m o £ = 38° 40' 6 

page 291 of ephemens, G — 1 46 3 *£-|- a = 2o h 19"* 3 

H = 2 34 2 *H~\- a = 21 72 

log iV = 8 8239 log ^ = 8 8239 

page 291 of ephemens, log^ = 1 3109 log h = x 2952 

*sin {G + <*) — 9 9142® *sin (Zf + a) = 9 8373 
tan <5=9 9033 sec <5 = 1075 

log {g) = 9 9523» log (/*) = 0639/f 

log g = 1 3109 log h = 1 2952 

cos (G 4 - <*) = 9 7570 cos {H -f a) — 9 8610 

log (£') = 1 0679 sin <5 = 9 7958 

page 291 of ephemens, log 1 = o 7273 log (//') = o 9520 

cos 5=9 8925 

log (/) = o 6198 

i8 h 33 m o 8 678 8 = 38° 40' 34" 40 

2 804 (g f ) = 11 70 

— 895 (//) — 8 95 

— 1 158 M = 4 17 

016 TILL' — 23 

<*' = i 8 h 33 m I s 445 & = 38° 40' 59" 45 

357 Note Certain of the sma’l teims which have been neglected m the 
preceding formulae will sometimes be appreciable for stars near the pole where 
great accuracy is required 

1st I he Piecesnon foi Time r We have only used the term depending on 
the first power of r The values of the second differential coefficients are 
given by equations (565) The numerical values being substituted, the only 
terms which can be appreciable are 

J(a t — a) = + 6 000 O03r 2 sin a tan 8 — o B 000 149T 2 cos a tan 8 \ 

— oooo6sr fl sin ia tan 2 8 , >■ (599) 

4 ( 8 ’ — 8) = -f* 000 975 r 1 sin 2 a tan 8 ) 

2d In the formulae for abeuation (593) rigorously or, 8, O, and 00 are not 
the mean values of these quantities as there assumed but the true values They 

* A table giving logarithmic sines and cosines with the argument expressed in time is con- 
venient If this is not available, ( G + a) and (AT-f- a) must be reduced to arc 


/= 
(?) = 
(A) = 

TJU = 
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should therefore be corrected fot nutation The necessary corrections to 
(ct! — <x) and (S' — 8 ) as given by (593) may be determined by differential 
formulae 

Since (a 1 — a) = /(a, 8 , 0 , ca), and similarly for (S' — 8 ), 


1 doc ^ db 




(600) 


Where A a, AS, etc , represent the corrections for nutation given by (572) and 
( 579 ) 

Practically the terms in Ao and Ago will never be appreciable, and of the 
values of A a and AS we need only retain the following terms 


Aa = — [6" 865 sin a sin Q + 9" 2235 cos cc cos Q] tan d, 
AS = — 6" 865 cos a sin Q -|- 9' 2235 sin a cos Q 


(601) 


Differentiating (593) with respect to a and d, neglecting the smaller terms, 


— 2^ — — 20" 4451 sec d[cos a sin O — sin a cos O cos go], 

— 20" 4451 sec d tan d[sm a sin O + cos a cos O cos go], 

= 20" 4451 [sin d sin a sin O + sin d cos a cos O cos go], 

= — 20" 4451 cos d cos a sin O 

+ 20" 4451 cos O [cos d sin a cos go -f sin d sin o>] 


da 


d(a' — 

a ) _ 

dS 


d(S' - 

*)_ 

da 


d(S' - 

S) = 

dS 



Substituting m (600) and retaining only terms multiplied by tan d or sec d, 
we find 


A(a / — o)= — ac>/ ** 5 * sin 1" tan & sec 5 
*5 a 


—(6" 865 -j-g" 2235 cos to) sin 2a cos ( 0-1” £2)» 
■f (6 865 cos <0+9" 2235) cos 2a sin( O + Q ) » 
+(6 865—9" 2235 cos to) sm 2 a cos(o — Q), 
—(6 865 cos <0—9" 2235) cos 2a sin(o — Q ), 


A («'-«)= 


20^4451 


sin x ;/ sin S tan S 


-(6 

-(6 

+(6 

-f(6 

+(6 

-(6 


865-1-9" 2235 COS <0 ) cos 2a cos( O Q \ 
865 cos to-j-g" 2235) sin 2a Sin( 0 + Q ), 
865—9" 2235 cos to) cos 2a cos(0 — Q ), 
865 cos to— 9" 2235) sm 2a sin(o — Q), 
865—9" 2235 cos to) cos (O + Q), 
865+9" 2235 cos to) cos (o — Q) 


(602) 


4 
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These expressions reduce to the following 


A (a' — a) = 




* — 

8 000 05065 sin 

2 a cos 

(0 + Q) 


< + 

000 05129 cos 

2 ct sin 

(O + S 3 ) 

- tan 8 sec 

— 

000 00527 sin 

2 (X cos 

(0 - 

Q) 


1 + 

000 00966 cos 

2 a sin 

(0 - 

Q) J 


' — 

n 000 3799 cos 

2 a cos 

(0 + Q) 

- 

— 

000 3847 sin 

2 a sin 

(0 + Q) 


■i 

000 0395 cos 

2a cos 

(0 - 

a) 

. sin 8 tan 8 


000 0725 sin 

2 a sin 

(0 - 

S 3 ) 


- 

000 039 x cos 

(O + 

a) 



- — 

000 3799 cos 

(0 - 

Q) 

- 

j 


(603) 


3d In a few cases of double stars the mean place of the star requires a cor- 
rection for orbital motion The corrections to the right ascension and decima- 
tion will have the form 


Aa = a + bt + k sin (» + x), 

AS — d -|- b't -J- k' sin ( n -j- #'), 

the quantities entering into the formulae depending on the elements of the star's 
orbit 


358 The foregoing comprises all that is necessary for re- 
ducing stars from mean to apparent place, or from apparent 
to mean place In the latter case the corrections will be 
applied with the opposite signs to those given by formulae 
(597) or ( 598 ) Since 1834 the factors A, B , C \ D have been 
published by the British Nautical Almanac, and in the Ameri- 
can Ephemeris since its first publication, 1855 In the Brit 
ish Almanac and previous to 1865 in the American Ephemeris 
the notation is not Bessel’s which we have given, but that of 
Baily, viz , A is interchanged with C \ and B with D * Particu- 

* This unnecessary and confusing change of notation was introduced by 
Baily for no better reason than the following “I have thought it desirable 
that we should as much as possible make them serve the purpose of an artificial 
memory It is on this account that I have made AB represent the quantity by 
which ABerration is determined , C the quantity by which preCession is de- 
termined , and D the quantity by which the Deviation, or (as it is now more 
generally called) the nutation, is determined” — Butish Association Catalogue f 
p 34, note 
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lar attention must therefore be given to the notation, othei- 
wise enors will be very likely to occur Since 1865 the 
notation of Bessel has been employed in the American 
Ephemeris 

For any date from 1750 to 1850 the logarithms of A, B, 
C f D may be taken fiom Bessel’s Tcibulce Regiomontance 
Bessel’s constants are employed and the smaller terms are 
neglected, they will, however, give all necessary precision 
in the few cases where it will be found necessaiy to employ 
them A convenient table by Hubbard for correcting them 
so as to make the values conform to the constants of Stiuve 
and Peters will be found 111 Gould’s Astronomical Journal , 
vol iv p 142 Bessel’s tables are computed for every tenth 
day of the fictitious y tar Their emplojment involves a sub- 
ject the consideration of which we have not found necessary 
heretofore, viz , 


The Fictitious Year 

359 We have heretofore spoken of the year without speci- 
fying \ery definitely which of the various penods called a 
year was to be understood The common year is not well 
adapted to the requnements of astionomy, since the length 
is not the same in all cases, each fourth year containing one 
more day than the other three The Julian year of 365^ 
dajs is better, but its length does not exactly correspond to 
the movements of the eaith in its 01 bit 

In the reduction of star places Bessel obviates the difficul- 
ties which would follow from the employment of either of 
the above periods by employing a fictitious year to begin at 
the instant when the longitude of the mean sun is 280° This 
instant will of course not coincide with the transit of the sun 
over the meridian of Greenwich or Washington, but from 
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the known mean motion of the sun the Gieenwich or Wash- 
ington time may be found at which the mean longitude is 
280°, and consequently the meridian over which the sun is 
passing at this instant This is sometimes called the normal 
meridian, and may then be emplojed as the pnme mendian 
from which to reckon longitudes throughout the year pre- 
cisely as the mendians of Greenwich and Washington are 
used Since the sun’s mean right ascension equals the mean 
longitude, the sidereal time at this meridian coi lesponding 
to the beginning of the year will be i8 h 40"' (= 280°) If then 
we imagine a point on the celestial equator whose right 
ascension is i8 h 40 ra , the sidereal day thi oughout the fictitious 
year may be regarded as beginning at the instant when this 
point crosses the meridian, just as in the common method 
the sideieal day begins when the vernal equinox crosses the 
meridian By adopting this device a uniformity and 
simplicity is introduced into those quantities which aie 
functions of r This is also the date to which the mean 
places of stars are reduced 111 the star catalogues When 
the elements of reduction are taken from the Nautical 
Almanac or American Ephemens no attention need be given 
to tins matter, as it is already piovided foi 

Bessel calls the instant when the sun’s mean longitude 
equals 280° Jan 00 of the fictitious year This corresponds 
to Dec 31 o of the usual method of reckoning, that is, accord- 
ing to Bessel’s method Jan 1, 2, 3, etc , indicate 1, 2, 3, etc , 
days from the beginning of the year, while in the common 
method the beginning of the 1st, 2d, etc , days is understood 

We shall now show the relation between the beginning of 
the fictitious and common years, atterwards returning to the 
Tabula Rigiomontana 

360 During one complete century the period of the com- 
mon year is the same as that of the Julian yeai Suppose 
now for the moment that at 1800 0 the fictitious year began 
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•with the date Jan 00 of the common year, and that the 
length of the tropical 3 ear coincided with that of the Julian 
Then for any other date 1800 + t we should have 

Beginning of year = Jan 00 + \f, (604) 

where /is the remainder after dividing the number of the 
year by 4 In case of a leap-year, where the number of the 
year is exactly divisible by 4./ must be made equal to 4. 
since the intercalary day is not introduced until the end of 
February 

If we choose, in accordance with Bessel, as our prime 
meridian that of Pans, the above formula involves two erro- 
neous assumptions fiist, the beginning of the year from 
which we reckon will not coincide with Jan oo, and second, 
the length of the tiopical year is not that of the Julian We 
shall use the constants of Bessel in order to have our results 
those of the Tabulae Rcgiomontana 

F01 mean noon at Pans, viz, 1800, Jan 00, Bessel finds 
for the sun’s mean longitude 

279 0 54' 1" 36, 

and for the mean daily motion of the sun m longitude 
3548" 3302 + " 000 000 6902/,* 

where t = number of years elapsed since 1800 

For the meridian of Paris we must add to (604) the time 
required for the sun to move 35 64, viz , o 10107289 day 
It remains to correct (604') for the difference between the 

* It will be observed from the expression for the mean daily motion that the 
length of the >ear is not constant , the variation, however, amounts only ta 
o“ 595 per century 
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Julian and tiopical years The tropical motion of the sun in 
one Julian year is, according to Bessel, 

360° oo' 2 7" 605844 + o" 000244361/.* 

Therefore the mean tropical motion in / years will be 

[360° 00' 27" 605844]/ -f 0" 00012218/“ 

The time required for the mean sun to pass over the dis- 
tance 27" 605844/, expressed as a fi action of a day, will be 
0077799535/ + 0000000034433/“ Therefoie the complete 
formula for the Pans mean time of the beginning of any ficti- 
tious year will be 

Jan 00 + 0 *10107289 — o *0077799535# — o 000000034433# 2 + if (605) 

To reduce any mean solar date at Pans to the date of the 
fictitious year the above quantity must be subtracted 
Therefore let 

k = — o 10107289 + o 0077799535# 4- o 000 000 034433#* — if 

k is then the longitude east from Pans of the meridian where 
the fictitious year begins, or of the normal mendian 

Let d = the longitude west of Pans of any meridian, ex- 
pressed as a fraction of a day 

Then the reduction which must be applied to any mean solar 
date at this meridian to reduce it to the normal meridian is 
k -f- d 

361 Let us now return to the Tabula Rcgiomontana The 
logarithms of A, B, C, D, r, and the quantity E are there 
given for every tenth day of the fictitious year from 1750 to 
1850 , the intervals being sidereal instead of mean solar days, 
an arrangement which is a little more convenient m star re- 

* This quantity divided by 365 25 is the mean daily motion already given 
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duction, for the reason that, the star being generally observed 
on the meridian, its right ascension is at once the sidereal 
time of observation In order to apply the tables we must 
first convert this sidereal time to the corresponding sidereal 
time at the normal meridian 

It will be remembered that the sidereal day of the ficti- 
tious year at any meridian begins at i8 h 40™ sidereal time, 
theiefore at this meridian itself the tables are applicable for 
this instant of local time For anj other meridian at the 
instant i8 h 40 m local sideieal time the argument of the tables 
will be k -J- d 

At any other sidereal time gat this last meridian the argu- 
ment will be 


k + d + 


g — i8 h 40 m 
24 h 


which must be less than unit} and positive. Or we may 
write 

, g+ 5 h 20 m 
g - 24 h 


as the quantity to be added to b -j- d, omitting one whole 
day when£-+ 5 h 20 ra = or > 24 h 

If, as before assumed, we regard the sidereal day of the 
fictitious year as beginning when the right ascension of the 
meridian is i8 h 40 m , then as long as the right ascension of the 
sun is less than this quantity it will cross the meridian before 
the point on the equator having this right ascension, and the 
day of the fictitious year will be the same as the common 
date When the sun’s right ascension is equal to i8 h 40* 
(the sun being on the meridian) the two days begin together, 
and when it is greatei than i8 h 40® the sideieal day of the 
fictitious year begins before the common day, and therefore 
one day must be added to the common reckoning for the 
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date of the fictitious year Therefore the argument of the 
table will be 

k -)- d g' -f- 2, 

m which i = ofrom beginning of the year to where the right 
ascension of the mean sun equals the sidereal time, after 
which 2 = 1 

The Tabula Regiomontana then give the following 
quantities 

Table I gives k for the longitude of Paris expressed m 
hours, minutes, and seconds, and also as a fraction of a day, 
for every year from 1750 to 1849 

Table II gives d, the west longitude from Paris of a num- 
ber of the principal cities of Europe (Better values can, 
however, be found in the ephemens ) 

g -I- 5 h 20 m 

Auxiliary table, p 16, gives g = — 

Table VIII, pp 17-116 inclusive, gives log A, log B, log C, 
log D, log r, and E 

For C and D table IX may be employed It requires no 
special explanation here 

Example Required the loganthms of A, B, C, D, r, for 
1825, July i d io\ Greenwich sideieal time 

Table I for 1825, k = — .157 

Table II for 1825, d = + 007 

Page 16, g' — + 639 

2 = 000 

Argument = July 1 489 

Page 92, table VIII, log A = 9 9224 

log B = o 3026 E = + ".OS 
log r = 9 6975 
log C = 4817 

log D — \ 30o6 n 


table IX, 
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The quantities have been interpolated directly from the 
tables, log C and log D aie given more accurately by table 
IX If thought desirable, the interpolation maj be earned 
out to second differences, but this will not often be necessary 
As an example of a case where 1 = 1 let it be requned to 
find the above quantities for 1825, Dec i d io h , Gieenwich 
sideieal time 

As before, k = — 15 7 

d = - f 007 

Table YI, right ascension of g' = 639 

Mean sun Dec 1 is i6 h 40™, theiefoie 1 = 1 000 

Argument = Dec 2 489 
With this argument we find 

log A = o 0867 , log B = 4976 , log C = 7599 , 

lo gD — 1 2772 , log r = 9 9631 , E = + 05 

Various forms of tables for star reductions have been pro- 
posed and emploved Some of these aie very useful for 
special purposes, but it is not necessary to enter into the 
details of their constiuction in this connection 

362 Conve? sion of Mean Solar into Sidtrtal Time and the con- 
verse The solution of this problem for any date after the 
British and American Nautical Almanacs became available 
in their present form has been treated with all necessary ful- 
ness in Articles 94 and 95 hor earlier dates other methods 
must be used The Tabula Regiomontana gives the data 
necessary for solving the problem for any date between 1750 
and 1850 

We have shown m Ait 94 that the mean time at any 
meridian is equal to the true hour-angle of the second mean 
sun, which moves uniformly in the equator, and whose mean 
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right ascension is equal to the mean longitude of the first 
mean sun, which moves in the ecliptic 

Also, the sidereal time is equal to the hour-angle of the true 
equinox Therefore m our formula 

© = a o -j- T (199) 

a O must be understood to mean the true right ascension of 
the second mean sun This equals the mean right ascension 
plus the nutation of the veinal equinox in light ascension 
The latter is found from the general equations (579), by 
making a = o, 6 = o to be AX cos go, and is given m the 
ephemeris as the u equation of the equinoxes in light ascen- 
sion ” It is included m the sidereal time of mean noon 
given b} the ephemens When the ephemeris is available 
it will therefore lequne no further notice 

Table VI of the Tabula Regiomontana gives the right ascen- 
sion of the second mean sun corrected for the solar nutation 
of the equinox for every mean noon at the fictitious meridian 
The fictitious year always begins with the same right ascen- 
sion of the mean sun, therefore this table is available for 
every year The number taken from this table for any date, 
which must be the date at the normal meridian, is then cor- 
rected for lunar nutation in right ascension, which is given 
by table IV The result is the sidereal time of mean noon, 
at the noimal mendian, which may be used in precisely 
the same way as the sidereal time of mean noon at Washing- 
ton (See Articles 94 and 95) Or waiting the foimulae 
out m full, 

© = 7 + table VI -f table IV + ( 2 " + k -f- d) (jjl — i),(6o6) 

or V= V tt +(k + d)(»-i) = VI + IV + (k + d)( M -i), 

9 = T+ V+ T('i - 1) 
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And for converting sidereal into mean sola*- time, 


625 


T= «- V-{&- V) (x - *), 


(607) 


The notation being that of Ai tides 94 and 95 
Example Given 1825, July i d 7“ 25'“, Greenwich mean 
solai tune Requued the corresponding sidereal time 

By the fiist of toi mulae (606), T = 7'' 25’" o' coo 

Table VI = 6 37 33 099 
I able IV = 1 015 

(T+k-\-d)[M — 1). Table VII = 37606 

T = 7 1 ' 25“ o’ 000 

Table I, l = — 3 45 26 1 = 14" 3” ii’ 72 

Table II, d = + 9 216 

{T+k+d)= 3 1 ' 48™ 55’ 5 

Example 2 Given 1825, July i a I4 h 3 m u’ 72, Greenwich 
sidereal time Required the coi responding mean solar time 

Table VI = & 37“ 33 s 099 
(k + d) = — 3” 36 m 4 s 5 Table IV = 1 015 

(k + d)(pt — 1), Table VII = - 35 495 

V= O' 36™ SS" 619 
© = T4 1 ’ 3 1 " 1 I s 720 


© — V = 7 h 26 m 13" 101 
Table VII = — 1 13 101 


T = 7 U 25“ o’o 


TABLES 


Table I gives values of the function 


He e dt for 

V 7ldo 


values of t from o to co 

Table II A gives the refraction corresponding to different 
altitudes for a mean state of the atmosphere, viz , barometer 
30 inches, thermometer 50° For any other leadings of the 
barometer and thermometer the factors by which the mean 
refraction must be multiplied are taken fiom tables II B, 
IIC, and II D (See Art 86) 

Table III A, B, C, and D are Bessel’s lefraction tables 
These will be employed when extreme precision is lequired 
When the altitude is less than 5 0 no table will give reliable 
values foi the refraction, but it may be found approximately 
by the supplementary table following III A (See Ait 86) 
Table IV is intended for use in connection with the ^frac- 
tion table when the barometer is giaduated according to the 
metiic system 

Tables V or VI may be used when the thermometer is not 
graduated according to Fahrenheit’s scale 
Table VII requires no explanation 

Table VIII A and B give values of tn, log m , n , and log n , 


wheie 


m = 


2 sin 3 it 
sin 1" ’ 


n — 


2 sm* \t 
sin 1" 


(See Art 146 ) 


Table VIII C gives the factor to employ m reducing cir- 
cummendian altitudes when the chronometer has an appre- 

\ (See Art 152) 


I — 


864OO J 


ciable rate, viz , k = 
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t 

/W 

t 

At) 

t 

JV) 

t 

At) 

00 

000000 

SO 

520500 

1 00 

842701 

1 50 

966105 



5 i 

529244 

1 01 

846810 

x 51 

067277 

02 

002565 

52 

537899 

x 02 

850838 

1 52 

968414 

°3 

033841 

53 

546464 

1 03 

854784 

153 

9693 10 

04 

0451 ii 

54 

554939 

1 04 

858050 

1 54 

970386 

OS 

056372 

5 | 

563323 

1 05 

862436 

1 55 

971623 

06 

067622 

56 

571616 

1 06 

866144 

t 50 

972628 

07 

078858 

57 

579817 

1 07 

869773 

1 57 

973603 

08 

090078 

58 

587923 

1 08 

873326 

1 58 

974547 

09 

101281 

59 

595937 

1 09 

870803 

1 59 

97^462 

xo 

1x2463 

60 

603856 

1 10 

880205 

1 60 

976348 

II 

123623 

61 

6 1 168 1 

1 ii 

883533 

1 61 

97^207 

X 2 

*34758 

62 

619412 

X 12 

886788 

1 62 

978038 

13 

145867 

63 

627046 

I 13 

889971 

1 63 

978843 

14 

156947 

64 

634586 

x 14 

893082 

x 64 

979022 

IS 

167996 

65 

642029 

1 15 

896124 

x 65 

980376 

16 

179012 

66 

649377 

I 16 

899096 

1 66 

981x05 

Z l 

189992 

67 

656628 

1 17 

902COO 

1 67 

981810 

18 

2009 j 6 

68 

66^782 

I 18 

904837 

1 68 

982493 

19 

211840 

69 

670840 

1 19 

907608 

1 69 

983153 

20 

222703 

70 

677801 

I 20 

910314 

1 70 

983791 

21 

233522 

7 i 

684666 

I 21 

912936 

x 71 

984407 

22 

244296 

72 

691433 

I 22 

915534 

1 72 

985003 

23 

255023 

73 

698104 

I 23 

918050 

1 73 

985578 

24 

265700 

74 

704678 

x 24 

920305 

174 

986135 

25 

276326 

75 

711x56 

I 25 

922900 j 

1 1 75 

986672 

26 

286900 

76 

7*7537 

I 26 

925236 

1 76 

987190 

27 

2974.8 

77 

7238-2 

I 27 

927514 

1 77 

987691 

28 

307880 

78 

/jOOIO 

I 28 

929734 

1 78 

988174 

29 

318284 

79 

736104 

X 29 

93 1 899 

x 79 

988641 

30 

328627 

80 

742 10 1 

1 30 

934008 

1 80 

989090 

31 

338908 

81 

748003 

1 31 

936063 

1 81 

989525 

32 

349126 

82 

753811 

1 32 

938065 

1 82 

989943 

33 

359279 

83 

759524 

I 33 

9400x5 

1 83 

990347 

34 

369365 

84 

765143 

134 

9419x4 

184 

990736 

35 

379382 

85 

770668 

1 35 

943762 

1 86 

991473 

36 

389330 

86 

776100 

x 36 

945562 

1 88 

992156 

37 

399206 

87 

781440 

1 37 

947313 

1 190 

992790 

38 

409010 

88 

786687 

138 

949016 

1 1 92 

993378 

39 

418739 

89 

791843 

1 39 

950673 

1 94 

993923 

40 

428392 

QO 

796908 

t 40 

952285 

196 

994426 

4 i 

437969 

91 

801883 

1 41 

953852 

1 1 98 

994892 

42 

447468 

9 2 

806768 

1 42 

95^376 

2 0 

995323 * 

43 

456887 

93 

8x1564 

1 43 

956857 

2 X 

99702 1 

44 

466225 

94 

816271 

r 44 

958206 

1 2 2 

998137 

45 

475482 

95 

820891 

1 45 

959^5 

l 2 3 

998857 

46 

484655 

96 

8254 4 

i 46 

961054 

24 

999312 

47 

493745 

97 

829870 

1 47 

962373 

2 5 

999593 

48 

502750 

98 

834232 

x 48 

963054 

3 0 

999978 

49 

511668 

99 

838508 

1 49 

964898 

3 5 

999999 

50 

520500 

x 00 

842701 

1 59 

966105 

00 

X 000000 
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TABLE II A 


MEAN REFRA CTION 

Barometer 30 inches Fahrenheit’s Thermometer 50° 


Apparent 

Altitude 

1 

Mean 

Refraction 

Apparent 

Altitude 

Mean 

Refraction 

Apparent 

Altitude 

Mean 

Refraction 

Apparent 

Altitude 

Mean 

Refraction 

Apparent 

Altitude 

Mean 

Refraction 

Apparent 

Altitude 

Mean 

Refraction 

Apparent 

Altitude 

Mean 

Refraction 

o°3o' 


8 °3S' 

5' 8" 5 

ia°35' 

l'i5" 

3 

ig 0 io' 

2' 4 6" 

1 

27°Io' 

x'53' 

X 

42°20 / 

X' 3" 

9 

l 9 ° 

00' 

o'u" 3 

X 0 5 

*4 38 

8 40 

5 

2 

12 40 

13 

6 

19 20 

2 44 

6 

27 20 

1 S 2 

3 

42 40 

X 3 

2 

80 

0 

x° 3 

a o 

18 19 

8 45 

2 

0 

12 45 

* 12 

0 

19 30 

2 43 

1 

27 3° 

1 si 

5 

43 

0 

1 2 

4 

81 

0 

9 2 

13 0 

14 22 

8 50 

5 58 

8 

12 50 

4 10 

4 

19 40 

2 41 

6 

27 40 

1 5° 

7 

43 20 

I X 

7 

82 

0 

8 2 

14 0 

11 45 

8 55 

5 55 

7 

12 55 

4 8 

8 

19 5° 

2 40 

2 

27 50 

1 50 

0 

43 4° 

I X 

0 

83 

0 


Is 0 

9 52 

9 0 

5 52 

6 

13 0 

4 7 

2 

20 0 

2 38 

8 

28 O 

1 49 

2 

44 

0 

X 0 

3 

s 4 

0 

6 1 

5 5 

9 44 0 

9 5 

5 49 

6 

13 5 

4 5 

6 

20 10 

2 37 

4 

28 20 

1 

7 

44 = 

0 

O 59 

6 

85 

0 

0 5 x 

5 10 

9 36 2 

9 10 

5 46 

6 

13 10 

4 4 

1 

20 20 

2 36 

0, 

28 40 

1 46 

2 

44 4° 

58 

9 

86 

0 

4 > 

5 15 

9 28 6 

9 15 

5 43 

6 

13 15 

4 2 

6 

20 30 

2 34 

6 

2g O 

1 44 

8 

45 

0 

58 

2 

87 

0 

3 1 

Is 20 

9 21 2 

9 20 

5 40 

7 

13 20 

4 x 

0 

20 40 

2 33 

3 

29 20 

x 43 

4 

45 20 

57 

6 

88 

0 

2 0 

5 25 

9 14 0 

9 25 

5 37 

9 

13 25 

3 59 

6 

20 50 

2 32 

0 

29 40 

1 42 

0 

45 40 

5<> 

9 

89 

0 

1 0 

■5 3° 

970 

9 30 

5 35 

1 

13 3° 

5 58 

1 

21 0 

2 30 

7 

30 O 

1 40 

6 

40 

0 

56 

2 

90 

0 

0 0 

I5 35 

901 

9 35 

5 32 

4 

13 35 

3 56 

6 

21 10 

2 29 

4 

30 20 

x 39 

3 

46 20 

0 55 

6 




[5 40 

8 53 4 

9 40 

5 29 

6 

13 4° 

3 55 

2 

21 20 

2 28 

1 

30 40 

13 \ 

0 

46 40 

55 

0 




,5 45 

846 8 

9 45 

5 =7 

0 

M 45 

3 53 

7 

21 30 

2 20 

9 

31 O 

1 30 

7 

47 

0 

54 

3 




>5 50 

840 4 

9 5° 

5 24 

3 

13 5° 

3 52 

3 

21 40 

2 25 

7 

31 20 

x 35 

5 

47 20 

53 

7 




S 55 

834 2 

9 55 

5 21 

7 

13 55 

3 50 

9 

21 50 

2 24 

5 

31 40 

1 34 

2 

47 4° 

53 

X 




6 0 

828 1 

10 0 

5 19 

2 

if 0 

3 49 

5 

22 0 

2 23 

3 

32 0 

1 33 

0 

48 

0 

5 2 

5 




6 5 

8 22 1 

10 5 

5 16 

7 

14 10 

3 46 

8 

22 10 

2 22 

1 

32 20 

1 31 

8 

49 

0 

0 50 

6 




6 10 

8 16 2 

10 10 

5 14 

2 

14 20 

3 14 

2 

22 20 

2 *0 

9 

32 40 

1 30 

7 

50 

0 

48 

9 




6 IS 

8 10 4 

10 15 

5 n 

7 

14 3° 

3 4i 

6 

22 30 

2 19 

8 

33 0 

1 29 

5 

I 51 

0 

47 

2 




6 20 

848 

10 20 

5 9 

3 

14 4° 

3 39 

0 

22 40 

2 18 

7 

33 29 

1 28 

4 

IS 2 

0 

45 

5 




6 25 

7 59 3 

10 25 

5 6 

9 

14, 50 

3 36 

5 

22 50 

2 17 

5 

33 40 

1 2 l 

3 

,53 

0 

43 

9 




6 30 

7 53 9 

10 30 |5 4 

6 

i3 0 

3 34 

1 

23 0 

2 10 

4 

34 0 

1 20 

2 

54 

1 

0 

42 

3 




6 35 

7 48 7 

10 35 

5 2 

3 

15 10 

3 3i 

7 

23 10 

2 is 

4 

34 20 

1 25 

1 

! ss 

0 

0 40 

8 




6 40 

7 43 5 

10 40 

5 0 

0 

i 3 20 

3 29 

4 

23 20 

2 14 

3 

34 4° 

1 24 

1 

56 

0 

39 

3 




6 45 

7 38 4 

10 45 

4 57 

8 

15 3° 

3 27 

1 

2 , 30 

2 13 

3 

35 0 

1 23 

1 

57 

0 

37 

8 




6 50 

7 33 5 

10 50 

4 03 

6 

15 4° 

3 24 

8 

23 40 

2 12 

2 

35 20 

1 22 

0 

58 

0 

3t> 

4 




6 SS 

7 28 6 

10 55 

4 53 

4 

15 5° 

3 22 

6 

23 50 

2 11 

2 1 

35 4° 

1 21 

0 

59 

0 

35 

0 




7 0 

723 8 

11 0 

4 5i 

2 

16 0 

3 20 

5 

24 0 

2 10 

2 

36 0 

1 20 

1 

bo 

I 

0 

33 

6 




7 S 

7 19 2 

11 5 

4 49 

1 

16 10 

3 8 

4 

24 10 

2 9 

2 

36 20 

1 

1 

,6x 

0 

0 32 

3 




7 10 

7x4 6 

11 10 

4 47 

0 

16 20 

3 16 

3 

24 20 

2 8 

2 

36 40 

1 18 

2 

62 

0 

51 

0 




7 IS 

7 10 1 

11 15 

4 44 

9 

16 30 

3 14 

2 

24 30 

2 7 

2 

37 0 

1 17 

2 

63 

0 

29 

7 




7 20 

7 5 7 

11 20 

442 

9 

16 40 

3 12 

2 

24 40 

2 0 

2 

37 20 

1 16 

■> 

64 

0 

28 

4 




7 25 

7 1 4 

11 25 

4 40 

9 

16 50 

3 10 

3 

24 50 

2 5 

3 

37 4° 

1 15 

4 

65 

0 

27 

2 




7 30 

657 1 

11 30 

4 38 

9 

i 17 0 

3 8 

3 

25 0 

2 4 

4 

38 0 

X 14 

5 

66 

0 

2 5 

9 




7 35 

653 0 

xx 35 

4 36 

9 

1 17 10 

3 6 

4 

25 10 

2 3 

4 

38 20 

X 13 

6 

67 

0 

0 24 

7 




7 4° 

6 48 9 

11 40 

4 35 

0 

1 1 7 20 

3 4 

6 

25 20 

2 2 

5 

38 40 

I 12 

7 

68 

0 

2 3 

6 




7 45 

644 9 

11 45 

4 33 

1 

17 3° 

3 2 

8 

25 30 

2 1 

6 

39 © 

I II 

9 

69 

0 

22 

4 




7 50 

6 41 0 

11 50 

4 3i 

2 

! 17 40 

3 x 

0 

25 40 

2 0 

7 

39 20 

I II 

0 

70 

0 

21 

2 




7 55 

6 37 1 

xx 55 

4 29 

4 

. 17 50 

2 59 

2 

2 5 5° 

1 59 

8 

39 40 

I IO 

2 

7 1 

0 

20 

X 




8 0 

,633 3 

12 0 

4 27 

5 

! 18 O 

257 

5 

26 0 

1 58 

9 

40 c 

X 9 

4 

72 

0 

18 

9 




8 5 

€ 29 6 

12 5 

4 25 

7 

’ 18 10 

2 55 

8 

26 10 

158 

t 

40 20 

T 8 

6 

73 

0 

0 17 

8 




8 10 

6 25 g 

12 10 

4 23 

9 

1 18 20 

2 54 

1 

26 20 

x 57 

2 

40 40 

X 7 

8 

74 

0 

16 

7 




8 15 

6 22 3 

12 15 

4 22 

2 

! l8 30 

2 52 

4 

26 30 

1 36 

4 

41 0 

x 7 

0 

75 

0 

10 

6 




18 20 

618 8 

12 20 

4 20 

4 

, l8 4O 

2 50 

8 

26 40 

x 55 

5 

41 20 

1 6 

2 

76 

0 

14 

5 




8 25 

6 15 3 

12 25 

4 18 

7 

’ l8 50 

2 49 

2 

26 50 

x 54 

7 

41 40 

1 5 

4 

77 

0 

13 

5 




8 30 

6 xi 9 

12 30 

4 17 

c 

1 19 O 

247 

7 

27 0 

i 53 

9 

42 0 

1 4 

7 

78 

0 

X2 

4 




8°35 

' 6' 8" 5 

I2°35 

4 , i5 ,/ 3 

1 xg°io i 

2' 4 6" I 

27°IO' 

x'53" x 

42°20' 

' x' 3 ' 

' 9 

79° 

' o' 

o'n" 3 
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TABLE IT B 


Factor Deifnding on 
Bj»I omfiei 


In 

che& 

B 

log B 

27 5 

917 

9 9622 

27 6 

920 

9 9638 

27 7 

923 

9 9653 

27 8 

927 

9 9 t 9 g 

27 9 

9,0 

9 9685 

28 0 

9 o 3 

9 9700 

28 1 

937 

9 9716 

28 2 

940 

9 973 i 

28 3 

943 

9 9747 

i 4 

947 

9 9762 

28 s 

9 So 

9 9777 

28 6 

953 

9 y 792 

28 7 

957 

y 4808 

28 8 

960 

9 9823 

28 9 

9 ^ 

9 9*33 

29 0 

967 

u 9813 

29 X 

970 

9 9868 

29 2 

973 

9 9 88 3 

29 3 

977 

9 9897 

29 4 

980 

9 9912 

29 5 

983 

9 9927 

29 6 

9S7 

9 9942 

29 7 

990 

9 9956 

29 8 

993 

9 997 i 

29 9 

997 

9 9986 

30 0 

1 000 

0000 

30 1 

1 003 

0014 

30 2 

x 007 

co2q 

30 3 

1 010 

0043 

3 ° 4 

X 0 X 4 

co 57 

30 5 

1 017 

0072 

30 6 

X 020 

0086 

30 7 

I 0-3 

0 X00 

30 8 

I 027 

0114 

3 ° 9 

X 030 

0x28 

31 0 

I 033 

0142 


TABLE II C 


Factoi Dfi finding 

ON At I ACHED 
Till RMOMFTPI 


F 

0 

log t 

- 3 °° 

I 007 

0031 

— 20 

X 006 

0027 

— xo 

I 005 

0023 

0 

X 00s 

OO 2 O 

+ 10 

T OO4 

0016 

4- 20 

I OO3 

00 X 2 

3 ° 

I 002 

0009 

40 

X OOI 

0005 

50 

X 000 

0000 

60 

999 

9 9996 

70 

998 

9 0992 

86 

997 

9 0989 

90 

996 

9 9985 

xoo 

996 

9 9981 


TABLE IT D. 629 


Factor Depending on Detached Thermometer 


F 

1 

log r j 

F 

T 

log T 

F 

T 

log T 

- 25° , 

x 172 

0688 1 

1 §° l 

1 073 

0308 

5 n° 

990 

9 9958 

2 4 

I 169 

0678 

1 6 

1 071 

0298 

56 

988 

9 9949 

23 1 

I 166 

0669 1 

x 7 

1 069 

02S9 

57 

986 

9 9941 

22 

I 164 

o 6 3 8 1 

18 

1 067 

0280 

08 

983 

9 9933 

21 

I 161 

0648 

19 

1 064 

0271 

59 

98 j 

9 9924 

20 

I 158 

0639 I 

20 

1 062 

0262 

60 

981 

9 qqi6 

19 

I 156 

0629 

21 

1 060 

0253 

61 

979 

9 P908 

lb 

T J o 3 

0619 

22 

1 058 

0244 

62 

977 

9 9899 ' 

17 

1 151 

0609 | 

23 

1 056 

0235 

63 

975 

9 0891 | 

l6 

1 14b 

0599 

24 

1 054 

02-6 

64 

973 

o 0883 t 


x i 45 

039° 

25 

1 051 

0217 

6 3 

972 

9 987s 1 


1 143 

0580 

26 

I 0 4 y 

0209 

60 

970 

9 9S66 | 


1 140 

0^70 

27 

I 047 

0200 

67 

968 

9 9858 ' 

12 

1 i 0 8 

o^oi 

28 

I 043 

0191 

68 

966 

9 9850 I 

11 

1 i 3 a 


29 

I 043 

0182 

69 

964 

9 9842 1 

10 

1 133 

0341 

30 

I 041 

01^3 

70 

962 

9 9834 

9 

X IjO 

0532 

3 i 

I 039 

0164 

7 i 

961 

9 9823 1 

8 

1 128 

0522 

32 

I 036 

0 X 55 

72 

‘>59 

9 9817 

7 

i 125 

05x3 

33 

I 034 

0147 

73 

957 

9 9809 

6 

1 123 

0503 

34 

I 032 

0138 

74 

955 

9 9801 

5 

I 1-0 

0494 

35 

I 030 

0129 

75 

953 

9 9793 

4 

I lib 

0484 

36 

I 028 

0120 

76 

952 

9 9785 

3 

I TT 5 

047 s 

37 

x 026 

0x12 

77 

95 ° 

9 9777 

2 

1 113 

0465 

38 

I 024 

0103 

78 

14 8 

9 9769 

— 1 

X III 

0456 

39 

I 022 

OOQ4 

79 

946 

9 976 i 

0 

1 108 

0446 

40 

I 020 

0086 

80 

945 

9 9753 

+ 1 

i'io6 

0437 1 

4 i 

X 018 

0077 

81 

943 

9 9745 

2 

1 103 

0428 

42 

I Ol6 

0068 

82 

94 1 

9 9737 

3 

I IOI 

0418 

I 43 

I 014 

0060 

83 

939 

9 9729 

4 

1 o 9 y 

0409 

44 

X 012 

oo 3 x 

84 

938 

9 972 i 

5 

1 096 

0400 

45 

I OIO 

0043 

85 

936 

9 97*3 

6 

x 094 

0390 

46 

x 008 

0034 

86 

934 

9 9705 

7 

1 092 

0381 

47 

I 006 

0026 

87 

93 o 

9 9697 

8 

1 089 

0372 

48 

I 004 

0017 

88 

93 i 

9 9689 

9 

1 087 

0363 

49 

I 002 

0009 

89 

929 

9 9681 

10 

1 o8 3 

0353 | 

50 

I OOO 

0000 

90 

928 

9 9673 

XI 

X 082 

0344 

5 i 

998 

9 9992 

9 T 

926 

9 9065 

12 

I 080 

0 35 

52 

996 

9 9983 

92 

924 

9 9658 

13 

I 078 

0320 1 

53 

994 

9 9975 

93 

923 

9 9650 

. 14 

I 076 

0317 | 

54 

992 

9 9960 

94 

921 

9 9642 

+ 15 

* 

0308 j 

55 

990 

9 9958 

95 

919 

9 9634 


r = (mean refraction) X B X T X t 




TABLE III A 


630 


BESSEL'S RETR 4 C HON TA BLE 


r 

! 

Apparent 
Altitude | 

t 

Apparent 

Zenith 

Distance 

log a 

Dlf 

1 

A ' X 

1 

1 

App irent 
Altitude 

Apparent 
ZeniLh 
Dist ince 

log a 

Dif 

A 

K 

i- 

i 

! 

5° 0' 
10 

20 

3 ° 

40 

, 5 ° 

6 0 
10 

20 

3 ° 

40 

50 

7 0 
10 

20 

3 ° 

40 

So 

8 0 
ro 

20 

33 

40 

50 

9 0 
10 

20 

30 
40 
50 
10 0 

10 

20 

30 
40 
50 
n 0 

10 

20 

30 

40 

50 

12 0 

10 

20 

3 ° 

40 

5 ° 

13 0 

10 

20 

30 

40 

50 

14 0 
10 

14 0 20' 

85° o' 
84 50 

30 

40 

20 

10 
84 0 

83 So 

40 

3 ° 

20 

10 
83 0 

82 50 
40 
30 
20 

10 
82 0 

81 50 
40 

30 

20 

10 
81 0 

80 50 
40 

30 

20 

IO 

80 0 

79 So 
40 

30 

20 

10 

79 0 

78 50 
40 
30 
20 

10 
78 0 

77 So 
40 
30 
20 

10 

77 0 

76 50 
40 
30 
20 

10 

76 0 

75 50 
'| 75 ° 40 

1 71020 

1 71279 

1 71522 

1 71749 

I 71961 

1 72160 

1 72,46 

I 7 ‘* 5 l 9 

1 72681 

1 72332 

I 72974 

1 73 ,o 0 

1 73229 

1 73347 

1 73459 

1 

1 73663 

1 73757 

1 73i4 2 

1 7j 9~3 

1 74007 

1 74083 

1 74 IS 5 

1 74223 

1 74-38 

1 74353 

1 74412 

1 74468 

1 74521 

1 74573 

1 7462, 

1 74670 

1 74714 

1 74737 

1 74799 

1 74839 
x 74876 

1 74912 

1 74947 

1 74981 

1 75013 

1 75043 

1 75072 

1 75 101 

1 75129 

1 73155 

1 75180 
t 75205 

1 75229 

1 75252 
1 75274 

1 75295 

1 753 i 6 

1 75336 
1 753 55 
1 75373 
' I 75391 

259 

243 

227 

212 

199 

186 

173 

162 

151 

142 

131 

lit 

X12 

105 

99 

94 

88 

83 

7 1 

76 

72 

68 

60 

56 

33 
52 
50 
47 
44 
43 
42 

40 

n 

36 

35 

34 
32 

3 ° 

29 

29 

28 

26 

25 

25 

24 

23 

22 

21 

21 

20 

19 

18 

18 

1 

I 0127 | 
I 0121 1 
I 0115 j 
I OHO 1 

i 0105 1 
l 0100 

I 0096 

I 0092 

I 0088 

I 0084 

I 0081 

I 0078 
r 0075 

1 0073 

T 0070 

I OO07 

I O065 

I O >62 

I OJOO 

I OD 53 
i oo 3 t 

1 0054 

I ODj2 

I 0050 
i 0049 

1 0047 

1 0046 

1 0045 
r 0043 

1 0042 

1 0041 

1 0040 

1 0039 

1 0038 

1 0037 

1 0036 

1 0035 

1 00, j. 

1 0033 

1 0032 

1 0031 

1 0030 

1 0030 

1 0029 

1 0028 

1 0027 

1 0027 

1 0026 
i 0026 

1 1229 

1 1178 

I IIjO 

1 1082 

1 ioj6 

1 0992 

1 0951 

1 0914 

1 0879 

1 0846 

1 0815 

1 0784 
r 0754 

1 07 0 

1 0637 

1 0671 

1 0646 

1 0022 

1 oojo 

1 0579 

1 o^q 

1 0540 

I 002^ 

I 0508 

I 0493 

I 0479 

I O4OO 

I O454 

I 0 4 *2 

I 04,1 

I 0420 

I 0409 

I 0398 

I 0387 

I 0377 

I O3D7 

I 0357 

I O347 

I 0338 

I 0328 
i o.,i8 

1 0308 

1 0299 

1 0290 

1 0281 
i 0272 

1 0264 

1 0258 

1 0252 

1 0240 

1 0241 

1 0235 

1 0230 

1 0225 

1 0220 

1 0216 

1 0212 

I4 0 20' 
3 ° 
40 
50 

15 O 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

3 l 

36 

37 

38 

39 

40 

4 * 

42 

43 

41 

4 i 

46 

47 

48 

49 

50 

5 1 

52 

53 

54 

05 

56 

% 

59 

60 

65 

70 

75 

80 

85 

9 °° 

75 ° 40 ' 
30 
20 

10 

75 0 

7 + 

73 

/* 

71 

70 

69 

68 

67 

66 

64 

P 

62 

61 

60 

59 

58 

57 

56 

55 

54 

53 

52 

5 1 

50 

49 

48 

46 

45 

44 

43 

42 

41 

40 

3 2 

38 

36 

35 

34 

33 

32 

31 

30 

25 

20 

15 

10 

5 

o° o' 

1 7539 T 

1 75408 

1 75425 

1 75441 

1 7 -> 457 

1 75543 

1 75^*5 

1 75675 

1 757-6 

1 75771 

1 75809 

1 75842 

1 75871 

1 70897 

1 7 ^ 9*9 

1 7 o 9 >> 

1 759*7 

1 75973 

1 75988 

1 7booi 

1 7001^ 

1 76023 

1 76033 

T 76042 

I 76050 

I 760^8 

I 76065 

I 7607I 

I 76077 

I 76082 

I 76087 

1 76092 

I 76096 

I 7&IOO 

I 76104 

I 76107 

I 76m 

I 76114 

I 76117 

I 76II9 

I 7612? 

I 76124 
i 7t>i>6 

1 76128 

1 76130 

1 76132 

1 76134 

1 76136 

1 76138 

1 76139 

1 76145 

1 76149 

1 76152 

1 7 fi 54 

1 76150 
' 1 76156 

17 

ll 

16 

86 

72 

60 

5 i 

45 

38 

83 

29 

2b 

-2 

20 

18 

16 

15 

13 

11 

11 

10 

9 

8 

8 

7 

6 

6 

5 

5 

5 

4 

4 

4 

3 

4 

3 

3 

2 

3 

2 

2 

2 

2 

2 

2 

2 

2 

X 

6 

4 

3 
2 

2 

0 


1 0212 

1 0208 

1 0204 

1 0200 

1 0197 

1 0175 

1 0156 

1 01 ^9 

1 0124 

I OIII 

1 oroi 

1 0092 

1 0083 

1 0075 

1 0068 

1 0063 

1 oo,8 
t 0054 

1 0049 

1 0046 

1 00*3 

1 0040 

1 00,7 

1 0034 

1 0031 

1 0029 

1 0027 

1 0026 

1 0025 

1 0023 

1 002 1 

1 0020 

1 0019 

I OO IQ 

I OOl8 


TABLE III A 


TABLE III D 63 1 


SUPPI EMEN f 


Apparent 

Altitude 

App uent 
Ze ruth 
Dist rnce 

Log irithm 
ot 

Refraction 

A 

X 

o° 

3°' 

89° 30' 

3 24142 

1 0780 

* 5789 

i 

0 

8q 0 

3 <6,72 

1 Q59 j 

1 4653 

1 

j° 

88 30 

3 0 9723 

T 0463 

1 3707 

0 

0 

88 0 

3 030 6 

I O3O8 

1 3 M* 

2 

30 

87 30 

1 98^69 

I O298 

1 2624 

3 

0 

87 0 

2 9,174 

I O244 

1 2215 

3 

30 

86 30 

2 88355 

T 0204 

1 1888 

4 

0 

86 0 

2 84444 

I OI7” 

1 i6'>4 

4 

30 

85 30 

2 80, go 

I OI47 

1 1400 

5 

0 

85 0 

2 76687 

I 0X27 

x 1229 


fABLE III B TABLE III C 


Faci ok Dei ending Factoi Dfifvdingon 
on Bakometfr Atiachmj Thei mometer 


Inches 

Log B 

7 1 

- 03x91 

27 6 

- 03033 

27 7 

— 02876 

27 8 

— • 027 0 

27 9 

— 02,64 

28 0 

— 02409 

28 1 

— 02254 

28 2 

— 02090 

28 3 

— 01946 

08 4 

- 01793 

28 5 

— 01630 

°8 6 

1 

0 

00 

00 

28 7 

— OT 36 

28 8 

— OH85 

28 q 

— 01035 

29 0 

— 00885 

29 X 

- °°7 5 

29 2 

— 00 86 

29 3 

— 00438 

29 4 

— 00 go 

29 3 

— 00142 

29 ( 

-(- C0005 

29 7 

001 51 

29 8 

00297 

2) 9 

00443 

30 0 

00588 

30 1 

00732 

30 2 

00876 

30 3 

0T020 

30 4 

0x163 

30 5 

0x306 

30 6 

0x448 

3 ° 7 

01589 

30 8 

01731 

30 9 

0x871 

31 0 

02012 


F 


Log T 


- 30° 

_ 

- 00242 

— 20 

- 

- 00203 

— 10 

- 

- OO164 

0 

- 

- 00125 

4- 10 

- 

- 00086 

20 

- 

- OOO47 

30 

* 

- 00008 

40 

- 

- 000,1 

1 ° 

- 

- 00070 

60 

- 

- OO IOQ 

70 

- 

- OOI 18 

80 

- 

- 00186 

90 

- 

- 00225 

TOO 


- 00264 


log J3 as log B + log r 


log r = log a 4- A log j 3 -f 


Factor Dept tiding on Detachlij 
Thekmomi ter 


F 

Log 7 j 

'1 

Log 7 j 

F 

Log 7 



2 

+ 06773 

15 

4- 02969 

q 5 

— 00,28 

— 

24 

06674 , 

16 

02878 1 

:>o 

— 00612 

— 

23 

OQ 578 

T 7 

02787 

57 

— 00698 

— 

->2 

06476 

18 

0 697 | 

8 

— 00780 

— 

21 

06,77 1 

19 

0260b 

:>9 

— 00803 

— 

-O 

06279 

20 

° 5 4 1 

bo 

— 00946 

— 

IQ 

0018 1 

21 

02426 

bi 

01029 

— 

18 

06083 

22 

023 b 

b2 

— 01X12 

— 


o 3 q85 

23 

02247 

63 

- OI 195 

— 

16 

058S7 

24 

021^7 1 64 

— 01-78 

— 

15 

0,790 

25 

020Cl8 

65 

!— 01360 

— 

f 4 

0,693 1 

26 

01979 

66 

- 01443 

— 

r 3 

0 3 5 QO 

27 

01890 

67 

— OI 

— 

12 

03500 

28 

01801 

68 

01607 

- 

11 

05403 

29 

01713 

69 

01689 

— 

10 

03307 

3 ° 

01624 

70 

— OI77O 

- 

9 

0 3 2II 

O 1 

01536 

7 i 

I— OX852 

- 

8 

03X15 

32 

01448 

72 

- 01933 

- 

7 

0 3 090 

33 

01360 

73 

1— 02015 

- 

6 

04924 

34 

0 X 273 

74 

— 02096 

- 

5 

04S29 1 

,S 

01185 

75 

02177 

- 

4 

047 4 

,6 

0x098 

76 

— 02257 

- 

3 

04640 

37 

OIOII 

1 77 

1— 02338 

- 

2 

04545 1 38 

ooqs | 

78 

|— 02419 

- 

X 

04451 

39 

orS' , 7 

79 

- 02499 

- 

- 0 

04357 

40 

007,0 

80 

j- O2579 

- 

- x 

04203 

4 i 

00604 

1 81 

1— 02659 

- 

- 2 

041 bg 

42 

00378 

. 82 

— 02738 

- 

- 3 

04076 

43 

00 192 

1 83 — 02819 

- 

- 4 

0,982 

44 

00406 

84 

02898 


- , 

0^889 

45 

00j20 

85 

— 02978 


- 6 

03796 

46 

OO234 

80 

1- 03057 


- 7 

03704 

47 

00 X 49 

87 

— 03136 


- 8 

03611 

48 

-J- OO064 

88 

— 03^x6 

- 

- 9 

035 1 9 

49 

— 00021 

89 

1- 03294 

- 

-10 

03427 

50 

— 00106 

90 

“ °j373 

- 

-XT 

0,385 


- 00191 

9 i 

I- 03452 

H 

-12 

03243 

52 

|— 00275 

92 

!— °3 "> 3 ° 

H 

-13 

03152 

53 

( — OO360 

93 

03609 

H 

-14 

03060 

54 

— OO444 

94 

[ — 03687 

H 

- J 5 * 

-f- 02969 

1 

55 

— OO528 

95 

— 03765 


X log 7 + log tan z 
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TABLE TV 


To Convert Centimetres into Inches 


Centi 

metres 

English 

Inches 

Centi 

meties 

English 

Inches 

Centi 

metits 

English 

Inches 

68 0 

26 772 

73 5 ! 28 938 

0 1 

0394 

68 5 

26 969 

740 

29 134 

0 2 

0787 

69 0 

27 166 

74 5 

20 3->i 

0 3 

1181 

69 5 

27 363 

75 0 

29 528 

0 4 

I 575 

70 0 

27 560 

75 5 1 ^9 725 1 

0 5 

1969 

70 3 

27 756 

70 0 

24 922 

0 6 

2,62 

7 I O 

°7 9a3 

76 5 

30 1 14 

0 7 

2756 

7 i 5 

28 i 3 o 

770 

,o 31I1 

0 8 

3130 

72 0 

28 347 

77 5 

30 512 

0 9 

3543 

72 5 

28 544 

78 0 

30 709 

1 0 


73 0 

28 741 

78 5 

, 3 ° 9 ° 6 


| 3937 


TABLE V 

ToCONVrRTRFADINGOFCEN Ht K*DE 

Th*RA 10MI n It into Pahibnhbii s 



1 ABLE VI 

To Convfm Riadingoi Reaumur’s 
THklMOMEIM IN IO FaHRKNHUT’S 





i 


TABLE VII 633 

* To Convlrt Hours, Minuiis ^ni> Slconds into a Decimal of a Day 


Hour 

Decim il of 

Daj. 

Minute 

Decimn.1 of 

D ly 

Second 

Dt< 1m il of 
Day 


1 

0^.1 6167 

1 

000 61344 

1 

000 on6 


2 

083 oj-’a 

2 

001 -,o8g 

2 

CK. O O 31 


3 

11 3 OOO 1 

3 

co- oS-,3 

3 

OOO O 47 


4 

icfi <.ot>7 

4 

002 7778 

4 

000 01(13 


5 


*> 

OOj 4 ”22 

5 

000 o»,7Q 


6 

25 J Ou 10 

t> 

OO4 TtH 7 

b 

000 0(104 


7 

2y T t»ot>7 

7 

CK 4 80 [I 

7 

000 cbio 


8 

J-.3 3 3 

8 

00, 55 0 

8 

OCO O0 6 


9 

37 Ot CO 

Q 

oot) _^uO 

9 

roo 10 12 


TO 

4 1 n ( t.107 

10 

OU. QU4 

10 

(cxi 1^7 


II 

438 ”,3, 

11 

ck. 7 c 8y 

11 

coo I 


12 

so* coio 

12 

c*' 1 * 3ii3 

12 

CtO 1 y 


13 

31i 60(17 

I i 

of g 0-78 

13 

000 1303 


II 

s8j ”3,3 

14 

coi| 7”_2 

H 

OCO 1620 


IS 

625 01 00 

15 

010 4167 

IS 

of 0 17 6 


16 

6011 ttit>7 

l6 

Oil I III 

TO 

OOO 18-,/ 


!7 

7°8 3, ,3 

17 

on Co f) 

17 

roo iy(b 


l8 

7^0 couo 

l 8 

01- t;uoo 

18 

000 C 83 


ig 

791 6( 67 

19 

013 ion 

J 9 

000 2ti q 


20 

83” 333 1 

20 

oi-, S Ey 

-0 

oco 31, 


21 

875 0">00 

21 

014 58 , 

21 

cion 431 


22 

916 6067 

22 

013 277b 

2- 

oco s4fi 


23 

938 3333 

2, 

015 Q7 ,, 2 

”3 

000 2662 


-4 

I 000 0000 

24 

0x6 6(107 

4 

ono 2^78 




25 

017 -,fii r 

25 

c 00 8y4 




c 6 

oi 1 ’ 0356 

6 

COO -,OOQ 




27 

018 7^00 

27 

000 103 





010 4 }44 

-8 

000 3241 




29 

020 13K9 

2Q 

00 36 




3° 

0 0 S,”-, 

3 -* 

CKO 172 




-.t 

021 5 78 

31 

ocx ) 3^8 




32 

0 •> 2 22 

2 

0 

l- 

c 

8 




33 

rv> 0167 

:3 

000 ,3ig 




34 

02 t 6l II 

-4 

oon ,i ,3 




35 

o° \ 3056 

35 

000 1031 




36 

O n , l UOO 

6 

ono 4 1 67 




*7 

O T H044 

37 

OOO l_b2 




38 

0 0 r fco 

38 

ocij 4 ,y 8 



, 

39 

c 7 < Qt, 

9 

000 j3ii 




40 

0 7 777^ 

t° 

o<o if'-'o 




4 i 

0 > 1722 

4 i 

oro 4743 




42 

O' 1 !} 1(1(7 

42 

< u< » 486 r 




43 
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SHORT-TITLE CATALOGUE 

OF THE 

PUBLICATIONS 

OF 

JOHN WILE Y & SONS, 

New York. 

London CHAPMAN & HALL, Limited 
’ ARRANGED UNDER SUBJECTS 

Descifpfrvre circulars sent on application 

Books marked with an asteiisk are sold at net puces only 

All books are bound in cloth unless otherwise stated 


AGRICULTURE. 

Cattle Feeding — Dairy Practice — Diseases of Animals- 
Gardening, Etc 


Armsby’s Manual of Cattle Feeding . 

12mo, 

91 

75 

Downing’s Fruit and Fruit Tiees 

8vo, 

5 

00 

Grotenfelt’s The Punciples of Modern Daiiy Practice 

(Woll ) 




12mo, 

2 

00 

Kemp’s Landscape Gardening . . 

12mo, 

2 

50 

Maynard’s Landscape Gardening 

.. 12mo, 

1 

50 

Steel's Treatise on the Diseases of the Dog 

8vo, 

8 

50 

“ Treatise on the Diseases of the Ox 

8vo, 

6 

00 

Stockbiulge’s Rocks and Soils 

8vo, 

2 

50 

Woll’s Handbook for Fanners and Dairymen 

. .12mo, 

1 

50 


ARCHITECTURE. 

Building— Carpentry— Stairs— Y en til ation — Law, Etc 


Beig’s Buildings and Structures of American Railroads 

4to, 

7 

50 

Birkmue’s Amencan Theatres— Planning and Construction 

8vo, 

8 

00 

“ Aichitectural Iron and Steel 

8vo, 

8 

50 

“ Compound Riveted Gliders 

8vo, 

2 

00 

" Skeleton Construction m Buildings 

8vo, 

8 

oa 





Birkmne’s Planning and Construction of High Office Buildings 


8 vo, 

Bnggs’ Modern Am School Building 8vo, 

Caipenter’s Heating and Ventilating of Buildings - 8vo, 

Freitag’s Architectural Engineering 8vo, 

“ The Fireproofing ol Steel Buildings 8vo, 

<Gei hard’s Sanitary House Inspection . 16mo, 

“ Theatre Fires and Panics . . 12mo, 

Hatfield’s American House Carpentei . . 8vo, 

Holly’s Carpenter and Joiner . . 18mo, 

Kidder’s Architect and Buildei’s Pocket-hook * 16mo, morocco, 
Meirill’s Stones for Building and Decoration 8vo, 

Monckton’s Stair Building — Wood, lion, and Stone . - 4to, 
Wait’s Engineering and Architectural Jurisprudence 8vo, 


Sheep, 

Worcester’s Small Hospitals— Establishment and Maintenance, 
including Atkinson’s Suggestions for Hospital Archi 
tecture 12mo, 

Woild’s Columbian Exposition of 1893 Large 4to, 


ARMY, NAVY, Etc 

Military Engineering— Ordnance— Law, Etc 


frpr nfP fl Oidnance and G-unnery 8vo, 

Chase’s Screw Piopellers . 8vo, 

Ci onkhite’s Gunnery for Non com Officeis 32mo, morocco, 

* Davis’s Treatise on Military Law - 8vo, 

Sheep, 

* “ Elements of Law • 8vo, 

De Brack’s Cavalry Outpost Duties (Can ) 32mo, morocco. 


Dietz’s Soldier’s First Aid 16mo, morocco, 

* Dredge’s Modem French Artillery Large 4to, half moiocco, 

“ Record of the Transportation Exhibits Building, 
World’s Columbian Exposition of 1893 4to,balf morocco, 
Duiand’s Resistance and Propulsion of Ships 8vo, 

Dyer’s Light Artillery • 12mo, 

Hoff’s Naval Tactics • • • . 8vo, 

* Ingalls’s Ballistic Tables • •*••••••• • 8vo, 


$3 50 

4 00 

3 00 
2 50 
2 50 
1 00 
1 50 

5 00 
75 

4 00 

5 00 
4 00 

6 00 
6 50 


1 25 

2 50 


6 00 
8 00 
2 00 
7 00 

7 50 
2 50 
2 00 
1 25 

15 00 

10 00 
5 00 

8 00 
1 50 
1 50 


2 



Ingalls’s Handbook of Problems in Direct Fne 8vo, $4 00 

Mahan’s Pei manent Fortifications (Mercur ) 8 vo, half moiocco, 7 

■*Mercui’s Attack of Fortified Places . 12mo, 2 

* “ Elements of the Art of War . 8vo, 4 

Metcalfe’s Ordnance and Gunnery 12mo, with Atlas, 5 00 

Mui ray’s A Manual for Com ts Mailial . lOmo, moiocco, 150 
“ Infantry Dull Regulations adapted to the Springfield 

Rifle, Calibei 45 32mo, paper, 10 


* Phelps’s Piactical Marme Suiyeymg 


8vo, 

2 50 

Powell’s Aimy Officei’s Exammei 


12mo, 

4 00 

Shaxpe’s Subsisting Armies 

32mo, moiocco, 

1 50 

Wheeler’s Siege Opeiations 


8vo, 

2 00 

Wmthrop’s Abndgment of Militaiy Law 

• 

12mo, 

2 50 

Woodhull’s Notes on Military Hygiene 


16mo, 

1 50 

Young’s Simple Elements of Navigation 

16mo, morocco, 

2 00 

* “ “ “ first edition 

• 

1 00 

• 

ASSAYING. 




Smelting — Ore Dressing-Alloys, Etc 



Pletchei’s Quant Assaying with the Blowpipe 

16mo, morocco, 

1 50 

Furman’s Practical Assaying 

. • • 

8vo, 

8 00 

Kunhardt’s Oie Dressing 


8vo, 

1 50 

O’Dnscoll’s Tieatment of Gold Oies ... 


8vo, 

2 00 

Ricketts and Millei’s Notes on Assaying . 


8vo, 

8 00 

Thurston’s Alloys, Brasses, and Bionzes 


, 8vo, 

2 50 

Wilson’s Cyanide Piocesses . . 


12mo, 

1 50 

“ The Chlounation Process 

• . 

12mo, 

1 50 


ASTRONOMY. 

Practical, Theoretical, and Descriptive 


‘Craig’s Azimuth 

4to, 

8 

50 

Doolittle’s Piactical Astronomy 

. 8vo, 

4 

00 

Gore’s Elements of Geodesy 

. 8vo, 

2 

50 

Hayford’s Text-book of Geodetic Astionomy 

. 8vo 

8 

00 

* Michie and Harlow’s Pi actical Astronomy 

. 8vo, 

8 

00 

* White’s Theoietical and Descriptive Astronomy . . . 

. . • .12mo, 

2 

00 


8 8 g 



BOTANY. 

Gardening for Ladies, Etc 

Baldwin’s Orclnds of New England 
Thome’s Structural Botany 
Westermaier’s General Botany (Schneidei ) 


Small 8vo, $1 50 
. 16mo, 2 25 

8vo, 2 00 


BRIDGES, ROOFS, Etc 

Cantii^vert— Draw— Highway— Suspension 
(See also Engineering, p 8 ) 


Bollei’s Highway Bridges 


- 

8vo, 

2 OO 

* ** The Thames River Budge 


• 

4to, paper, 

5 OO 

Burr’s Stresses in Bridges . . 



8vo, 

8 50 

Ciehore’s Mechanics of the Girder 

. . 

1 • 

8vo, 

5 00 

Dredge’s Thames Budges 

. 

. 7 paits, per part, 

1 25 

Du Bois’s Stresses m Framed Structures 

. 

Small 4to, 

10 00 

Foster’s Wooden Trestle Budges 

- 

• 

4to, 

5 00 

Greene’s Arches in Wood, etc 



. 8vo, 

2 50 

“ Budge Tiusses . - . 

- 

- 

8vo, 

2 50 

“ Roof Trusses . 


- 

8vo, 

1 25 

Howe’s Tieatise on Aiches . 

. 


8vo, 

4 00 

Johnson’s Modem Tiamed Structures 


Small 4to, 

10 00 

Mernman <fc Jacoby’s Textbook 

of 

Roofs 

and Bridges 


Pait 1 , Sti esses 


• 

8vo, 

2 50 

Mernman & Jacoby’s Text book 

of 

Roofs 

and Budges 


Pait II , Graphic Statics 

- - 


8vo, 

2 50 

Mernman & Jacoby’s Textbook 

of 

Roofs 

and Budges 


Pait III., Budge Design. 

- 

- • 

Svo, 

2 50 

Mernman <fc Jacoby’s Text book 

of 

Roofs 

and Bridges 


Pait IV , Continuous, Draw, Cantilever, Suspension, and 


Arched Budges 



. 8vo, 

2 50 

* Monson’s The Memphis Bridge 


* 

Oblong 4to, 

10 00 

Waddell’s lion Highway Bi ldges 

• 


8vo, 

4 00 


De Pontibus (a Pocket-book for Budge Engineers) 

16mo, moiocco, 8 00 

Wood’s Constiuction of Bridges and Roofs . - 8vo > 2 00 

Wright’s Designing of Draw Spans Paits I and II 8vo, each 2 50 

u <* “ “ “ Complete ••• 8vo, 8 0O 
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CHEMISTRY— BIOLOGY— PHARMACY, 

Qualitative — Quantit a tive — Organic — Inorganic, c 


Adriance’s Laboratory Calculations 
Allen’s Tables for lion Analysis 
Austen’s Notes for Chemical Students 
Bolton’s Student’s Guide m Quantitative Analysis 


12mo, 

8vo, 

12mo, 

8vo, 


Boltwood ’3 Elemental y Electio Cliemistiy {In the press ) 

Classen’s Aualy sis by Electiolysis (Ilcirick and Boltwood ) 8vo, 
Colin’s Indicators and Test-papers * . 13m0 

Ciafts’s Qualitative Analysis (Schaeilei ) ISmo, 

Davenport’s Statistical Methods -with Special Kefeienoe to Bio- 


logical Vanations 

Drechsel’s Chemical Reactions (Men ill ) 
Eiesemus’s Quantitative Chemical Analysis 
“ Qualitative “ 


12nio, moiocco, 
12mo, 


(Allen ) 
(Johnson ) 
(Wells ) 


8vo, 

8vo, 

Tians 

8vo, 

12mo, 

12mo, 

8vo, 


16th German Edition 
Fuertes’s Watei and Public Health 
Gill’s Gas and Fuel Analysis 

Hammarsten’s Physiological Chemistry (Mandel ) 

Helm’s Pi inciples of Mathematical Chemistiy (Morgan) 12mo, 
Ladd’s Quantitative Chemical Analysis . 12mo, 

Landauer’s Spectium Analysis (Tingle ) 8vo, 

Ldb s Electrolysis and Electrosynthesis of Organic Compounds 
(Lorenz ) - 12mo, 

Mfndel’s Bio chemical Laboiatory l2mo, 

Mason’s Watei supply Bvo, 

a Examination of Water - f 12mo^ 

Meyei’s Radicles in Caibon Compounds (Tingle ) 12mo, 

Miller’s Chemical Physics ' 8 V0 » 

Mixtei’s Elementary Text-book of Chemistiy , , * Ifttrxo, 

Morgan’s The Theory of Solutions and its Results 12mo, 

“ Elements of Physical Chemistiy . * . 12mo, 

Nichols’s Watei -supply (Chemical and Sanitary) , , . 8vo, 

O’Bnne’s Laboratoiy Guide to Chemical Analysis . >8vo, 

Pcikins’s Qualitative Analysis • • 12mo, 

Pinner’s Oi ganic Chemisti y (Austen) , , . 12mo, 


$1 25 
3 00 
1 50 

1 50 

3 00 

2 00 
1 50 


1 25 
1 25 
0 00 
8 00 

5 00 
1 50 
1 23 

4 00 
1 50 
1 00 
8 00 

1 00 
1 50 

5 00 

1 25 
100 

2 00 

1 50 
1 00 

2 00 
2 50 
2 00 
t 00 
1 50 


Poole’s CalonficPo'Wrei of Fuels . 8v0 ’ 

Picketts and Russell’s Notes on Inoigamc Cbemistiy (Non 
metallic) . . • Oblong 8vo, morocco, 


Ruddiman’s Incompatibilities m Prescnptions 

Schimpf’s Yolumetnc Analysis 

Spencer’s Sugai Manufactuier’s Handbook 

Handbook for Chemists of Beet 


8vo, 
12mo, 
16mo, morocco. 
Sugar Houses 
16mo, morocco, 
8vo, 
8vo, 


Stockbndge’s Rocks and Soils 
♦Tillman’s Descnptive General Cbemistiy 
Van Deventer’s Physical Chemistry for Beginners (Boltwood ) 

12mo, 

Wells’s Inorganic Qualitative Analysis • 12mo, 

a Laboratory Guide in Qualitative Chemical Analysis 

8vo, 

Whipple’s Microscopy of Dunking- water . 8vo, 

Wiecbmann’s Chemical Lectuie Notes 12mo, 

“ Sugar Analysis * Small 8vo, 

Wulhng’s Inoigamc Phar and Med Chemistiy 12mo, 


$8 OO 

75 
2 00 
2 50 
2 00 

8 00 ' 

2 50 

3 OO- 

1 50 
1 50 

1 50 
8 50 
3 00 

2 50 
2 00 


DRAWING 


Elementary-- Geometrical— Mechanical — Topographical 


Hill’s Shades and Shadows and Perspective 

8vo, 

2 00' 

MacCord’s Descnptive Geometry 

8vo, 

3 00 

“ Kinematics 

8vo, 

5 00 

«* Mechanical Diawmg 

8vo, 

4 00 

Mahan’s Industrial Diawmg (Thompson ) 

2 vols , 8vo, 

3 50 

Reed’s Topographical Diawmg (H A ) 

4to, 

5 OO 

Reid’s A Course in Mechanical Diawmg 

8vo 

2 00 

“ Mechanical Prawlng and Elemental y Machine Design 


8vo (In the press ) 



Smith’s Topographical Diawmg (Macmillan ) 

. 8vo, 

2 60 

Waiien's Descnptive Geometry 

2 vols , 8vo, 

8 50 

“ Drafting Instruments . 

12mo, 

1 25 

" Free-hand Drawing 

12mo, 

1 00' 

“ Linear Perspective 

12mo, 

1 oo 

ft Machine Constiuction 

2 vols , 8vo, 

7 50 
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Waiien’s Plane Problems 
“ Piimuiy Geometiy 
“ Pioblems and Theorems 
“ Projection Drawing • 
"Wanen’s Shades and Shadows 

“ Stereotomy— Stone cutting 

Whelpley’s Letter Engiavmg 


12mo, $1 25 
12mo, 75 

. 8vo, 2 50 
. 12mo, 1 50 

8vo, 3 00 
. 8vo, 2 50 
. 12mo, 2 00 


ELECTRICITY AND MAGNETISM* 

Illumination — Battemes — Physics — Railways 

Anthony and Blackett’s Text book of Physics (Magie ) Small 

8vo, 

Anthony’s Theory of Electrical Measurements . . . 12mo, 

Barkei’s Deep sea Soundings • 

Benjamin’s Voltaic Cell - ® v0, 

•« History of Electricity - . - ® vo > 

Classen’s Analysis by Electrolysis tHeirick and Boltwood ) 8vo, 
Ciehoie and Squiei’s Experiments with a New Polarizing Photo- 
Chronograph . * 8vo » 

Dawson’s Electric Railways and Tiamways Small, 4to, half 

morocco, 

* Dredge’s Electric Illuminations 2 vols , 4to, half moiocco, 
tt « “ Voi n * 4to, 

Gilbeit’s De magnete (Mottelay ) 8vo ’ 

Holman’s Precision of Measurements - 8v0 > 

<« Telescope mil roi scale Method - Laige 8vo, 

Lob’s Electrolysis and Electiosynthesis of Organic Compounds 
(LoTenz ) - * 12mo, 

*Michle’s "Wave Motion Relating to Sound and Light . 8vo, 
Morgan’s The Theoiy of Solutions and its Results 12mo, 

Niaudet’s Electric Batteries (Fishback ) - • • 

Pi att and Alden’ s Street-xailway Road-beds * . - - 8vo, 

Reagan’s Steam and Electric Locomotives * • 

Thuiston’s Stationary Steam Engines for Electric Lighting Pur- 

8vo, 


♦Tillman’s Heat 
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ENGINEERING. 

Civil — Mechanical — Sanitary, Etc 

(ft, Bbidoks, p 4, p «, **■—*“ » 

ginbering, p 10 , Mechanics and Machinery, p 12 , Steam 

Engines and Boilers, p 14 ) 

Bakei’s Masonry Constiuction 
t* Surveying Instruments 
Black’s TJ S Public Works 
Biooks’s Street-railway Location 
Butts’s Civil Engineers’ Field Book 
Byrne’s Highway Constiuction 


8vo, 
12mo, 
Oblong 4to, 
16mo, moiocco, 
16mo, morocco, 
8vo, 


16mo, 

8vo, 

8vo, 

8vo, 

8vo, 


Inspection of Mateiuls and Woikmanslnp 
CaiDentei’s Experimental Engineenng 
Cbuich’s Mechanics of Engineering— Solids and Fluids 
« Motes and Examples in Mechanics 

o r , 

F». Cc«uucUon, «o 

, 4 to, half morocco, 

* Drinker s Tunnelling 

Eissler’s Explosives— Nitioglycenne and Dynamite 
Folwell’s Sewerage 
Fowler’s Coffer-dam Process for Pieis 
Gerhard’s Sanitary House Inspection 
Godwin’s Railroad Engmeei’s Field book 
Goie’s Elements of Geodesy 
Howard’s Transition Cuive Field-book 
Howe’s Retaining Walls (New Edition ) 

Hudson’s Excavation Tables Vol II 

Hutton’s Mechanical Engineenng of Powei Plants 
Heat and Heat Engines 


8vo, 
8vo 
l2mo, 
lGmo, morocco, 
8vo, 

lGmo, moiocco, 
12mo, 
8vo, 
8vo, 
8vo, 


$5 00 
3 00 
5 00 
1 50 

2 50 

5 00 

3 00 

6 00 
G 00 
2 00 
1 50 

1 50 

20 00 
25 00 
4 00 
3 00 

2 50 
1 00 
2 50 


Johnson’s Materials of Construction Large 8vo, 

i< Theory and Piacticc»of Suiveymg Small ovo, 

Kent’s Mechanical Engineer’s Pocket-book 16mo, morocco, 
Kicrsted’s Sewage Disposal ~ ' 

Mahan’s Civil Engineenng (Wood ) ’ 

Mernman and Brook’s Handbook for Suiveyois 16mo, moi 
Mei liman’s Piecise Surveying aud Geodesy ’ 

« Retaining Walls and Masomy Dams ovo, 


“ Samtaiy Engineenng 
Nagle's Manual for Railroad Engineers 
Ogden’s Sewer Design 
Patton’s Civil Engineenng 

8 , 


8vo, 
lGmo, morocco, 
12mo, 

8vo, half moiocco, 


50 

50 

25 

00 

00 

00 

6 00 

4 00 

5 00 

1 25 
5 00 

2 00 

2 50 
2 00 
2 00 

3 00 
2 00 
7 50 


8 vo, 
8 vo, 
12mo, 
16mo, morocco, 
16mo, moiocco 
8 vo, 


Patton's Foundations 

Piatt and Alden's Street-railway Road-beds 
Rockwell's Roads and Pavements m France 
Seailes’s Field Engineering 
“ Railroad Spiral 

Siebeit and Biggin’s Modem Stone Cutting and Masonry 
Smart’s Engmeenng Laboiatoiy Practice 
Smith’s W ire Manufacture and Uses 
Spalding’s Roads and Pavements t 
er Hydiaulic Cement 
Taylor’s Pusmoidal Formulas and Earthwoik 
Thurston’s Matenals of Constiuction 

* Trautwine’s Civil Engineers Pocket-book 

* “ Cross section 

* f * Excavations and Embankments 

* “ Laying Out Cuives 

Waddell’s De Pontibus (A. Pocket-book foi Budge Engineeis) 

16mo, morocco, 

Walt’s Eugweeung and Architectuial Jurisprudence - 8vo, 

Sheep, 

<< Law of Field Opeiation m Engineering, etc 8vo 

Waireii’s Bteieotomy — Stone-cutting - 

Webb’s Engmeenng Instruments New Edition 16mo, morocco, 
Wegmann’s Construction of Masoniy Dams • 4to > 

Wellington’s Location of Railways . Small 8vo, 

Wheelei’s Civil Engmeenng * ® vo ’ 

Wolff’s Windmill as aPnme Movei - 8vo * 


12mo, 
Small 4to, 
12mo, 
12rao f 
8vo, 
8vo, 

16mo, morocco, 
. Sheet, 
. - Svo, 
12mo, morocco. 


$5 00 
2 00 
1 25 
8 00 
1 50 

1 50 

2 50 
8 00 
2 00 
2 00 


1 50 
5 00 
5 00 

25 

2 00 
2 50 


8 00 
6 00 
6 50 


2 

1 

5 

5 

4 


50 

25 

CO 

00 

00 


8 00 


HYDRAULICS 

Water wheels— Windmills— Service PrPE— D rainage, Etc 
(See also Engineering, p 8 ) 

Bazin’s Expeiiments upon the Contiaction of the Liquid Vein 
(Tiautwme ) 

Bovey's Treatise on Hydraulics , 8vo > 

Cofeu’s Graphical Solution of Hydiaulic Pioblems - 12mo, 

Fen el’s Tieataeeon. the Winds, Cyclones, and Tornadoes . 8vo, 

Fol well’s Water Supply Engmeenng * • * 

Fuei tea’s Watei and Public Health - . - • * * * 12ino » 

Ganguillet & Kuttei’s Flow of Water (Hex mg & Trautwine ) 

6 8vo, 

Hazen's Filtration of Public Water Shpply 

Herschel’s 115 Expeiiments * 

9 


2 00 
4 00 
2 50 
4 00 
4 00 

1 50 

4 00 
8 00 

2 00 


Kiersted’s Sewage Disposal 

12mo, 

Si 

2fr 

Mason’s Water Supply 

8vo, 

5 

00 

11 Examination of Water 

12mo, 

1 

25 

Memman’s Treatise on Hydraulics 

8vo, 

4 

OO 

Nichols’s Water Supply (Chemical and SamUiy) 

8vo, 

2 

GO 

Wegmann’s Watei Supply of the City of New Yoik 

4to, 

10 

00 

Weisbach’s Hydraulics (Du Bois ) 

8vo, 

5 

00 

Whipple’s Micioscopy of Di inking Water 

8vo, 

8 

50 

Wilson’s Iingation Engmeeung 

8vo, 

4 

00 

44 Hydraulic and Placei Mining 

12mo, 

2 

00 

Wolffs Windmill as a Prime Movei 

8yo, 

8 

OO 

Wood’s Theory of Turbines 

8vo, 

2 

GO 


MANUFACTURES. 


Boilers — Explosives — Iron — Steel — Sugar — Woollens, 

Etc 

Allen’s Tables foi Iron Analysis 

8vo, 

3 00 

Beaumont’s Woollen and Worsted Manufactuie 12mo, 

1 50 

Bolland’s Encyclopaedia of Founding Teims 

. 12mo, 

3 00 

“ The Iron Foundei 

12mo, 

2 50 

«« “ te 44 Supplement 

12mo, 

2 50 

Bouvier’s Handbook on Oil Painting 

12mo, 

2 00 

Eissler’s Explosives, Nitroglycenne and Dynamite 8vo, 

4 00 

Fold’s Boiler Making foi Boilei Makeis 

18mo, 

1 00 

Metcalfe’s Cost of Manufactures 

8vo, 

5 00 

Metcalf’s Steel— A Manual for Steel Useis 

12mO, 

2 00 

*Reisig’s Guide to Piece Dyeing 

8vo, 

25 00 

Spencei’s Sugai Manufacturer ’s Handbook 

16mo, morocco, 

2 00 

44 Handbook for Chemists of Beet 

Sugar Houses 



16mo, morocco, 

3 00 

Thurston’s Manual of Steam Boilei s 

8 vo, 

5 00 

Walke’s Lectures on Explosives 

8 vo, 

4 00 

West’s American Foundry Piactice 

12mo, 

2 50 

4 4 Mouldei ’s Text-book 

12mo, 

2 50 

Wiechmann’s Sugar Analysis 

Small 8vo, 

2 50 

Woodbury’s Fire Piotection of Mills 

8vo, 

2 50 


MATERIALS OF ENGINEERING 

Strength — Elasticity — Resistance, Etc 
(See aUo _ Engineering, p 8) 


Baker’s Masonry Construction . . 

8vo, 

5 00 

Beardslee and Kent’s Strength of Wrought lion 

8vo, 

1 60 

Bovey’s Strength of Materials 

8vo, 

7 60 

Burr’s Elasticity and Resistance of Materials * 

. 8vo, 

6 00 
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Byrne’s Highway Construction 

Church's Mechanics of Engineering — Solids and . 

Du Bois’s Stresses m Framed Structuies 

Johnson's Materials of Constiuction . • 

Lanza’s Applied Mechanics 

Mai lens's Testing Materials (Henning ) 

Mei nil’s Stones for Building and Decoration 
Meinman’s Mechanics of Matenals 
«« Stiength of Matenals 
Patton's Treatise on Foundations 
Rockwell's Roads and Pavements in Fiance 
Spalding's Roads and Pavements 
Thurston's Materials of Construction 
“ Matenals of Engineenng 
Yol I , Hon metallic 
Yol II , lion and Steel 
Yol III , Alloys, Bi asses, and Bronzes , 
Wood's Resistance of Matenals 


8vo, 

$5 00 

uds 8vo, 

6 00. 

Small 4to, 

10 00 

8vo, 

0 OO 

8vo, 

7 50 

% vols , 8 vo, 

7 50 

8vo, 

6 OO 

8vo, 

4 OO 

12m o. 

1 OO 

. .. 8 vo, 

5 OO 

12mo, 

1 23 

12mo, 

2 00 

8vo, 

6 OO 

3 vols , 8vo, 

8 OO 

8vo, 

2 OO 

8vo, 

8 50 

8vo, 

2 50 

8vo, 

2 OO 


MATHEMATICS 

Calculus— Geometry— 1 Trigonometry, Etc 


.. 8vo, 
. 8vo, 
12mo, 
12mo, 

. 12mo, 
12mo, 
8vo, 
.* 8vo, 
. 8vo, 
► 12mo, 


Baker’s Elliptic Functions 
Barnard’s Pyramid Problem 
*Bass’s Diffeiential Calculus . * 

Briggs’s Plane Analytical Geometry 
Chapman’s Theoiy of Equations 
Compton's Loganthmic Computations 
Davis’s Introduction to the Logic of Algebra 
Halsted’s Elements of Geometiy 

“ Synthetic Geometry • • * 

Johnson’s Curve Tracing * * . 

.. Diffeientml Equations— Ordinary and Paitial 

Small 8vo, 

« Integial Calculus • - • 

u <* “ Unabndged Small 8vo 

(In the press) 

« Least Equal es . ' 

♦Ludlow’s Loganthmic and Other Tables (Bass ) - °v°, 

* “ Tngonometiy with Tables (Bass) •• " '°^ 0 ’ 

♦Mahan’s Descnptive Geometiy (Stone Cutting) . ° 70 ' 

Memman and Woodward’s Higher Mathematics 8vo, 

Memman’s Method of Least Squares - ; • • ev0 ’ 

Bl ce and Johnson’s Differential and g _ 


50 

50 

OG 

OG 

50 

5G 

50 

75 

50 

OG 


3 5G 
1 5G 


1 5G 

2 OG 

3 OG 

1 6G 
5 OG 

2 00 

2 50 
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Rice and Johnson’s Differential Calculus Small 8vo, $8 00 

“ Abndgmcnt of Diffeiential Calculus 


Totten’s Metrology 

Small 8vo, 
8vo, 

1 50 

2 50 

Wanen’s Descnntive Geometry 2 vols , 8vo, 

8 50 

*« Diaftmg Instiuments 

12mo, 

1 25 

4 Free-hand Dialing 

12mo, 

1 00 

“ Linear Perspective 

12mo, 

1 00 

« Pi unary Geometiy 

12mo, 

75 

lt Plane Pi oblems 

12mo, 

1 25 

«« Pioblems and Theoiems 

8vo, 

2 50 

“ Piojection Di awing 

12mo, 

1 50 

"Wood’s Co-ordinate Geometiy 

8vo, 

2 00 

41 Trigonometiy 

12mo, 

1 00 

Woolf’s Descnptive Geometiy 

Large 8vo, 

3 00 

mechanics-machinery 

Textbooks akd Practical Works 


(See also Engineering, p 8 ) 

Baldwin’s Steam Heating foi Buildings 

12mo, 

3 50 

Bair’s Kinematics of Machinery 

8vo, 

3 50 

Benjamin’s Wrinkles and Recipes 

12mo, 

3 00 

Choi dal’s Letteis to Mechanics 

12mo, 

2 00 

Chuich’s Mechanics of Engineeimg 

8vo, 

6 00 

“ Notes and Examples m Mechanics 

8vo, 

3 00 

Crehoie’s Mechanics of the Girder 

8vo, 

5 00 

Ciomwell s Belts and Pulleys 

12mo, 

1 50 

“ Toothed Gearing 

12mo, 

1 50 

Compton’s Fust Lessons m Metal Working 

12mo, 

1 60 

Compton and Be Gioodt’s Speed Lathe 

, 12mo, 

1 50 

Dana’s Elementary Mechanics « 

12mo, 

1 50 

Dingey’s Machinery Pattern Making 

12mo, 

3 00 

Dredge’s Tians Exhibits Building, Woikl Exposition 

Laige 4to, half morocco, 

10 00 

Du Bois’s Mechanics Yol I , Kinematics * 

8vo, 

8 50 

« 44 Yol II , Statics 

8vo, 

4 00 

<« 44 Yol III , Kinetics 

8vo, 

8 50 

Fitzgerald’s Boston Machinist 

% 18mo, 

1 00 

Flather’s Dynamometers 

12mo, 

2 00 

44 Rope Duving 

. 12mo, 

3 00 

Hall’s Car Lubncation 

I2mo, 

1 00 

Holly’s Saw Filing 

J8mo, 

75 

Johnson’s Theoretical Mechanics An Elementaiy Tieatise 


(In the press ) 

Jones’s Machine Design Pait I , Kinematics 

8vo, 

1 50 

12 



Pait II , Stiengtli and Pi open lion of 

8vo, 


Jones’s Machine Design 
Machine Paits 
Lanza’s Applied Mechanics 
MacOoid’s Kinematics 
Memman’s Mechanics of Materials 
Metcalfe’s Cost of Mauufactuics 
*Miclne’s Analytical Mechanics 
Richards’s Compressed Air 
Robinson’s Principles of Mechanism . 

Smith’s Press-working of Metals 
Thuiston’s Filction and Lost Woik 
<< The Animal as a Machine 
Warien’s Machine Consti action 
Weisbacli’s Hydraulics and Hydiaulic Motors 
“ M e chanics of Kngineenng Yol 
Sec I (Klein ) 

Weisbacli’s Mechanics of Engineering 
Sec II (Klein ) 

Weisbach’s Steam Eugines (Du Bois ) 

"Wood’s Analytical Mechanics 
« Elementaiy Mechanics 

it «« * * 


8vo, 

8vo, 

8vo 

8vo, 

. 8vo, 

12mo, 
8vo, 

* .8vo, 
8vo, 
12rao, 
2 vols , 8vo, 
(DuBois) 8vo, 
III, Pait 1, 
8vo, 
Part I , 
8vo, 
8vo, 
*8 vo, 
12mo, 


Vol III 


Riinnlfiment and KeV 12m0, 


00 
7 50 
5 00 

4 00 

5 00 

4 00 
1 50 
3 00 
8 00 
3 00 
1 00 

7 60 
6 00 

5 00 

6 00 
5 00 

8 00 
1 25 

1 OK 


metallurgy 

I R0N _ Gold —Silver— Alloys, 

Allen’s Tables for lion Analysis 
Egleston’s Gold and Meicuiy 
“ Metallurgy of Silver 

* Kerl’s Metallurgy— Copper and lion 

* .< *« -Steel, Fuel, etc 

Kunhardl’s Ore Diessmg in Europe 
Metcalf’s Steel— A Manual foi Steel Users 
O’Duscoll’s Tieatment of Gold Oies 
Tlmiston’s lion and Steel , 

“ Alloys 

Wilson’s Cyanide Piocesses 


Eto 

. 8vo, 8 00 
Laige 8vo, 7 50 
* Large 8vp, 7 50 
. 8vo, 15 00 
. , 8 vo, 15 00 
8vo, 1 50 
12mo, 8 00 

8vo, 2 00 
8vo, 8 50 
, 8vo, 2 50 

12mo, 1 50 


MINERALOGY AND MINING. 

Mine Accidents — Ventilation — Orb Pressing, ISto* 


Bamngei’s Mmerals of Commercial Value Oblong morocco, 2 50 
Beard’s Ventilation of Mines * 1S “ 10 ' £ ™ 

Boyd’s Resomces of South Western Virginia - 8vo » » w 

“ Map of South Western Virginia Pocket-book form, 2 00 
Biush and Penfield's Determinative Mineialogy, New Ed 8vo, 4 00 
r 18 


Chester's Catalogue of Minerals . 8vo, 

“ “ . . Paper, 

“ Dictionaiy of the Karnes of Minerals 8vo, 

Dana's American Localities of Minerals . Laige 8vo, 

w Descriptive Mineralogy (E S) Large 8vo halfmoiocco, 
“ First Appendix to System of Mmeralogv . Laige 8vo, 
“ Mineralogy and Petrogiaphy (J D) 12mo, 


“ Minerals and How to Study Them (E S ) . 12mo, 

“ Text book of Mineralogy (E S ) Kew Edition 8vo, 
■* Dnnkei ’s Tunnelling, Explosives, Compounds, and Rock Drills 

4to, half moiocco, 


Egleston’s Catalogue of Mmeials and Synonyms 8vo, 

Eissler’s Explosives— -Nitioglycerme and Dynamite 8vo, 

Hussak’s Rock foimmg Mmeials (Smith ) . Small 8vo, 

Ihlseng’s Manual of Mining 8vo, 

Kunhardt’s Oie Dressing in Europe . . ,8vo, 

C’Dnscolls Treatment of Gold Ores . 8vo, 

* Penfield’s Record of Mineral Tests Papei, 8vo| 

Rosenbusch’s Microscopical Physiography of Mmeials and 

Rocks (Iddings ) . . 8vo, 

Sawyei’s Accidents in Mines Large 8vo, 

Stoehbndge’s Rocks and Soils 8vo, 

Walke’s Lectures on Explosives 8 V0> 

"Williams’s Lithology 

Wilson’s Mine Yentilation . 12moi 

“ Hydraulic and Placet Mining IZmo , 


$1 25 
50 

8 00 
1 00 
12 50 
1 00 
2 00 

1 50 
4 00 

25 00 

2 50 
4 00 
2 00 

4 00 

1 50 

2 00 
50 

5 00 
7 00 

2 50 
4 00 

3 00 

1 25 

2 50 


STEAM AND ELECTRICAL ENGINES, BOILERS, Etc. 


Station aey — Marine — Locomotive — Gas Engines, Etc 
(See also Engineering, p 8 ) 


Baldwin’s Steam Heating for Buildings 
Clerk s Gas Engine 

Fold’s Boiler Making for Boiler Ma kers 
Hemen way's Indicator Pi act ice 
Hoadley’s Warm-blast Furnace 
Hneass’s Practice and Theory of the Injectoi 
MacCoid’s Slide Yalve 
Meyer’s Modern Locomotive Construction 
Peabody and Miller’s Steam-boilers 
Peabody’s Tables of Saturated Steam 

Theimodynamics of the Steam Engine 
“ Vfilve Gears for the Steam Engine . 
Pray’s Twenty Yeais with the Indicator 
Pupm and Osteibeig’s Thermodynamics 
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12mo, 

2 

50 

Small 8vo, 

4 

*0 

18mo, 

1 

00 

12mo, 

2 

00 

8vo, 

1 

50 

8vo, 

1 

50 

8vo, 

2 

00 

4to, 

10 

00 

8vo, 

4 

00 

8vo, 

1 

00 

- 8vo f 

5 

00 

8vo, 

2 

50 

Large 8vo, 

2 

50 

12mo, 

1 

25 



Heagan’s Steam and Electnc Locomotives 


12mo, 

•a 

00 

"Rdntgen’s Theimodynamics (Du Bois ) 


8vo 

5 

00 

Sinclair’s Locomotive Running 


12mo, 

2 

00 

Snow’s Stcam-boilei Piactice . 


8vo 

3 

00 

Thurston’s Boilei Explosions 

. 

12mo, 

1 

50 

“ Engine and Boiler Tuals 

• 

. 8 vo, 

5 

00 

“ Manual of the Steam Engine 

Part I , 

Structuie 



and Theoiy 


8vo, 

6 

00 

“ Manual of the Steam Engine 

Part H 

, Design, 



Construction, and Operation 


8vo, 

6 

00 



2 parts, 

10 

00 

Thuiston’s Philosophy of the Steam Engine 


12mo, 


75 

11 Reflection on the Motive Power 

of Heat 

(Carnot ) 





12mo, 

1 

50 

" Stationaiy Steam Engmes 

. 

8vo, 

2 

50 

" Steam boiler Construction and Opeiation 

8vo, 

5 

00 

Spangler’s Valve Geais 

• • 

8vo, 

2 

50 

Weisbacli’s Steam Engine (Du Bois ) 

• a • 

8vo, 

5 

00 

"Whitham’s Constructive Steam Engmeeung 

• mm 

. 8vo, 

6 

00 

“ Steam-engine Design 

. . 

8vo, 

5 

00 

Vf ilson’s Steam Boilers (Flather ) 

. 

l2mo. 

2 

50 

VTood’s Thermodynamics, Heat Motois, etc 

- - 

8vo, 

4 

00 


tables, weights, and measures. 

For Actuaries, Chemists, Engineers, Mechanics— Metric 
Tables, Etc 


Adi lance’s Laboiatoiy Calculations 

12mo, 

1 

25 

Allen’s Tables f oi lion Analysis . . . 

8vo, 

3 

00 

Bixby’s Graphical Computing Tables . .. 

Sheet, 


25 

•Compton’s Loganthms 

12mo, 

1 

50 

Crandall’s Railway and Epithwoik Tables 

8vo, 

1 

50 

Egleston’s "Weights and Measuies 

18mo, 


75 

Fishei’s Table of Cubic Yards . 

Caidboard, 


25 

Hudson’s Excavation Tables Vol II 

8vo, 

1 

00 

Johnson’s Stadia and Eaithwork Tables 

8vo, 

1 

25 

Ludlow’s Logarithmic and Other Tables (Bass ) 

12rno, 

2 

00 

Totten’s Metrology 

8vo, 

2 

50 


VENTILATION 

Steam Heating — House Inspection — Mine Ventilation 


Baldwin’s Steam Heating 

12mo, 

2 

50 

Beard’s Ventilation of Mines 

12mo, 

2 

50 

Caipentei’s Heating and Ventilating of Buildings 

8vo, 

3 

00 

Gerhaid’s Sanitary House Inspection 

12mo, 

1 

OC 

Wilson’s Mine Ventilation 

12mo, 

1 

25 
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MISCELLANEOUS PUBLICATIONS. 

Alcott’s Gems, Sentiment, Language Gilt edges, 

Davis’s Elements of Law . • ® vo » 

Emmon’s Geological Guide-book of the Rocky Mountains 8vo, 
Eenel’s Tieatise on the Winds 8vo, 

Haines’s AddiessesDehveied hefoie the Am By Assn 12mo, 

Mott’s The Fallacy of the Piesent Theoiy of Sound Sq. lOmo, 
Richaids’s Cost of Living 12mo - 

Ricketts’s Histoiy of Eensselaei Polytechnic Institute 8vo, 
Rotherham’s The New Testament Critically Emphasized 

12mo, 

« The Emphasized New Test A new translation 

Large 8vo, 

Totten’s An Impoitant Question m Metrology . 8vo, 

* Wiley’s Yosemite, Alaska, and Yellowstone 4to, 


HEBREW AND CHALDEE TEXT-BOOKS. 

For Schools ahd Theological Semi stables. 

Gesenius’s Hebiew and Chaldee Lexicon to Old Testament 
(Tregelles ) . Small 4to, lialf moiocco. 

Green’s Elementaiy Hebrew Giammar 12mo, 

“ Grammar of the Hebiew Language (New Edition). 8vo, 
“ Hebrew Chrestomathy 8vo » 

Letteiis’s Hebrew Bible (Massoretic Notes m English) 

8vo, ai nbesque, 


$5 00 
2 00 

1 50 
4 00 

2 50 
1 00 
1 00 
8 00 

1 50 

2 00 
2 50 
8 00 


5 00 

1 25 
8 00 

2 00 

2 25 


MEDICAL 


Hammarsten’s Physiological Cheraistiy (Mandel ) 8vo, 

Mott’s Composition, Digestibility, and Nutritive Value of Food 

Laige mounted chart, 

Ruddiman’s Incompatibilities in Piescnptious . 8vo, 

Steel’s Treatise on the Diseases of the Ox * Svo, 

44 Treatise on the Diseases of the Dog • Svo, 

WoodliuU’s Military Hygiene * 16mo ’ 

Worcester's Small Hospitals — Establishment and Maintenance, 
including Atkinson’s Suggestions for Hospital Aichi- 

12mo, 


tecture , 


4 00 

1 25 

2 OO 
6 00 
8 50 
1 50 


1 25 
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